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Outline

This seminar will be loosely split up into three parts:

I Background and motivation

I Statement of results

I Further research
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Symmetry in physics

The story of modern theoretical physics is inextricably linked with the
study of symmetry in its myriad manifestations.

Some famous examples of symmetry and uses of symmetry in physics
include

I Special and general relativity: Invariance under Poincaré and
general coordinate transformations respectively dictate dynamics
to a large extent.

I Noether’s theorem: Every continuous symmetry of a system
generates a conserved quantity.

I Wigner and group theory: Studying unitary irreducible
representations of the Poincaré group explains the origin of spin
and elementary particles in quantum field theory [1].
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Reminder on differential geometry

A torsion-free, metric compatible, covariant derivative, ∇m, is an
extension to the partial derivative, ∂m, for differential geometry. Then,

[∇m,∇n]V p = RpqmnV
q,

where Rpqmn is the Riemann tensor. Some descendants include

Rmn = Rpmpn, R = Rmm and

Cmnpq = Rmnpq +
1

2
(gmqRnp + gnpRmq − gmpRnq − gnqRmp)

+
1

6
(gmpgnqR− gmqgnpR) .

e.g. The Einstein field equation is

Rmn −
1

2
gmnR = 8πGTmn .
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Killing vectors
An isometry of the metric, gmn(x), is a change of coordinates,
xm → x′m such that

g′mn(x) = gmn(x) .

When x′m = xm − ξm(x) for infinitesimal ξm(x),

δgmn(x) = g′mn(x)− gmn(x) = ∇mξn(x) +∇nξm(x) .

A Killing vector, ξm(x), is one that satisfies

∇mξn(x) +∇nξm(x) = 0

and hence generates symmetries of a curved spacetime, e.g.

ξm(x(λ))
dxm(λ)

dλ

is conserved along a geodesic.
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Killing tensors

A symmetric tensor, ξm1···ma(x), is called “Killing” if and only if

∇(nξm1···ma)(x) = 0 .

For any Killing tensor, ξm1···ma(x),

ξm1···ma(x(λ))
dxm1(λ)

dλ
· · · dx

ma(λ)

dλ

is conserved along a geodesic.
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Conformal Killing vectors

A conformal Killing vector, ξm(x), is one which preserves the metric
up to scale. For that, when x′m = xm − ξm(x),

δgmn(x) = g′mn(x)− gmn(x) = ∇mξn(x) +∇nξm(x) ∝ gmn(x)

=⇒ ∇mξn +∇nξm =
1

2
gmn∇pξp .

For a conformal Killing vector, ξm(x),

ξm(x(λ))
dxm(λ)

dλ

is conserved along a light-like geodesic, i.e. when

dxm(λ)

dλ

dxm(λ)

dλ
= 0 .
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Conformal Killing tensors

A symmetric and traceless tensor, ξa1···an(x), is called “conformal
Killing” if and only if the traceless part of ∇(bξa1···an) is zero.

For a conformal Killing tensor, ξa1···an(x),

ξm1···ma(x(λ))
dxm1(λ)

dλ
· · · dx

ma(λ)

dλ

is conserved along light-like geodesics.
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Towards higher symmetry
A vierbein is a new tangent space basis, {e m

a (x)∂m}3a=0, such that
gmn(x)e m

a (x)e n
b (x) = ηab. Indices are converted by

Va(x) = e m
a (x)Vm(x) and Vm(x) = e a

m (x)Va(x)

where e a
m (x) = (e m

a (x))−1 as matrices.

Under infinitesimal general coordinate, local Lorentz and Weyl
transformations, i.e. x′m = xm − ξm(x),
e′ ma (x) = e m

a (x) +K b
a (x)e m

b (x) with Kab = −Kba and
e′ ma (x) = (1 + σ(x))e m

a (x) respectively (ξm, Kab and σ all
infinitesimal), the covariant derivative changes as

δ∇a =

[
ξb∇b +

1

2
KbcMbc,∇a

]
+ σ∇a −∇b(σ)Mab .

Furthermore, δ∇a = 0 if and only if ξa(x) is a conformal Killing vector,
Kbc = 1

2(∇bξc −∇cξb) and σ = 1
4∇aξ

a [2].
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Higher symmetries

Given a differential operator, F , acting on a tensor field, T (x), a higher
symmetry is a scalar, linear, differential operator, D, such that
FDT = 0 whenever FT = 0.

Besides their motivation as symmetries in their own right, higher
symmetries also have applications in

I Finding solutions of partial differential equations on arbitrary
manifolds via separation of variables [3].

I Parallel’s between the algebra of higher symmetries and higher
spin algebras [4].

Goal: Develop techniques to compute higher symmetries in curved
spacetime.
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Conformal d’Alembertian

The action for a free, massless, real, scalar field, ϕ(x), is

S = −1

2

∫
∂a(ϕ)∂a(ϕ)d4x

in flat space. Lifting to curved space, a conformally invariant action is

S = −1

2

∫ (
∇a(ϕ)∇a(ϕ) +

1

6
Rϕ2

)
e d4x where e = det(e a

m ) ,

provided ϕ′(x) = eσ(x)ϕ(x) upon e′ ma (x) = eσ(x)e m
a (x).

The equation of motion for the matter field, ϕ, is then

∆ϕ =

(
�− 1

6
R

)
ϕ = 0 .
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Conformal d’Alembertian - 1st order

The conformal d’Alembertian, ∆ = �− 1
6R, has a unique 1st order

higher symmetry,

D(1) = ξa∇a +
1

4
∇a(ξa) + ξ,

where ξa(x) is an arbitrary conformal Killing vector of the manifold
and ξ is any constant.
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Conformal d’Alembertian - 2nd order

At 2nd order, ∆ has a unique (up to the addition of 1st order
symmetries) physically admissible higher symmetry candidate,

D(2) = ξab∇a∇b +
2

3
∇b(ξab)∇a +

1

15
∇a∇b(ξab)−

3

10
Rabξ

ab,

where ξab(x) is an arbitrary conformal Killing tensor of the manifold.
However, D(2) may not be a symmetry in general. Instead,

∆D(2)ϕ =

(
4

15
Cabcd∇c(ξbd) +

4

5
∇d(Cabcd )ξbc

)
∇a(ϕ)

+

(
2

15
Cabcd∇a∇c(ξbd) +

2

5
∇c∇d(Cdabc )ξab

+
4

15
∇d(Cdabc )∇c(ξab)

)
ϕ

6= 0 in general.
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Massless Dirac operator

The action for a free spinor field is

S[e m
a ,Ψ] = − i

2

∫
Ψγa∇a(Ψ)e d4x where e = det(e a

m ) .

The equation of motion for the matter field, Ψ, is then

γa∇aΨ = 0 .

The action is Weyl invariant provided Ψ′ = e3σ/2Ψ upon e′ ma = eσe m
a .
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Massless Dirac operator - 1st order

To convert between spinor notation and vector notation,

Vαα̇ = (σa)αα̇V
a, Va = −1

2
(σ̃a)

α̇αVαα̇ ,

where (σa)αα̇ ≡ (I, ~σ) and (σ̃a)
α̇α ≡ (I,−~σ) [5].

The massless Dirac operator, γa∇a, has a unique 1st order symmetry,

D(1) = ξαα̇∇αα̇ +
1

2
∇(α

α̇ξ
β)α̇Mαβ +

1

2
∇ (α̇
α ξαβ̇)M α̇β̇

+
3

8
∇αα̇(ξαα̇) + ξ,

where ξαα̇(x) is an arbitrary conformal Killing vector of the manifold
and ξ is an arbitrary constant.
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Massless Dirac operator - 2nd order

At 2nd order, γa∇a has a unique (up to the addition of 1st order
symmetries) physically admissible higher symmetry candidate,

D(2)

= ξαβα̇β̇∇αα̇∇ββ̇ +
2

3
∇(α

β̇
ξβγ)α̇β̇∇αα̇Mβγ +

2

3
∇ (α̇
β ξαββ̇γ̇)∇αα̇M β̇γ̇

+
8

9
∇ββ̇(ξαβα̇β̇)∇αα̇ +

(
2

9
∇(α

α̇∇γβ̇ξ
β)γα̇β̇ +

1

3
E

(α

γα̇β̇
ξβ)γα̇β̇

)
Mαβ

+

(
2

9
∇ (α̇
α ∇βγ̇ξαββ̇)γ̇ +

1

3
E

(α̇
αβγ̇ ξαββ̇)γ̇

)
M α̇β̇

+
2

15
∇αα̇∇ββ̇(ξαβα̇β̇)− 7

10
Eαβα̇β̇ξ

αβα̇β̇,

where ξαβα̇β̇ is an arbitrary conformal Killing tensor of the manifold.
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Massless Dirac operator - 2nd order continued
However, D(2) may not be a symmetry in general. Instead,

γa∇aD(2)

[
ψα
χα̇

]
=

[
1

3
(C

γ̇µ̇

α̇β̇
ξαβγ̇µ̇ − C γµ

αβ ξγµα̇β̇)∇ββ̇χα̇ +

(
4

15
Cµγβα∇

β̇
(β ξγµ)α̇β̇

− 1

15
C

β̇γ̇µ̇
α̇ ∇β(µ̇ξαβγ̇β̇) −

2

15
ξγβγ̇α̇∇

µ
γ̇(Cαβγµ)

− 7

15
ξ γβ̇γ̇
α ∇ µ̇

γ (Cα̇β̇γ̇µ̇)

)
χα̇,

1

3
(Cαβγµξ

γµα̇β̇ − Cα̇β̇γ̇µ̇ξαβγ̇µ̇)∇ββ̇ψα +

(
4

15
C

α̇
µ̇γ̇β̇ ∇

(β̇
β ξαβγ̇µ̇)

− 1

15
Cαβγµ∇

(µ

β̇
ξγβ)α̇β̇ − 2

15
ξα
γβ̇γ̇
∇γµ̇(C

α̇β̇γ̇µ̇
)

− 7

15
ξ α̇
γβγ̇ ∇ γ̇

µ (Cαβγµ)

)
ψα

]T
.
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Further research

There are two major unanswered questions at the end of the project

I Necessary conditions of the manifold so that the 2nd order
operators I derived do result in symmetries

I Generalisation to higher orders

Techniques such as “conformal geometry” which are better tailored to
the operators considered will make calculations easier.
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