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Lay summary

Albert Einstein’s general theory of relativity is our best known theory of gravity. Having
been experimentally verified now for over a century, it stands alongside the standard model
of particle physics as the most successful theory of a physical phenomenon that humanity has
ever devised.

Within the study of general relativity, this thesis is dedicated to quantifying the energy
contained in the gravitational field. In our everyday experience, this is not a difficult task.
Using Newton’s theory of gravitation, we can very precisely calculate the energy required to
lift a brick, or even send one to the Moon.

However, for a variety of technical reasons, it turns out gravitational energy is far more
subtle in general relativity. One of the theory’s many striking consequences is that it is im-
possible to measure the gravitational field’s energy at any single, given point; instead, energy
must be measured over some extended region.

In this thesis, I study energy in two such contexts - “global” and “quasilocal.” In the former,
one tries to quantify the energy of the entire spacetime, effectively the entire Universe, or at
least the energy of an isolated system measured from very far away. In the latter context, one
instead tries to ascertain the energy of some smaller region of interest.

Another one of general relativity’s striking features is an undetermined free parameter
known as the cosmological constant. In fact, a positive cosmological constant is one possible
explanation for what is colloquially known as “dark energy.” Most of the results I prove in this
thesis are about the case when the cosmological constant is negative. As I find in this thesis,
gravitational energy has some unique mathematical properties in such Universes.

The main tools I use to prove these properties are known as “spinor” methods. Spinors are
peculiar objects in abstract algebra which are difficult to visualise in any simple terms. One
of their characteristic features is that a rotation of 360 degrees does not leave them invariant.
Instead, a full two rotations are required to return them to their original state. Spinors don’t
naturally have anything to do with general relativity, but an astonishing piece of work by
Edward Witten in 1981 developed a method that proved otherwise. It is primarily Witten’s
method that I deploy in this thesis.
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Abstract

In this thesis, I apply spinorial techniques to develop new positive energy theorems in general
relativity, both at the global and quasilocal levels. The new results are mainly in the context of
spacetimes with negative cosmological constant. At the global level, I focus on asymptotically,
locally AdS spacetimes and give particular attention to spacetimes where conformal infinity
has compact, Einstein cross-sections admitting real Killing or parallel spinors. A new positive
energy theorem is derived for such spacetimes in terms of geometric data intrinsic to the cross-
section. This is followed by the first complete proofs of the BPS inequalities in (the bosonic
sectors of) 4D and 5D minimal, gauged supergravity, including with magnetic fields, provided
the Maxwell field is exact. The BPS inequalities are proven for asymptotically AdS spacetimes,
but also generalised to the aforementioned class of asymptotically, locally AdS spacetimes.
Meanwhile, at the quasilocal level, I develop a new notion of quasilocal mass for generic,
compact, two dimensional, spacelike surfaces in four dimensional spacetimes with negative
cosmological constant. The definition is spinorial and based on work for vanishing cosmological
constant by Penrose and Dougan & Mason. Furthermore, this mass is non-negative, equal to
the Misner-Sharp mass in spherical symmetry, equal to zero for every generic surface in AdS,
has an appropriate form for gravity linearised about AdS and has an appropriate limit for large
spheres in asymptotically AdS spacetimes. I finish the thesis with some remarks on natural
questions and extensions raised by the results and the methods used to derive them.
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Chapter 1

Introduction

Madness, as you know, is like gravity; all it takes is a little push.
- The Joker in the The Dark Knight

Albert Einstein’s general theory of relativity is our best known theory of gravity. Having
been experimentally verified now for over a century, it stands alongside the standard model
of particle physics as the most successful theory of a physical phenomenon that humanity has
ever devised.

General relativity is a famously technically challenging theory which brings together deep
geometric ideas to explain gravitation and the response of objects to the gravitational field. In
particular, spacetime - the grand arena in which physical phenomenon occurs - is a Lorentzian
manifold, (M, g), where the gravitational field is encoded in the metric, g, and is required to
satisfy the Einstein equation,

Rab −
1

2
Rgab + Λgab = 8πTab. (1.1)

The left hand side is built out of purely geometric quantities - the Ricci tensor, Rab, the
Ricci scalar, R, the metric itself and an undetermined constant, Λ, known as the cosmological
constant. In contrast, the right hand side is proportional to the energy-momentum tensor,
Tab, a tensor determined by the matter content in the spacetime. As Wheeler famously re-
marked, “spacetime tells matter how to move; matter tells spacetime how to curve.” Hence,
understanding gravitational dynamics requires a detailed study of geometry.

This has led to the flourishing research field of mathematical relativity - a program of apply-
ing techniques from differential geometry, geometric analysis and theoretical physics to answer
questions about gravitation. Partly because of these technical challenges of general relativity,
there are several fundamental aspects of the theory which remain under active research despite
the theory being well over a hundred years old.

One such aspect is the study of gravitational energy, which is the overriding theme of this
thesis. It has long been known that energy is a very subtle concept in general relativity. Firstly,
Wheeler’s famous remark is only half-true. Since the left hand side of the Einstein equation is
highly non-linear, the metric can be highly non-trivial even when Tab = 0; spacetime can curve
even without matter telling it how. Therefore gravitational energy is not simply quantified
by Tab. Besides any implications of the Einstein equation, an additional source of difficulty
is the equivalence principle, another foundational tenet of general relativity. In it’s simplest
expression, the equivalence principle is the assertion that freely falling particles follow causal
geodesics of the spacetime [116]. In particular, since all bodies fall precisely the same way
in a gravitational field and the gravitational field must be determined by nothing more than
the spacetime structure, (M, g), it is impossible to detect the gravitational field through an

1



experiment localised to any one given point in the spacetime. Therefore, energy in general
relativity must be measured over some extended region.

Faced with this situation, the typical method to define energy is to work with geometric
invariants measured at infinity, thereby capturing some notion of the total energy of the entire
spacetime. This approach has lead to commonly accepted definitions such as the ADM [2] and
Bondi [12] energies in asymptotically flat spacetimes. These global energies are different from
our everyday experience in that under some reasonable assumptions, they are always positive
- in contrast, Newton’s gravitational potential energy is typically negative. This remarkable
positive energy theorem was proven by Schoen & Yau [107, 108] and Witten [125] independently
in the early 1980s through very different means. These seminal results have gone on to shape
much of the research in the field in the subsequent decades, including this thesis.

But one may be inclined to launch a vociferous protest at this state of affairs. After all, the
real Universe has regions of substructure. Can we truly not quantify the energy contained in
a smaller region of physical interest, instead of the entire spacetime? Answering this question
has lead to the study of “quasilocal mass” - a desire to quantify the total energy bounded by
some closed, compact, 2D surface such as a sphere. In this thesis I will study energy at both
the global and quasilocal levels.

Another major theme of this thesis will be the cosmological constant, Λ, whose value is left
undetermined by the postulates of general relativity. While Λ = 0 can be assumed for most
practical purposes, its sign is critical on the largest length scales. This thesis is an in-depth
study of the Λ < 0 case. My motivation is mainly mathematical interest and a desire for
completeness in considering all possible cases of Λ. However, I am also partly motivated by
the intense interest being received in physics by the AdS/CFT correspondence, which critically
relies on Λ < 0.

In performing this study, I will follow Witten’s original positive energy theorem proof [125].
Witten’s proof is astonishing in its simplicity and its surprising use of spinors, which a priori
have nothing to do with the problems at hand. But, as with Witten’s pioneering work, spinor
methods will be the primary tool with which I proceed.

In recounting this tale, I will start afresh in chapter 2 with a survey of the technical back-
ground required for the later chapters and a review of the relevant literature to contextualise my
work. The crux of the thesis then begins in chapter 3, where I establish various identities and
results in analysis which underpin the main methods deployed in this thesis. Then, I’m finally
ready in chapter 4 to prove the first tranche of new results, namely a series of positive energy
theorems and BPS inequalities for a certain class of asymptotically, locally AdS spacetimes. In
chapter 5 I turn my attention to the quasilocal level, where I define a new quasilocal mass for
spacetimes with negative cosmological constant and prove that the new definition satisfies a
number of physically desirable properties. Finally, pathways for further research are discussed
in chapter 6. Additionally, I provide a pair of appendices. Appendix A collates the various
conventions I adhere to in presenting the material while appendix B provides a reminder of
some frequently used spinor identities.

1.1 Summary of main results

While theses may be as long as novels, unlike the latter, suspense is rarely a desirable feature
of the former. Thus, I collect here the two main results in this thesis. The first is a series
of positive energy theorems for a certain class of asymptotically, locally AdS spacetimes. The
precise definitions of asymptotically, locally AdS spacetime, energy and “conserved quantities”
will be given later in definitions 2.11, 2.16, 4.6 and 4.11. The theorem below is collated from
theorems 4.2, 4.4, 4.7, 4.8, 4.12 and corollary 4.19.1.

2



Theorem 1.1. Let (M, g) be an nD, asymptotically, locally AdS spacetime solving the Einstein
equation. Suppose conformal infinity, I, is R × S with the metric, −dt ⊗ dt + h, where t is
the coordinate along the R factor in the topology. Assume (S, h) is an Einstein manifold with
Ric(h) = c(n − 3)h and c = 0 or c = 1 for each value of t. Let E denote the energy of
the spacetime and let Qk̂ denote an (appropriately normalised) “conserved quantity” associated

to a Killing vector, k̂, of (S, h). Let D̂
(h)
A denote the Levi-Civita connection of h and {γ̂A}

the (n − 2)D gamma matrices. Suppose c = 0 and there exists a non-zero spinor, ψ̂, solving

D̂
(h)
A ψ̂ = 0 on (S, h). Then, with k̂A = −iψ̂†γ̂Aψ̂ the following properties hold.

• If the dominant energy condition holds, then E +Qk̂ ≥ 0.

• If n = 4, the matter content of the spacetime is an exact electromagnetic field and the
Maxwell equations hold, then E +Qk̂ + c(ψ̂)qe ≥ 0, where qe is the electric charge of the

spacetime and c(ψ̂) is a constant depending on c(ψ̂).

• If n = 5, the matter content of the spacetime is an exact electromagnetic field and the
Maxwell-Chern-Simons equations hold, then E + Qk̂ + c(ψ̂)qe ≥ 0. Note that this c(ψ̂)

need not equal the c(ψ̂) in the previous case.

Instead, suppose that (S, h) is the round sphere and let {γ0, γI} be the nD, Lorentzian gamma
matrices. Then, the following properties hold.

• If the dominant energy condition holds, then

EI − iPIγ
I +

i

2
JIJγ

0γIJ +KIγ
0γI (1.2)

is a non-negative definite matrix, where PI , JIJ and KI represent the linear momentum,
angular momentum and centre of mass position of the spacetime.

• If n = 4, the matter content of the spacetime is an exact electromagnetic field and the
Maxwell equations hold, then

EI − iPIγ
I +

i

2
JIJγ

0γIJ +KIγ
0γI − qeγ

0 (1.3)

is a non-negative definite matrix.

• If n = 5, the matter content of the spacetime is an exact electromagnetic field and the
Maxwell-Chern-Simons equations hold, then

EI − iPIγ
I +

i

2
JIJγ

0γIJ +KIγ
0γI −

√
3

2
qeγ

0 (1.4)

is a non-negative definite matrix.

Finally, suppose c = 1 but (S, h) is not the round sphere. Let ε̂
(±)
h denote spinors solving

D̂
(h)
A ε̂

(±)
h = ±1

2
γ̂Aε̂

(±)
h and define k̂(±)A = −iε̂

(±)†
h γ̂Aε̂

(±)
h . Without loss of generality, scale ε̂

(±)
h

so that ε̂
(±)†
h ε̂

(±)
h = δ̂(±), where δ̂(±) = 1 if a non-trivial ε̂

(±)
h exists and δ̂(±) = 0 otherwise.

Suppose at least one of δ̂(+) or δ̂(−) is non-zero. Then, the following properties hold.

• If the dominant energy condition holds, then E
(
δ̂(+) + δ̂(−)

)
+Qk̂(+) +Qk̂(−) ≥ 0.

• If n = 4, the matter content of the spacetime is an exact electromagnetic field and the
Maxwell equations hold, then E

(
δ̂(+) + δ̂(−)

)
+Qk̂(+) +Qk̂(−) + c(ε̂

(±)
h )qe ≥ 0.
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• If n = 5, the matter content of the spacetime is an exact electromagnetic field and the
Maxwell-Chern-Simons equations hold, then E

(
δ̂(+)+ δ̂(−)

)
+Qk̂(+)+Qk̂(−)+c(ε̂

(±)
h )qe ≥ 0.

The second main result is the development of a new quasilocal mass for 4D spacetimes with
negative cosmological constant and an analysis of the new quasilocal mass’ properties.

Definition 1.2 (Quasilocal mass). Given a generic, 2D, spacelike surface, S, within a 4D
spacetime, (M, g), satisfying the Einstein equation with negative cosmological constant, Λ, and
matter fields satisfying the dominant energy condition, make the following constructions. Let
{l, n,m,m} be a Newman-Penrose tetrad adapted to S. Assume the null expansions of S satisfy
θl > 0, θn < 0 and θlθn <

2Λ
3
. Let Da be the Levi-Civita connection of g and let

∇aΨ = DaΨ+ i

√
− Λ

12
γaΨ (1.5)

for any Dirac spinor, Ψ. Let Φ denote a Dirac spinor satisfying ma∇aΦ = 0 on S and let
{ΦA} be a basis of solutions. Then, define matrices, QAB and TAB, by

QAB =

∫
S

lanb

(
Φ
A
γabc∇cΦ

B −∇c(ΦA)γabcΦB
)
dA (1.6)

and TAB = (ΦA)TC−1ΦB, (1.7)

where C = charge conjugation matrix. (1.8)

Finally, define the quasilocal mass as

m(S) =
1

16π

√
−tr(QT−1QT−1). (1.9)

The precise meaning of “generic” is given in definitions 5.5, 5.6 and discussed afterwards.
The proof that m(S) is well-defined is the main subject of section 5.1 and relies crucially on
theorem 5.3.

Theorem 1.3. The quasilocal mass in definition 1.2 satisfies:

• m(S) ≥ 0.

• m(S) = 0 for every generic surface in AdS.

• In a spherically symmetric spacetime, the round spheres have m(S2
r ) = mMS(S

2
r ), where

mMS is the Misner-Sharp mass.

• m(S2
∞) =

√
E2 − PIP I + JIJ I −KIKI , where S2

∞ is a sphere at infinity in an asymptot-
ically AdS spacetime.

• For generic S in a spacetime where AdS is perturbed by an infinitesimal energy-momentum
tensor, Tab, m(S2

∞) =
√
E2 − PIP I + JIJ I −KIKI and E, PI , JI & KI are conserved

quantities built out of Tab.

The precise definitions of asymptotically AdS spacetime, conserved quantities and Misner-
Sharp mass are given in definitions 2.11, 2.16, 4.11, 5.15 and equation 2.170. The theorem
collates the proof that definition 5.9 is well-defined, lemma 5.10, theorem 5.13, corollary 5.14.1
and theorem 5.16.
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Chapter 2

Background

First learn stand, then learn fly.
- Mr. Miyagi in The Karate Kid

I’ll begin the technical chapters of this thesis with a wide-ranging review of the ideas and
existing results which motivate everything else to come. In particular, I will discuss spinors,
their application in general relativity, asymptotically locally AdS spacetimes and various def-
initions of energy in general relativity, before bringing all these concepts together in a sketch
of Witten’s positive energy theorem. I’ve sought to make the presentation self-contained with-
out being overly excessive. In that vein, certain proofs have been either omitted or given in
complete detail on the basis of instructive-ness, future utility and personal indulgence.

2.1 Spinors and the Geroch-Held-Penrose formalism

Few topics in mathematics are as enigmatic as spinors. Even as frequent a practitioner of spin
geometry as Michael Atiyah is quoted1 to have said that “no one fully understands spinors; their
algebra is formally understood but their general significance is mysterious.” Notwithstanding
such cautionary remarks, in this subsection I attempt my own review of spinors, including
their application to general relativity in the Geroch-Held-Penrose (GHP) formalism [48]. I will
largely adapt the expositions in [43, 17, 35, 116, 93, 48].

2.1.1 Spinors on Minkowski space

The story begins with the Clifford algebra, which I will discuss from a very “physicist” per-
spective. For now I’ll discuss spinors only on Minkowski space, i.e. Rn with the metric,
η = diag(−1, 1, · · · , 1). More general manifolds and metrics are postponed for now. The nD
Clifford algebra is defined to be the unital, associate algebra generated by n elements, {γa}n−1

a=0 ,
satisfying

γaγb + γbγa = −2ηabI, (2.1)

where I is the multiplicative identity. If one takes a complex, irreducible, matrix representation
of the Clifford algebra, then the generators, γa, are known as the “gamma matrices.” Indeed, I
will always consider the Clifford algebra in such a representation. Furthermore, the perspective
I’ll take in this thesis is that Dirac spinors are the elements of the representation space, say
S. Therefore, the gamma matrices act as endomorphsims on S. It is well known that there
exists a unique complex, irreducible representation of the Clifford algebra for even n, there

1As far as I can tell, this quote first appeared in Graham Farmelo’s comprehensive biography of Paul Dirac.
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exist two inequivalent such representations for odd n related by γa → −γa and in both cases
dim(S) = 2⌊n/2⌋ [35]. It can also be shown [35] that one can always choose an equivalence class
representative in which (γ0)† = γ0 and (γI)† = −γI .

Meanwhile, the spin group, Spin(n− 1, 1), is defined to be the universal covering group2 of
the subgroup of O(n − 1, 1) connected to the identity matrix, I. At first sight, there appears
to be no discernible connection between spin groups and spinors.

However, their connection can be unraveled by first descending to the Lie algebra. The
Lorentz algebra, o(n− 1, 1), is defined by generators, {Mab = −Mba}, satisfying

[Mab,Mbc] = −(ηacMbd − ηadMbc − ηbcMad + ηbdMac). (2.2)

In particular, the fundamental representation has the matrices,

(Mab)cd = ηacηbd − ηadηbc. (2.3)

It can be checked - using the Clifford algebra - that this same Lie algebra is satisfied by

Sab = −1

4
[γa, γb] = −1

2
γab. (2.4)

Since the spin group and Lorentz group only differ by universal cover, they share a Lie algebra.
This fact allows a representation of the spin group to be generated from representations of the
Lorentz group as follows.

Suppose γ′a = Λabγ
b for Λ ∈ O(n− 1, 1). By the definition of O(n− 1, 1), it follows that γ′a

also satisfies the Clifford algebra. However, as I’ve explained, the algebra’s representation is
unique up to equivalence. Therefore, there exists a matrix, S[Λ], such that3 γ′a = S[Λ]−1γaS[Λ].
Suppose that Λ = eω

abMab/2 for some constants, ωab. Then, S[Λ] = eω
abSab/2, which is proven

as follows. In general, the study of the adjoint representation shows e−ABeA = eCA(B), where
CA is the operator, CA(B) = −[A,B]. In this case,

C−ωbcγbc/4(γ
a) =

1

4
ωbc[γbc, γ

a] = ωabγb =
1

2
(ωcdMcd)

a
bγ
b, (2.5)

which proves that upon exponentiation,

S[Λ]−1γaS[Λ] = eω
bcMbc/2(γa) = Λabγ

b. (2.6)

A Dirac spinor, Ψ ∈ S, is then defined to transform as Ψ → S[Λ]Ψ. As a consequence, an
object such as the Dirac operator, γa∂aΨ, is covariant.

From equation 2.6 and Schur’s lemma,

S[Λ1Λ2]
−1γaS[Λ1Λ2] = (Λ1)

a
c(Λ2)

c
bγ
b = (S[Λ1]S[Λ2])

−1γaS[Λ1]S[Λ2]

=⇒ S[Λ1Λ2] = f(Λ1,Λ2)S[Λ1]S[Λ2] (2.7)

for some function, f . Therefore S[Λ] only provides a projective representation of SO↑(n−1, 1).
This is because S is in fact providing a true representation of the universal cover, Spin(n−1, 1).
The classic example which demonstrates this is the rotation,

Λ = eθM for M =


0 0 0 0
0 0 1 0
0 −1 0 0
0 0 0 0

 , (2.8)

2This is not a valid definition for Spin(p, q) when both p, q ≥ 2 [43].
3In odd dimensions, there are two inequivalent representations related by sign. However, it can be checked

that γ′a = S[Λ]−1(−γa)S[Λ] would lead to a contradiction when considering γ0 · · · γn−1 (which must be pro-
portional to I by Schur’s lemma), provided that det(Λ) = 1.
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which (in the 4D Weyl representation of the gamma matrices) leads to

S[Λ] =

[
eiθσ3/2 0
0 eiθσ3/2

]
. (2.9)

Λ being a 2π rotation therefore does not lead to S[Λ] being the identity matrix.
Since dim(S) = 2⌊n/2⌋, a Dirac spinor is naturally a 2⌊n/2⌋-component object. However,

while S is the representation space for an irreducible representation of the Clifford algebra,
S[Λ] acting on S is not an irreducible representation of Spin(n − 1, 1) when n is even. One
example of a non-trivial, invariant subspace is the space of Weyl spinors, which are defined to be
eigenspinors of γ0 · · · γn−1. Since (γ0 · · · γn−1)2 = (−1)(n+2)(n−1)/2I, (γ0 · · · γn−1)†γ0 · · · γn−1 = I
and {γa, γ0 · · · γn−1} = 0, S splits into two eigenspaces of equal dimension, both of which are
invariant under S[Λ] ∀Λ. When n = 4, it is actually particularly convenient to work with these
two-component Weyl spinors instead of the four-component Dirac spinors.

To introduce the formalism of two-component spinors, I’ll start by studying the spin group
in four dimensions. From its outset, this discussion will need the extended Pauli matrices,
σa ≡ (I, σi) and σ̃a ≡ (I,−σi) where σi are the usual Pauli matrices.

Theorem 2.1. Define Λ : SL(2,C)/Z2 → SO↑(3, 1) by

Λ(A)ab = −1

2
tr(σ̃aAσbA

†). (2.10)

Then, Λ is a group isomorphism.

Note this theorem proves Spin(3, 1) ∼= SL(2,C).

Proof. Let V a be a Lorentz vector and let H be the space of hermitian 2× 2 matrices. Observe
that vectors can be put into bijection with H by the map,

V = V aσa =

[
V 0 + V 3 V 1 − iV 2

V 1 + iV 2 V 0 − V 3

]
. (2.11)

Since tr(σ̃aσb) = −2δab, it follows that

V a = −1

2
tr(σ̃aV). (2.12)

Furthermore, this map has the property that

det(V) = (V 0)2 − (V 1)2 − (V 2)2 − (V 3)2 = −V aVa. (2.13)

Observe that for any matrix, A ∈ SL(2,C), det(AVA†) = det(V) = −V aVa and AVA† is still
hermitian. Therefore, ∃ a map, Λ : SL(2,C) → O(3, 1) such that

AVA† = Λ(A)abV
bσa. (2.14)

From equation 2.12, it must be that

Λ(A)ab = −1

2
tr(σ̃aAσbA

†). (2.15)

It remains to better analyse the properties of Λ. Firstly, it’s a group homomorphism since

Λ(A1)
a
cΛ(A2)

c
bV

bσa = A1(A2VA
†
2)A

†
1 = (A1A2)V(A1A2)

† = Λ(A1A2)
a
bV

bσa. (2.16)
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Next, if A ∈ ker(Λ), then AVA† = V for every hermitian matrix V. By choosing different
options for V (e.g. even V = I, which would imply A commutes with every hermitian matrix),
it follows that A = ±I.

It remains to find the range of Λ. It can be checked that choosing A = eiθσi/2 leads to Λ
being a rotation about the xi axis while choosing A = eΘσi/2 leads to a boost in the t − xi

plane. Since rotations and boosts generate SO↑(3, 1), the range is at least that big. However,
{σi, iσi} is a basis for sl(2,C), meaning every element of SL(2,C) can be written as a product
of eiθσi/2s and eΘσi/2s.

Therefore the range is exactly SO↑(3, 1). Using the first isomorphism theorem, one con-
cludes that Λ is a group isomorphism between SL(2,C)/Z2 and SO↑(3, 1). □

As I foreshadowed earlier, Weyl spinors will be related to the irreducible representations
of the spin group. Four irreducible representations of SL(2,C) are particularly central to the
study of two-component spinors. Given A β

α ∈ SL(2,C), these representations are defined by
the following transformations.

• Fundamental/left-handed Weyl/(1/2, 0): ψ′
α = A β

α ψβ

• Contragradient: ψ′α = ψ′β(A−1) α
β

• Complex conjugate/right-handed Weyl/(0, 1/2): ψα̇ = A
β̇

α̇ ψβ̇

• Contragradient complex conjugate: ψ
α̇
= ψ

β̇
(A

−1
) α̇
β̇

Whether a two-component index is dotted or undotted and whether it’s upstairs or downstairs
therefore uniquely identifies the representation that spinor is in. One can now construct spinors
with many indices by tensor product.

It’s manifest that complex conjugation turns a dotted index into an undotted index and
vice-versa. Furthermore, since εγδA

γ
α A

δ
β = det(A)εαβ = εαβ, εαβ and εα̇β̇ are invariant tensors

and it can be checked that they can be used to raise and lower indices.
Likewise, equation 2.14 implies

σa = AσbA
†(Λ(A)−1)ba, (2.17)

which means σa is effectively an invariant tensor carrying one Lorentz index, one undotted
spinor index and one dotted spinor index, i.e. σa ≡ (σa)αα̇. It can then be checked that

σ̃a ≡ (σ̃a)
α̇α = εαβεα̇β̇(σa)ββ̇. Hence, equations 2.11 and 2.12 mean any Lorentz index can be

swapped for a pair of dotted & undotted spinor indices and vice versa, i.e. Vαα̇ = V a(σa)αα̇
and V a = −1

2
(σ̃a)α̇αVαα̇.

I’m now in a position to complete the loop and return to Dirac spinors. It can be checked
that if

γa =

[
0 σa

σ̃a 0

]
, (2.18)

then the Clifford algebra holds, (γ0)† = γ0, (γI)† = −γI and the collection, {γa}3a=0, has no
non-trivial, invariant subspaces. This is called the Weyl representation of the gamma matrices.
Furthermore,

γ0γ1γ2γ3 =

[
iI 0
0 −iI

]
. (2.19)

Therefore, the Weyl spinors of each eigenspace are simply the top two and bottom two compo-
nents in this four-component decomposition of the gamma matrices. This allows Dirac spinors

8



to be written in terms of the SL(2,C) indices as Ψ = (ψα, χ̄
α̇)T as follows. With the chosen

gamma matrices, the spinor representation of o(3, 1) is

Sab = −1

2
γab =

[
σab 0
0 σ̃ab

]
, (2.20)

where (σab)
β
α = −1

4
((σa)αα̇(σ̃b)

α̇β − (σb)αα̇(σ̃a)
α̇β) ≡ 1

2


0 σ1 σ2 σ3

−σ1 0 iσ3 −iσ2
−σ2 −iσ3 0 iσ1
−σ3 iσ2 −iσ1 0

 (2.21)

and (σ̃ab)
α̇
β̇
= −1

4
((σ̃a)

α̇α(σb)αβ̇ − (σ̃b)
α̇α(σa)αβ̇) ≡

1

2


0 −σ1 −σ2 −σ3
σ1 0 iσ3 −iσ2
σ2 −iσ3 0 iσ1
σ3 iσ2 −iσ1 0

 . (2.22)

Observe that {σab} forms a basis for sl(2,C) and σ̃ab = −σ†
ab. Hence, if e

ωabσ
ab/2 = A ∈ SL(2,C),

then the spinor representation has

S[Λ] =

[
eωabσ

ab/2

eωabσ̃
ab/2

]
=

[
A
A−†

]
. (2.23)

Hence, the lower two components transform under a complex conjugated contragradient rep-
resentation relative to the top two components, which in turn can be taken to transform in the
defining representation of SL(2,C). Therefore, it is indeed valid to decompose a Dirac spinor
in four dimensions into Weyl spinors as Ψ = (ψα, χ̄

α̇)T .
I’ll finally also mention the Dirac conjugate, Ψ = Ψ†γ0, which is the appropriate analogue

of complex conjugation for Dirac spinors to maintain covariance of different equations and
compatibility with (γa)† = γ0γaγ0. In four dimensions, this leads to Ψ = −(χα, ψα̇).

2.1.2 Spinors on curved space

So far, these spinors have only been defined on nD Minkowski space. Additional complications
arise for curved manifolds, (M, g). For a general manifold, the tangent bundle is a vector
bundle with structure group, GL(n,R). The presence of a non-generate, Lorentzian metric, g,
means the structure group can be refined to O(n− 1, 1). This can be viewed as the associated
vector bundle for the principal bundle of orthonormal frames and effectively translates to being
able to consistently choose vielbeins across (M, g). In general relativity it’s always assumed
(M, g) is orientable and time-orientable. These topological assumptions amount to being able
to reduce the structure group further to SO↑(n− 1, 1). A spin structure on a manifold is then
the ability to improve the structure group to Spin(n−1, 1), the universal cover of SO↑(n−1, 1),
which leads to the spin bundle, where the model fibre is S.

This improvement is not always possible though. Dirac spinors were defined to transform
as Ψ → S[Λ]Ψ upon a Lorentz transformation. But, a local Lorentz transformation is exactly
the effect of the transition function when moving from one trivialising patch of the frame
bundle to another, e.g. V a

B = (ΛBA(x))
a
bV

b
A for a vector when going from a trivialising patch,

UA to a trivialising patch, UB. Therefore, Dirac spinors must also adjust accordingly, e.g.
ΨB = S[ΛBA(x)]ΨA. However, S[Λ] is really a representation of Spin(n−1, 1), not SO↑(n−1, 1),
and as I’ve shown with equation 2.9, a closed loop in SO↑(n− 1, 1) need not be a closed loop
in Spin(n− 1, 1); it’s possible to start on one sheet of the cover and finish on a different one.
Hence, there is no guarantee that ΛBA solving the cocycle condition, ΛACΛCBΛBA = I, leads
to S[ΛBA] solving its cocycle condition.
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Like orientability, the existence of a spin structure is a topological restriction saying there
exists a trivialisation, {UA}, such that the cocycle condition holds for the Spin(n−1, 1)-valued
transition functions whilst also having prframe ◦ Λ = prspin, where pr is the base projection
map for a bundle and Λ : Spin(n − 1, 1) → SO↑(n − 1, 1) is the covering map. In this thesis
I will always assume a spin structure exists. Although not every pseudo-Riemannian manifold
admits a spin structure, when it does, it can be shown [43] there are Hom(π1(M),Z2) different
inequivalent spin structures4.

There is also the notion of a Clifford bundle for a manifold. However, I will never write a
gamma matrix or a Pauli matrix with a coordinate index5 in this thesis, e.g. γµ. Hence, for
me γa are just matrices of constants even in curved space and I don’t need to worry about
uplifting the Clifford algebra.

Having now defined spinors in curved space, I need to also extend the definition of the
covariant derivative to spinors. Given a connection on a principal bundle, the connection on an
associated vector bundle is simply the pushforward of the connection under the representation of
the structure group which is used to define the vector bundle. Since I already know o(n−1, 1)’s
action on spinors, I immediately get the following expressions. Given a vielbein, e µ

a , and spin
connection coefficients, ωabc, the covariant derivative acts on different types of spinors as below.

• Dirac spinors: DaΨ = e µ
a ∂µΨ− 1

4
ωbcaγ

bcΨ

• Dirac conjugate: DaΨ = e µ
a ∂µΨ+ 1

4
ωbcaΨγ

bc = (DaΨ)†γ0

• Left-handed Weyl: Daψα = e µ
a ∂µψα +

1
2
ωbca(σ

bc) β
α ψβ

• Right-handed Weyl: Daψ
α̇
= e µ

a ∂µψ
α̇
+ 1

2
ωbca(σ̃

bc)α̇
β̇
ψ
β̇

• Gamma matrix: Daγ
b = 0

• Pauli matrix: Da(σb)αα̇ = 0

• Levi-Civita symbol: Daεαβ = 0

The last three items in the list are not definitions, but rather derived from the other three, the
spin connection coefficients and various identities of the gamma & Pauli matrices.

It’s now finally time to start applying some of these spinor constructions to general relativity.
The main application I’ll discuss is the GHP formalism [48]. However, to do so, I’ll first have
to introduce the more fundamental Newman-Penrose formalism [93].

Let Σ be a 3D, spacelike, compact submanifold with boundary, S, within the spacetime,
(M, g). Let {P,Q,X, Y } be a vierbein with Xa & Y a tangent to S, Qa an outward-pointing
normal to S in Σ and P a a timelike, future-directed normal to Σ. See figure 2.1 for a visual
depiction of this set-up.

Having chosen {P,Q,X, Y } as described, an NP tetrad is defined by

la =
1√
2
(P a +Qa) , na =

1√
2
(P a −Qa) and ma =

1√
2
(Xa + iY a) . (2.24)

Equivalently, an NP tetrad can be defined as a collection of four vectors, {l, n,m,m}, such
that they locally form a basis for the tangent space, all four vectors are null, l & n are real, l

4A fact that will repeatedly haunt me through this thesis.
5In this thesis, a, b, · · · will denote vielbein indices running 0, 1, · · · , n−1, although in most cases they could

equally well represent abstract indices. In contrast, coordinate indices running 0, 1, · · · , n− 1 will be µ, ν, · · · .
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Figure 2.1: Σ is a 3D, spacelike, compact hypersurface with boundary, S. Xa & Y a are
orthonormal tangents to S, P a is a timelike, future-directed, unit normal to Σ and Qa is the
unit, outward-pointing normal to S that is tangent to Σ. This set-up will be used for defining
quasilocal mass and for applying the GHP formalism.

& n are normal to S, l is future-directed and outgoing, n is future-directed and ingoing, m is
complex, m is tangent to S, lana = −1 and mama = 1. Then, one could define

P a =
1√
2
(la + na) , Qa =

1√
2
(la − na) , Xa =

1√
2
(ma +ma)

and Y a =
1

i
√
2
(ma −ma) . (2.25)

The idea of the NP formalism is to decompose everything into its components in this well-
chosen tetrad. For example, the covariant derivative, Da, is replaced by the four derivative
operators,

D = laDa, ∆ = naDa, δ = maDa and δ̄ = maDa. (2.26)

Similarly the connection coefficients are also decomposed into scalars, e.g. ρ = −maδ̄la and
µ = maδna. The full list of NP coefficients, κ, τ , σ, ρ, π, ν, µ, λ, ε, γ, β and α is given in
appendix A. The spacetime metric in this tetrad is

gab = −lanb − nalb +mamb +mamb, (2.27)

while the metric induced on S is

βab = mamb +mamb. (2.28)

The various components of the Weyl and Ricci tensors are also decomposed into scalars using
the tetrad, allowing the Cartan structure equations and the Einstein equation to be written as
a series of scalar equations. However, I will not need those equations in the NP formalism for
this thesis.

The NP formalism turns out to be a particularly convenient way to study the extrinsic
geometry of S. This is defined in general in much the same way as textbook derivations for
codimension-1 surfaces [104, 116].
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Definition 2.2 (Extrinsic curvature). The extrinsic curvature tensor of a surface (of arbitrary
co-dimension) is defined by

K(X, Y ) = −(DX||Y||)
⊥, (2.29)

where X & Y are arbitrary vectors and || & ⊥ denote the components parallel & orthogonal to
the surface respectively.

Lemma 2.3. Let S be a spacelike, 2D surface. Choose a NP tetrad adapted to S. Then, the
extrinsic curvature can be written as

Kabc = −βdbβec(Dd(le)n
a +Dd(ne)l

a). (2.30)

Furthermore, Kabc = Kacb.

Proof. {l, n} forms a basis for the normal bundle of S. Hence, for any vector, X,

Xa = Xa
|| −Xbnbl

a −Xblbn
a. (2.31)

Therefore, using βab l
b = βabn

b = 0, the extrinsic curvature is

K(X, Y )a = (DX||Y||)
blbn

a + (DX||Y||)
bnbl

a (2.32)

= βcdX
dDc(β

b
eY

e)lbn
a + βcdX

dDc(β
b
eY

e)nbl
a (2.33)

= XbY c(βdbDd(β
e
c)len

a + βdbDd(β
e
c)nel

a) (2.34)

= −XbY c(βdbβ
e
cDd(le)n

a + βdbβ
e
cDd(ne)l

a), (2.35)

which proves the index expression since X and Y are arbitrary.
Since the extrinsic curvature is invariant under arbitrary choices of how the NP tetrad is

extended off S, l and n can be taken to be normal to auxiliary null hypersurfaces, ΣL and ΣN .
These hypersurfaces can be taken to be the zero sets of some functions, L and N . Thus,

la = DaL+ Ll′a and na = DaN +Nn′
a (2.36)

for some l′ and n′. Hence,

Kabc = −βdbβec((DdDeL+ LDdl
′
e + l′eDdL)n

a + (DdDeN +NDdn
′
e + n′

eDdN)la). (2.37)

On S, where L = N = 0, this reduces to

Kabc = −βdbβec((DdDeL+ 0 + l′eld)n
a + (DdDeN + 0 + n′

end)l
a) (2.38)

= βdbβ
e
c((DdDeL+ 0)na + (DdDeN + 0)la), (2.39)

which is manifestly symmetric in the lower indices. □

Definition 2.4 (Mean curvature). The mean curvature vector is defined to be

Ha = βbcKabc = −βbc(Db(lc)n
a +Db(nc)l

a) = −θlna − θnl
a, (2.40)

where θl = βabDalb and θn = βabDanb are the expansions along la and na respectively.

Lemma 2.5. For a tensor, T a1···aAb1···bB , tangent to S, the induced Levi-Civita connection is

DcT
a1···aA
b1···bB = βdcβ

a1
e1
· · · βaAeAβ

f1
b1
· · · βfBbBDdT

e1···eA
f1···fB . (2.41)
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Proof. When acting on a function, f , on S, lemma 2.3 implies

DaDbf = βcaβ
d
bDc(β

e
dDef) (2.42)

= βcaβ
d
bDcDdf + βcaβ

d
bDc(β

e
d)Def (2.43)

= βcaβ
d
bDcDdf + βcaβ

d
b(0 + neDcld + 0 + leDcnd + 0)Def (2.44)

= βcaβ
d
bDcDdf − KcabDcf (2.45)

is symmetric in a and b. Thus, Da is torsion-free. Likewise, when acting on the induced metric,

Daβbc = βdaβ
e
bβ

f
cDdβef = 0 (2.46)

since every term from expanding βef leads to factors like βab l
b = βabn

b = 0. Therefore, Da is
also metric-compatible. □

Lemma 2.6. The NP coefficients6, µ and ρ, are real. Furthermore, they are related to the
expansions along the null normals by θl = −2ρ and θn = 2µ.

Proof. Since Kabc is symmetric in the lower two indices,

laK
a
bcm

bmc = laK
a
bcm

bmc ⇐⇒ βdbβ
e
cDd(le)m

bmc = βdbβ
e
cDd(le)m

bmc (2.47)

⇐⇒ mdmeDd(le) = mdmeDd(le) (2.48)

⇐⇒ −ρ̄ = −ρ. (2.49)

Similarly, naKabcm
bmc = naKabcm

bmc ⇐⇒ mdmeDd(ne) = mdmeDd(ne) ⇐⇒ µ = µ̄ for µ’s
reality. For the expansions, if βab is the induced metric on S, then

θl = βabDalb and θn = βabDanb. (2.50)

Hence, by equation 2.28, θl = −ρ̄− ρ = −2ρ and θn = µ+ µ̄ = 2µ. □

A NP tetrad could be defined without reference to any surface S, i.e. one could merely
impose conditions such as lana = −1, l and n are future-directed etc. In this case, µ and ρ
need not be real. Instead, their reality is a diagnostic for whether the tetrad could be adapted
to some surface, S.

Lemma 2.7. {l, n} is hypersurface orthogonal if and only if both µ and ρ are real.

Proof. By Frobenius’ theorem, la and na are hypersurface orthogonal if and only if l ∧ n ∧ dl
and l ∧ n ∧ dn are both zero [116]. Since {l, n,m,m} forms a pointwise basis and l ∧ n ∧ dl &
l ∧ n∧ dn are both 4-forms, they must be proportional to l ∧ n∧m∧m (with potentially zero
proportionality function). Hence, it suffices to find the m ∧m component of dl and dn.

βcaβ
d
b(dl)cd = (mcma +mcma)(m

dmb +mdmb)(Dcld −Ddlc) (2.51)

= (ρ̄− ρ)(mamb −mamb) (2.52)

=⇒ l ∧ n ∧ dl = (ρ̄− ρ)l ∧ n ∧m ∧m. (2.53)

Similarly, l ∧ n ∧ dn = (µ̄− µ)l ∧ n ∧m ∧m. (2.54)

Therefore, l ∧ n ∧ dl = l ∧ n ∧ dn = 0 ⇐⇒ both µ and ρ are real. □

6See appendix A for the definitions of all the NP coefficients.
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The main idea of the Geroch-Held-Penrose (GHP) formalism [48] is to further decompose
all the NP quantities into spinorial quantities in a canonical way. Observe that for a null vector,
V a, equation 2.11 implies det(Vαα̇) = 0.

Therefore Vαα̇ is a 2 × 2, non-zero, rank-1 matrix, meaning the columns of Vαα̇ must be
proportional to each other. Hence, ∃uα and vα such that

Vαα̇ = uαv̄α̇ ≡
[
u1v̄1̇ u1v̄2̇
u2v̄1̇ u2v̄2̇

]
. (2.55)

Then, Vαα̇ is hermitian =⇒ u1v̄1̇, u2v̄2̇ ∈ R and u1v̄2̇ = ū2̇v1. Combining these two properties,
u1v̄1̇ = ū2̇|v1|2/v̄2̇ and thus ū2̇/v̄2̇ ∈ R, say c2 (if v1 or v2 is zero then I could immediately write
Vαα̇ = vαv̄α̇ for some vα with v1 or v2 being zero).

Similarly, u2v̄2̇ = ū1̇|v2|2/v̄1̇ =⇒ ū1̇/v̄1̇ = c1 ∈ R. So far, that means

Vαα̇ ≡
[
c1|v1|2 c1v1v̄2̇
c2v2v̄1̇ c2|v2|2

]
. (2.56)

Now, c2v2v̄1̇ = (c1v1v̄2̇) =⇒ c1 = c2 and hence Vαα̇ = cvαv̄α̇ for some two-component spinor,
vα, and some real number, c. Assuming V a ̸= 0, c ̸= 0. Furthermore, if V a is future-directed
and causal, then V11̇ = V 0 + V 3 ≥ 0 =⇒ c > 0. Finally, re-defining

√
cvα → vα gives

Vαα̇ = vαv̄α̇.
Applying all this to the NP tetrad means ∃oα, ια such that lαα̇ = oαōα̇ and nαα̇ = ιαῑα̇

7.
Furthermore, −1 = lana = −1

2
lαα̇nαα̇ = −1

2
oαōα̇ιαῑα̇ = −1

2
|oαια|2 =⇒ |oαια| =

√
2.

In these definitions I still have the freedom to change oα or ια by a phase without changing
lαα̇ or nαα̇. I’ll use that to fix ιαoα =

√
2.

As a consequence, oα and ια are pointwise linearly independent and thus form a pointwise
basis for two-component spinors. Therefore, any two component spinor, ψα, can be decomposed
as ψα = ψooα + ψιια for some functions, ψo and ψι. These functions are determined by

oαψα = oα (ψooα + ψιια) = 0−
√
2ψι and (2.57)

ιαψα = ια (ψooα + ψιια) =
√
2ψo + 0. (2.58)

Once la and na are chosen, the choice of ma is fixed uniquely up to an SO(2) rotation. This
freedom matches with the remaining phase freedom left after choosing ιαoα =

√
2. Indeed, any

choice/guess that works for mαα̇ in terms of oα and ια is good enough.
For example, choosing mαα̇ = ιαōα̇ implies mama = −1

2
mαα̇mαα̇ = −1

2
ιαōα̇ιαōα̇ = 0 and

mama = −1
2
mαα̇mαα̇ = −1

2
ιαōα̇ια̇oα = 1 as required.

In summary, I can make the following definitions.

Definition 2.8 (Spinor dyad, oα, ια, ψo, ψι). When converted to two-component spinors, write
the NP tetrad in terms of a spinor dyad, {o, ι}, as

lαα̇ = oαōα̇ and nαα̇ = ιαῑα̇ (2.59)

with ιαoα =
√
2. Subsequently, decompose any two-component spinor, ψα, as

ψα = ψooα + ψιια (2.60)

⇐⇒ ψo =
1√
2
ιαψα and ψι = − 1√

2
oαψα. (2.61)

7Omicron and iota are supposed to be the closest Greek letters to O and I, which in turn stand for outgoing
and ingoing. Unfortunately, o and ι are awful letters to use when writing mathematics. Nonetheless, they have
become the standard choice in the literature. Given this is typed text and it’s possible to distinguish o from 0
and ι from i say, I’ve chosen to succumb to conformity and make the standard letter choice.
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Finally, in terms of the spinor dyad, choose

mαα̇ = ιαōα̇ and mαα̇ = oαῑα̇. (2.62)

Despite the discussion above, there is still some freedom in this definition. In particular,
the scaling freedom, (l, n) → (fl, n/f) for any non-zero, real function, f , in the NP tetrad still
survives the spinor decomposition and corresponds to the scaling freedom (o, ι) → (zo, ι/z)
for any non-zero, complex, function, z. Rather than a mere curiosity or gauge nuisance, GHP
leverage this to make the following constructions.

Definition 2.9 (GHP type and spin-weighted derivatives). Let z be an arbitrary, non-zero
complex function. Then, a scalar, spinor or tensor, fp,q, is called GHP type-(p, q) if and only if
fp,q → zpz̄qfp,q when ō

α̇ → zōα̇ and ῑα̇ → ῑα̇/z. Given such an object8, define the spin weighted
derivatives as

Pfp,q = Dfp,q − pεfp,q − qε̄fp,q, (2.63)

P ′fp,q = ∆fp,q − pγfp,q − qγ̄fp,q, (2.64)

ðfp,q = δfp,q − pβfp,q − qᾱfp,q (2.65)

and ð̄fp,q = δ̄fp,q − pαfp,q − qβ̄fp,q, (2.66)

where ϵ, γ, α and β are NP coefficients.

It immediately follows that the spinor dyad itself has definite GHP type, namely oα is type-
(0, 1) and ια is type-(0,−1). Furthermore, since a spinor, ψα is defined independently of any
choice of spinor dyad, writing ψα = ψooα+ψιια implies ψo is type-(0,−1) and ψι is type-(0, 1).

Lemma 2.10. If Da is the covariant derivative intrinsic to S, then for any functions, f1 & f2,

Da(f1f2m
a) = δ(f1)f2 + f1δ(f2) + (β − ᾱ)f1f2. (2.67)

Proof. By equation 2.41,

Da(f1f2m
a) = βbaβ

a
cDb(f1f2m

c) (2.68)

= βabDa(f1f2mb) (2.69)

= (mamb +mamb)(mbf2Daf1 +mbf1Daf2 + f1f2Damb) (2.70)

= f2δf1 + 0 + f1δf2 + 0 + (β − ᾱ)f1f2 + 0, (2.71)

which is the claimed result. □

Corollary 2.10.1. Integration by parts holds for ð on S in the sense that∫
S

f̃−p−1,−q+1ð(fp,q)dA = −
∫
S

ð(f̃−p−1,−q+1)fp,q dA. (2.72)

Note that ð effectively changes the GHP type of a quantity by (1,−1), so if the GHP types
of f and f̃ were not related as in the corollary, then the integrand would be basis dependent
and hence not a truly geometric quantity.

8Note that not everything has a definite GHP type. For example, the NP coefficients, α, β, γ and ε are not
type-(p, q) for any p and q.
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Proof. Using the lemma and Stokes’ theorem,∫
S

f̃−p−1,−q+1ð(fp,q)dA =

∫
S

f̃−p−1,−q+1(δfp,q − pβfp,q − qᾱfp,q)dA (2.73)

=

∫
S

(
Da(f̃−p−1,−q+1fp,qm

a)− δ(f̃−p−1,−q+1)fp,q − (β − ᾱ)f̃−p−1,−q+1fp,q

− (pβ + qᾱ)f̃−p−1,−q+1fp,q
)
dA (2.74)

= 0−
∫
S

ð(f̃−p−1,−q+1)fp,q dA (2.75)

as claimed. □

The corollary means that, in a sense, the natural derivatives to use on a surface, S, are not
δ and δ̄, but ð and ð̄ instead.

2.2 Asymptotically locally AdS spacetimes

Definitions of asymptotics form an essential part of the practical study of general relativity.
Without asymptotics, it would be difficult, if not impossible, to define global notions of energy,
define black holes or solve the Einstein equation with appropriate boundary conditions. For
me, one of the main themes of this thesis will be the study of “asymptotically, locally AdS”
spacetimes, which I review now. For the purposes of this section, it will be convenient to choose
units/length scales such that Λ = −1

2
(n− 1)(n− 2).

Definition 2.11 (Asymptotically, locally AdS). An n-dimensional spacetime, (M, g), is said
to be asymptotically, locally AdS if and only if the following conditions hold. (M, g) must admit
a conformal compactification such that conformal infinity, I, is a timelike hypersurface. Then,
in an open neighbourhood of I, there must exist coordinates, (r, xm) = (r, t, xα), such that
{r = ∞} is I itself and g admits a Fefferman-Graham expansion [42],

g = e2r
(
f(0)mn + e−rf(1)mn + · · ·+ e−(n−1)rf(n−1)mn + re−(n−1)rf̃(n−1) + · · ·

)
dxm ⊗ dxn

+ dr ⊗ dr, (2.76)

with f(k)mn and f̃(k)mn independent of r for any k. The series, f(0)mn + e−rf(1)mn + · · · , will
be denoted fmn (when summed). It will be assumed I is diffeomeorphic to R × S for some
(n−2)D, spacelike, compact manifold, S. t will be chosen as the coordinate along R and xα are
coordinates along S. Without loss of generality, the coordinates are chosen9 so that f(0)0α = 0.

The lowest order n terms of fmn, i.e f(0), · · · , f(n−2) and f̃(n−1), are uniquely determined
by f(0)mn and its curvature [42, 36, 110], i.e. specifying f(0) specifies g up to O

(
e−(n−3)r

)
. This

is because of a recursive relation that appears when solving the (vacuum, Λ < 0) Einstein
equation order by order in e−r. f(n−1)mn is the first distinguishing term and is often thought
of as a “boundary stress tensor” [110], although the procedure I will follow will not require
holographic renormalisation like [110].

Typically, f(2k+1)mn = 0 and there are further conditions on the trace and divergence of
f(n−1)mn, but these won’t matter for the present discussion.

9The coordinates will always be ordered so that t is the 0th coordinate, r is the 1st coordinate and xα are
coordinates 2 to n− 1. (t, xα) together wll be denoted xm with m,n, · · · running 0, 2, 3, · · · , n− 1. Meanwhile,
the corresponding vielbein indices will be A,B, · · · and M,N, · · · , which run 2, 3, · · ·n− 1 and 0, 2, 3, · · ·n− 1
respectively.
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A striking feature of this expansion is that f(0) - the metric on I itself - can be freely chosen.
A major focus of this work will be exploring the effects of this boundary geometry freedom on
positive energy theorems. A formal definition of energy itself in these spacetimes is postponed
until section 2.3.

Definition 2.12 (Background metric, ḡ). Any asymptotically, locally AdS metric, ḡ, is said
to be a background metric for g when f̄(0)mn = f(0)mn.

Hence, g and ḡ can only differ from O
(
e−(n−3)r

)
onwards. The most commonly considered

background metric will be AdS itself,

ḡ = dr ⊗ dr + e2r

(
−
(
1 +

1

4
e−2r

)2

dt⊗ dt+

(
1− 1

4
e−2r

)2

gSn−2

)
. (2.77)

For global coordinates on AdS, both t and r range over all of R and any coordinates can be
chosen on the spheres of constant t and r. In terms of Fefferman-Graham expansions, this has
S = Sn−2 cross-section, f(n−1) = 0 and f(0) = −dt ⊗ dt + gSn−2 (unless n = 5 in which case
f(4) =

1
16
(−dt⊗ dt+ gS3)).

Note that f(0) in an asymptotically, locally AdS spacetime need not be locally isometric to
the f(0) = −dt ⊗ dt + gSn−2 of AdS; it is truly arbitrary. This is unlike the naming of ALE -
asymptotically, locally Euclidean - in the study of gravitational instantons, where the boundary
geometry is some quotient of Euclidean space. Instead, asymptotically, locally AdS spacetimes
get their name from the property [97] that to leading order, in this case O(e4r),

Rabcd = −(gacgbd − gadgbc). (2.78)

Therefore, to leading order the Riemann tensor appears maximally symmetric with negative
curvature constant.

For the purpose of defining energy later, I will also need the following constructions. Let
Σt be any (n − 1)D, spacelike hypersurface intersecting I such that t is a constant on Σt

in an open neighbourhood of I. Then, let Σt,r be a constant r cross-section of Σt and let
Σt,∞ = Σt∩I = S. Coordinate and vielbein indices in this context will be denoted i, j, · · · and
I, J, · · · respectively, both running 1, 2, · · · , n − 1. Furthermore, throughout this thesis,

∫
Σt,∞

should be interpreted as limr→∞
∫
Σt,r

.

I’ve illustrated the overall set-up in figure 2.2.

2.3 Energy in general relativity

Quantifying the energy of the gravitational field is a famously subtle problem in general relativ-
ity. The toughest obstacles are the equivalence principle and the principle of general covariance
themselves - the most fundamental tenets of the theory. In particular, since all bodies fall pre-
cisely the same way in a gravitational field and the gravitational field must be determined by
nothing more than the spacetime structure, (M, g), it is impossible to detect the gravitational
field through an experiment performed at any one given point, p ∈ M . Rather, the effects
of gravity manifest themselves via data throughout a local neighbourhood of a point, most
famously the (intrinsic) curvature of (M, g). Therefore, it becomes impossible to define any
notion of gravitational energy measured at a given point, p. Any notion of energy in general
relativity must instead ascribe a number to an extended region withinM . In this section, I will
consider two contexts in which this program may be attempted. The first is a global definition
of energy, i.e. the aforementioned extended region of M is the entirety of M itself. In this
case, it must be assumed that (M, g) is non-compact and possesses some notion of a surface at
infinity. The second context is a quasilocal definition of energy, where the task is to quantify
the energy within some compact region instead.
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Figure 2.2: This is a Penrose diagram for defining asymptotically, locally AdS spacetimes and
energy within them. Conformal infinity, I, is {r = ∞}, where r is the Fefferman-Graham
coordinate. I is topologically R×S with metric f(0)mn. t is a coordinate along the R direction,
Σt is a spacelike hypersurface which has constant t near I, P a is the future-directed, timelike,
unit normal to Σt and Q

a is the outward, unit normal to constant r surfaces near I. Energy
is measured at Σt,∞ = I ∩ Σt.

2.3.1 Global definitions

General relativity can be viewed as a field theory for the metric, g, defined by the Einstein-
Hilbert action,

S =
1

16π

∫
M

R dµ(g). (2.79)

As such, the most natural global definition of energy one might attempt is to find a Hamiltonian
formulation for the theory and then define energy to be the on-shell value of the Hamiltonian.
I will review this construction, following [2, 106, 58, 104].

For a Hamiltonian formulation, one needs a spacelike hypersurface, Σt, with is loosely
interpreted as a “constant time” slice. Given a Σt, it’s natural to introduce an (n−1)+1 split,

g = −N2dt⊗ dt+ hij(dx
i +N idt)⊗ (dxj +N jdt). (2.80)

Now, S can be viewed as a functional of hij, N
i and N . Choose the orthogonal, but not

normalised, basis10,

e0 = dt and ei = dxi +N idt. (2.81)

The change of basis matrix is therefore

eµ = dxνB µ
ν with B µ

ν =

[
1 N i

0 δ i
j

]
and (2.82)

g = −N2e0 ⊗ e0 + hije
i ⊗ ej. (2.83)

Since det(B) = 1, dµ(g) = N
√
h dn−1x dt. Furthermore, the unit normal to Σt is

Pµ ≡ −Ndt ⇐⇒ P µ ≡ 1

N
∂t −

1

N
N i∂i (2.84)

10Unfortunately, there is some index duplication here, but the meaning of each equation should be apparent
from the context.
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and the induced metric is

hµν = gµν + PµPν = hije
i ⊗ ej. (2.85)

Then, it can be checked by direct calculation that Σt’s extrinsic curvature is

Kµνe
µ ⊗ eν =

1

2
(LPh)µν e

µ ⊗ eν = Kije
i ⊗ ej (2.86)

where Kij =
1

2N

(
∂thij −D

(h)
i Nj −D

(h)
j Ni

)
(2.87)

and the i, j, · · · indices are raised and lower by h. By the Gauss-Codazzi equations, the
spacetime and hypersurface Ricci scalars are related by

R = R(h) − 2RµνP
µP ν +K2 −KµνKµν = R(h) − 2RµνP

µP ν +K2 −KijKij. (2.88)

The Ricci tensor can be eliminated as follows.

RµνP
µP ν = Rρ

µρνP
µP ν (2.89)

= P ν [Dρ, Dν ]P
ρ (2.90)

= Dρ(P
νDνP

ρ)−Dν(P
νDρP

ρ)−Dρ(P
ν)Dν(P

ρ) +Dν(P
ν)Dρ(P

ρ), (2.91)

K2 = hµνKµν = hµνh ρ
µ DρPν = hµνDµPν = DµP

µ and (2.92)

KµνKµν = hµρDρ(P
ν)hνσD

σ(Pµ) = Dµ(P ν)Dν(Pµ) + 0 imply (2.93)

R = R(h) +KijKij −K2 − 2Dρ(P
νDνP

ρ) + 2Dν(P
νDρP

ρ). (2.94)

Therefore, ignoring total derivatives, the Einstein-Hilbert action in these coordinates is

S =
1

16π

∫ ∫
Σt

(
R(h) +KijKij −K2

)
N
√
h dn−1x dt. (2.95)

Since ∂tN and ∂tN
i do not appear in the action, they are auxiliary variables and the conjugate

momentum to hij is

pij =
√
h(Kij −Khij). (2.96)

Hence, swapping Kij for pij everywhere, the Hamiltonian is

H =
1

16π

∫
Σt

(
pij∂t(hij)− L

)
dn−1x (2.97)

=
1

16π

∫
Σt

(
N

(
1

h
pijpij −

1

(n− 2)h
p2 −R(h) + 2Λ

)
− 2N iD(h)j

(
1√
h
pij

)
+D

(h)
i

(
2pijNj

1√
h

))
dV. (2.98)

Again, ignoring the boundary term finally yields

H =
1

16π

∫
Σt

(
N

(
1

h
pijpij −

1

(n− 2)h
p2 −R(h) + 2Λ

)
− 2N iD(h)j

(
1√
h
pij

))
dV. (2.99)

Due to the constraint equations,

R(h) − 2Λ−KijKij +K2 = 0 and D
(h)
j Kj

i −D
(h)
i K = 0 (2.100)
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in vacuum, the bulk contribution to the on-shell value of the Hamiltonian is thus simply zero.
Therefore, the actual value of the on-shell Hamiltonian comes completely from the boundary
term. This boundary term is fixed by ensuring the action and Hamiltonian have a well-defined
variational principle.

Suppose Σt has an asymptotic end with boundary at infinity called Σt,∞. First consider δpH.
The first two terms in equation 2.99 have no derivatives on pij and therefore don’t contribute
any boundary terms. The only boundary terms comes from the last term, leading to

δpH = bulk terms− 1

8π

∫
Σt,∞

QjN i 1√
h
δ(pij)dA, (2.101)

where Qi is the unit normal to Σt,∞ within Σt.
Next consider δhH. It’s well known that the variation of the Ricci scalar is [116]

δR(h) = −R(h)ijδhij +D(h)iD(h)jδhij −D(h)kD
(h)
k (hijδhij). (2.102)

Boundary terms will arise from each of the derivatives in the second and third terms. Thus,∫
Σt

Nδ(R(h))dV =

∫
Σt,∞

Qi

(
N(D(h)jδhij −D

(h)
i (hjkδhjk))

−D(h)j(N)δhij +D
(h)
i (N)hjkδhjk

)
dA+ bulk terms. (2.103)

The only other way to get boundary terms in δhH is through the last term in equation 2.99.
There is a δ(1/

√
h) acted on byD(h)j, but boundary terms also arise from varying the Christoffel

symbols in D(h)j itself. In particular,

D
(h)
j

(
1√
h
p ji

)
= ∂j

(
1√
h
p ji

)
+

1√
h

(
Γ
(h)j

kjp
k
i − Γ

(h)k
ijp

j
k

)
, (2.104)

δΓ
(h)i

jk =
1

2
hil
(
D

(h)
j δhkl +D

(h)
k δhlj −D

(h)
l δhjk

)
and (2.105)

δΓ
(h)j

ij =
1

2
hjkD

(h)
i δhjk (2.106)

leads to∫
Σt

N iδh

(
D(h)j

(
1√
h
pij

))
dV = bulk terms +

∫
Σt,∞

(
Qjδ

(
1√
h

)
pij +

N i

2
√
h
(hjlδ(hjl)Qkp

k
i

− hkl(Qiδhjl +Qjδhli −Qlδhij)p
j
k )

)
dA. (2.107)

Putting it all together,

16πδH = 16πδpH + 16πδhH (2.108)

= −
∫
∂∞Σt

NQi
(
D(h)jδhij −D

(h)
i (hjkδhjk)

)
dA− 2

∫
∂∞Σt

QiN jδ (Kij −Khij) dA

+

∫
∂∞Σt

Qi
(
D(h)j(N)δhij − hjkδhjkD

(h)
i N

)
dA

+

∫
∂∞Σt

N i 1√
h
δ(hjk)

(
Qip

jk − pilQ
lhjk
)
dA+ bulk terms. (2.109)

To make further progress, one needs to choose asymptotics so the integrals in δH can be
evaluated more precisely. I’ll begin with the simplest - and perhaps physically most typical -
case, namely when Σt is part of asymptotically flat initial data.
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Definition 2.13 (Asymptotically flat initial data). A triple, (Σ, h,K) is called asymptotically
flat initial data if and only if the following conditions hold.

• ∃ compact C ⊆ Σ such that Σ\C is diffeomorphic to Rn−1\B, where B is a closed ball.

• Let xi be local coordinates on Σ\C pulled back along the diffeomorphism from Cartesian
coordinates on Rn−1\B. Then, on Σ\C,

hij = δij + h̃ij (2.110)

for h̃ij = O(r−τ ), r =
√
xixi and τ > (n− 3)/2.

• ∂ih̃jk and Kij are O(r
−τ−1).

• The constraint equations (written in veilbein indices with P a = δa0) hold, namely

R(h) −KIJKIJ +K2 = 16πT00 (2.111)

and D
(h)
J KJ

I −D
(h)
I K = 8πTI0. (2.112)

Consider equation 2.109 with these particular asymptotics. I am effectively considering
variations about Euclidean space with variations of a given decay rate. For the purposes of
this derivation, I will assume the stronger condition, τ ≥ n− 3. Therefore,

δhij = O(r−τ ), δKij = O(r−τ−1), N = 1 +O(r−τ ) and N i = O(r−τ ). (2.113)

Furthermore, to leading order, dA = rn−2dn−2θ, Qi = xi/r, covariant derivatives become partial
derivatives and I can write all indices downstairs. Hence, with the decay rates assumed only
the first two terms in equation 2.109 decay slowly enough to have non-zero integrals, leaving

16πδH = −
∫
Sn−2
∞

Qi

(
∂jδhij − ∂i(δ

jkδhjk)
)
dA = −δ

(∫
Sn−2
∞

Qi (∂jhij − ∂ihjj) dA

)
. (2.114)

To have a well-defined variational principle, δH should be zero on-shell. Therefore, an extra
term should be added to the Hamiltonian to cancel this variation. Since the RHS of equation
2.99 is just zero on-shell, this extra term is the on-shell value of the Hamiltonian and can be
interpreted as the energy.

The N andN i chosen in this calculation imply P a → ∂t, i.e. an asymptotic time translation.
However, heuristically, suppose P a approached an asymptotic space translation. Then, any
associated quantity could be interpreted as linear momentum. From equation 2.84, this occurs
when N i dominates N . In that case, only the second integral in equation 2.109 would survive.

In summary, I have sought to motivate the following definition.

Definition 2.14 (ADM energy and linear momentum [2, 6, 26, 27]). Let (Σ, h,K) be an
asymptotically flat initial data set with T00 TI0 ∈ L1(Σ). Then, the ADM energy and linear
momentum are geometric invariants defined as

EADM =
1

16π

∫
Sn−2
∞

Qi (∂jhij − ∂ihjj) dA (2.115)

and PiADM =
1

8π

∫
Sn−2
∞

(KijQj −KQi) dA. (2.116)

Note that although these integrals are only manifestly convergent when τ ≥ n − 3, they
actually remain finite and unchanged even when (n− 3)/2 < τ < n− 3 [6, 26].

One of the most remarkable results in general relativity is that this energy is bounded from
below.
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Theorem 2.15 (Positive energy theorem [107, 108, 125]). Let (Σ, h,K) be an asymptotically
flat initial data set satisfying the dominant energy condition. Then,

EADM ≥
√

PiADMPiADM . (2.117)

The positive energy theorem was proven by Schoen & Yau [107, 108] and Witten [125]
nearly simultaneously, but using strikingly different approaches. While the former relied on
minimal surface techniques, the latter made a surprising - and ultimately quite elementary -
use of spinors11, the main ideas of which I sketch in section 2.4. The overarching focus of this
thesis will be applying Witten’s methods to new contexts. By now, this is a well-trodden path
in mathematical relativity. Witten’s method is motivated by some insights from supergravity
[66] and this suggested some immediate extensions. By viewing it as the bosonic sector of
N = 2 supergravity, it was soon proven [51] that 4D Einstein-Maxwell theory satisfies the
stronger positive energy theorem,

EADM ≥
√

PiADMPiADM + q2e + q2m, (2.118)

where qe and qm are the electric and magnetic charges of the spacetime. It was similarly shown
that in 5D Einstein-Maxwell-Chern-Simons theory [53],

EADM ≥
√

PiADMPiADM +
3

4
q2e . (2.119)

In between these results, Witten’s method was also extended to include the case where Σ has
an inner boundary representing an apparent horizon [50].

I will now repeat the analysis of equation 2.109, but for the asymptotically, locally AdS
spacetimes of definition 2.11. Since f(1), f(2), · · · , f(n−2) and f̃(n−1) are determined by f(0)
and the Fefferman-Graham expansion always includes an exact dr ⊗ dr factor, I should fix a
background metric and let

δg = e2r
(
e−(n−1)rδf(n−1)mn +O(e−nr)

)
dxm ⊗ dxn. (2.120)

Furthermore, in Fefferman-Graham coordinates, Qi = δi1. Hence, equation 2.109 becomes

16πδH = −
∫
Σt,∞

N
(
D(h)iδh1i −D

(h)
1 (hijδhij)

)
dA− 2

∫
Σt,∞

N iδ (K1i −Kh1i) dA

+

∫
Σt,∞

(
D(h)i(N)δh1i − hijδhijD

(h)
1 N

)
dA

+

∫
Σt,∞

1√
h

(
δ(hij)N1p

ij − δ(hij)N
kpk1h

ij
)
dA. (2.121)

Comparing equations 2.80 and 2.76, it immediately follows that

Ni = e2rδαif0α, −N2 +N iNi = e2rf00 and (2.122)

hij = δi1δj1 + e2rδαiδ
β
jfαβ ≡

[
1 0
0 e2rfαβ

]
. (2.123)

Since N1 = 0, the seventh term of equation 2.121 is automatically zero. Likewise, from equation
2.120, δh1i = 0 too, so the fourth and fifth term of 2.121 are zero too.

11Note that Witten’s approach naturally only works if the manifold is spin, while Schoen & Yau’s approach
is only agreed to work for n ≤ 8 due to singularities which can occur for minimal surfaces in higher dimensions.
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dA = e(n−2)r
√

det(f(0)αβ) d
n−2x to leading order, so for the remaining terms in equation

2.121, it suffices to keep terms only to O(e−(n−2)r). Since I’ve chosen f(0)0α = 0 in definition
2.11, Ni = O(er) and N = er

√
−f00 +O(1).

Let fαβ(0) be the inverse metric to f(0)αβ. Then, to leading order

ND
(h)
1 (hijδhij) = er

√
−f(0)00∂r

(
e−2rfαβ(0)e

−(n−3)rδf(n−1)αβ

)
(2.124)

= −(n− 1)e−(n−2)r
√
−f(0)00fαβ(0)δf(n−1)αβ, (2.125)

hijδhijD
(h)
1 N = e−(n−2)r

√
−f(0)00fαβ(0)δf(n−1)αβ and (2.126)

ND(h)iδh1i = Nhij
(
∂jδh1i − Γ

(h)k
1jδhki − Γ

(h)k
ijδh1k

)
(2.127)

= 0− 1

2
Nhijhkl(∂rhjl + ∂jhl1 − ∂lh1j)δhki − 0 (2.128)

= −1

2

√
−f(0)00e−rfαβ(0)f

γδ
(0)∂r(e

2rf(0)βδ)δf(n−1)γα + 0− 0 (2.129)

= −e−(n−2)r
√

−f(0)00fαβ(0)δf(n−1)αβ. (2.130)

It remains to analyse the terms with extrinsic curvature in equation 2.121. For that, I’ll need

Kα1 =
1

2N
(∂thα1 −D(h)

α N1 −D
(h)
1 Nα) (2.131)

= 0− 1

2N

(
∂αN1 + ∂rNα − 2Γ

(h)i
α1Ni

)
(2.132)

= 0− 1

2N
(∂rNα − 2Γ

(h)β
α1Nβ) (2.133)

= − 1

2N
(∂rNα − hβγ∂r(hαγ)Nβ). (2.134)

Since Nα = O(er), to leading order Kα1 is O(1) to leading order. Hence, for the eighth term
in equation 2.121, 1√

h
δ(hij)N

kpk1h
ij = δ(hij)N

α(Kα1 + 0)hij is O(e−nr), which decays too

quickly to give a non-zero integral against the O(e(n−2)r) measure. Thus, only the third term
of equation 2.121 remains to be analysed, for which I need the variation of Kα1.

δKα1 =
1

2N2
δ(N)(∂rNα − hβγ∂r(hαγ)Nβ)−

1

2N
δ(∂rNα − hβγ∂r(hαγ)Nβ). (2.135)

To leading order,

∂rNα − hβγ∂r(hαγ)Nβ = ∂r(e
rf(1)0α)− e−2rfβγ(0)∂r(e

2rf(0)αγ)e
rf(1)0β = −erf(1)0α. (2.136)

Since N is O(er), N i is O(e−r) and δN is erO(δf) = O(e−(n−2)r), it then follows that

Nα 1

2N2
δ(N)(∂rNα − hβγ∂r(hαγ)Nβ) = O(e−(n+1)r), (2.137)

which decays too quickly to give a non-zero integral. Similarly, since δ(∂rNα − hβγ∂r(hαγ)Nβ)
is O(e−(n−3)r),

Nα 1

2N
δ(∂rNα − hβγ∂r(hαγ)Nβ) = O(e−(n−1)r), (2.138)

which again decays too quickly. Therefore ultimately, equation 2.121 reduces to saying

δH = −n− 1

16π

∫
Σt,∞

fαβ(0)δ(f(n−1)αβ)
√

−f(0)00
√
det(f(0)αβ) d

n−2x. (2.139)
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I’m viewing δg as a perturbation about some background metric, i.e. δf(n−1) = f(n−1) − f̄(n−1).
In effect, −f̄(n−1) is an integration constant when integrating δH. Following the logic in the
asymptotically flat case, it would appear that the energy should therefore be defined as

E =
n− 1

16π

∫
Σt,∞

fαβ(0) (f(n−1)αβ − f̄(n−1)αβ)
√
−f(0)00

√
det(f(0)αβ) d

n−2x. (2.140)

However, this definition is slightly odd because of the lapse term,
√
−f(0)00, which is typically

pure gauge. The resolution is that there is still some gauge freedom. As I’ll explain in more
detail in section 4.2.1, the boundary metric, f(0)mn, can be changed by an arbitrary conformal
transformation by choosing an alternative conformal compactification of (M, g). Therefore,
there is a distinguished conformal class representative in which f(0)00 = −1. Alternatively,
given any conformal frame, one could instead choose t through Gaussian normal coordinates12.
Then, f(0)00 = −1, while still having f(0)0α = 0. I could have gauge-fixed fully from the start,
but I chose to fix only f(0)0α = 0 because that’s all that’s really needed for a natural definition
of Σt and to illustrate that different gauge choices lead to different expressions for the energy13.

Now, barring the choice of “integration constant,” −fαβ(0) f̄(n−1)αβ, this definition matches

the results derived using holographic renormalisation [36, 110] in the AdS/CFT literature14.
In summary, I have derived the following definition of energy in asymptotically, locally AdS

spacetimes, which I will use throughout this thesis.

Definition 2.16 (Energy). In asymptotically, locally AdS spacetimes, the energy relative to a
background metric is defined to be

E =
n− 1

16π

∫
Σt,∞

f̂mn(0) (f(n−1)mn − f̄(n−1)mn)
√

det(f(0)αβ) d
n−2x, (2.141)

where f̂mn(0) = fmn(0) + Pm
(0)P

n
(0) is the induced (inverse) metric on Σt,∞ times e2r and Pm

(0) is the

unit normal to such cross-sections15.

Once again, a series of positive energy theorems is known in this context; the negative
cosmological constant is accommodated by taking inspiration from gauged supergravity. These
theorems have largely been for round sphere cross-sections, i.e. f(0)mn = −dt⊗dt+ gSn−2 . The
first of these results [50, 52] appeared even before the concept of Fefferman-Graham expansions,
instead relying on the Abbott-Deser definition [1] of energy & asymptotics. More rigorous
definitions of energy in asymptotically AdS spacetimes were subsequently given by [121, 29, 31],
along with the associated positive energy theorems. So far, the most comprehensive results
in the literature are due to [30, 23]. One of the main aims of this thesis will be to build
on those results by trying to better quantify how the positive energy theorem changes with
changes to the boundary geometry. Like in the Λ = 0 case, there are also several results
for 4D Einstein-Maxwell theory and 5D Einstein-Maxwell-Chern-Simons theory with negative
cosmological constant [80, 76, 123, 95]. All of these papers suffer from some flaw or the other
in their treatment of magnetic fields; I will discuss them further in section 4.4.

12To construct these coordinates, choose a cross-section, Σt,∞, extend the timelike normal, Pm
(0), off Σt,∞ by

following timelike geodesics and let t be the affine paramenter along the geodesics. Then, it’s possible to show
the metric must be f(0)mn = −dt⊗ dt+ f(0)αβ(t, x) dx

α ⊗ dxβ .
13I could have gone further and left f(0)mn completely arbitrary, but the resulting expression for E turns out

to be an impenetrable mess.
14See [63] for a wider review on different approaches to defining energy in asymptotically AdS spacetimes.
15The er factor scalings effectively just remove all er factors on the boundary, as would happen in the

conformal compactification. Similarly, note that
√
det(f(0)αβ) d

n−2x is simply the measure/volume form on
Σt,∞ after compactification.
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2.3.2 Quasilocal definitions

As I’ve reviewed in the last subsection, in many cases of physical interest, there are canonical,
physically well-motivated definitions for the total energy of a spacetime. However, if this was
all one could do in general relativity, it would be a deeply unsettling state of affairs. After all,
the real Universe is not some homogeneous soup; it has localised areas of substructure such
as stars, galaxies or even a donkey in a paddock. While the equivalence principle precludes
defining the gravitational energy at any single point, can general relativity still quantify the
energy in some subregion of the full spacetime? Or is such a quest doomed to fail at its outset
given the existence of extended structures such as gravitational waves? I will not attempt to
arbitrate over such philosophical questions in this thesis. Instead, I will take the perspective
that we may as well try our best to localise gravitational energy and see how far we get. Scaling
this mountain will be unforgiving enough in four spacetime dimensions and hence I will assume
n = 4 throughout the discussion of quasilocal masses in this thesis.

Therefore ultimately, the task is as follows. Given the set-up in figure 2.1, where Σ is a
compact, spacelike, 3D hypersurface with boundary, S, can one define a geometric invariant
on S which quantifies the total mass - gravitational or otherwise - contained in Σ, the region
bounded by S? Such a geometric invariant is then called the quasilocal mass, m(S), of the
surface, S. For the purposes of this subsection, I will also assume Λ = 0 and that S is
topologically a sphere. It will be very convenient in what follows to deploy the NP and GHP
formalisms developed in section 2.1. Of course, in mathematics, one can make definitions
arbitrarily. The true test of any definition is its utility and any physical meaning which can be
ascribed to it. Hence, it will only be possible to distinguish one geometric invariant as mass
and another as not based on whether it behaves as a mass should. For a good definition of
quasilocal mass, at least the following quantitative properties should hold.

I. m(S) ≥ 0.

II. m(S) = 0 for any surface, S, in Minkowski space.

III. m(S) agrees with the Misner-Sharp mass [89] in spherical symmetry.

IV. m(S) should asymptote to mADM as S approaches S2
∞ in an asymptotically flat end.

V. For perturbations of Minkowski space sourced by an infinitesimal energy-momentum
tensor, m(S) should agree with a reasonable notion of mass built from that energy-
momentum tensor, e.g. m(S) =

√
−PaPa where Pa = −

∫
Σ
T abP

bdV .

VI. For a sphere of length scale, r, as r → 0, m(S) approaches 4
3
πr3TabP

aP b in non-vacuum
and an O(r5) quantity built from the Bel-Robinson tensor in vacuum.

Ideally, it would also have the following qualitative properties.

A. It should be possible to definem(S) for a suitably generic S that is not either (marginally)
trapped or anti-trapped.

B. m(S) should be physically well-motivated.

C. m(S) should have a simple, quasilocal expression.

I’ll briefly recount some of the most popular definitions in the literature - see [112] for a much
more comprehensive review.
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As a stepping stone towards the more sophisticated definitions, first consider the simpler
case of spherical symmetry. In vacuum gravity, by Birkhoff’s theorem, the unique solution is
the Schwarzschild metric,

g = −
(
1− 2M

r

)
dt⊗ dt+

dr ⊗ dr

1− 2M/r
+ r2gS2 . (2.142)

In this case, by comparing with the Newtonian limit, everyone agrees the parameter, M ,
represents the mass. Furthermore, it’s natural to view the mass as being sourced by the
singularity at r = 0. Hence, one would expect that any viable notion of quasilocal mass should
produce M for the quasilocal mass of round spheres in the Schwarzschild spacetime.

As a generalisation of this, Misner and Sharp [89] considered a spherically symmetric space-
time that was instead dynamical due to an ideal fluid. By studying the work done by this fluid
they discovered a more covariant and widely applicable way of effectively picking out the M
parameter. Rather than just agreement with M in the Schwarzschild spacetime, one would
expect that a viable quasilocal mass agrees with this more general, but completely canonical,
definition of energy in spherical symmetry.

Definition 2.17 (Misner-Sharp mass [89]). The Misner-Sharp mass for spherically symmetric
spacetimes is defined to be

mMS(S
2
r ) =

r

2

(
1 + (lanb + nalb)Da(r)Db(r)

)
, (2.143)

where r is the area-radius function of a symmetry sphere, S2
r , and l & n are the null normals

to S.

Spherically symmetry is a highly non-generic situation though. We may as well give up on
physics if that was all we could do. The simplest quasilocal mass which is generically well-
defined is due to Hawking [57]. His definition is underpinned by several physical heuristics:

• The mass contained in S should be measurable by the bending of ingoing and outgoing
light rays orthogonal to S. The null directions orthogonal to S are simply la and na, so
m(S) must be constructed from the expansions, µ and ρ.

• The gauge freedom, la → fla and na → na/f for any non-zero function, f , should leave
m(S) unaffected. Hence, m(S) should be constructed from a geometric invariant, such
as the mean curvature vector, Ha.

• On an event horizon, the quasilocal mass should coincide with the irreducible mass,√
A/16π. If the event horizon coincides with the apparent horizon, then ρ = 0 and thus

Ha is null.

Putting these heuristics together naturally suggests the following definition.

Definition 2.18 (Hawking quasilocal mass [57]). Let A(S) denote the area of S. Then, the
quasilocal mass of S is defined to be

mH(S) =

√
A(S)

16π

(
1− 1

16π

∫
S

HaHadA

)
=

√
A(S)

16π

(
1− 1

2π

∫
S

µρ dA

)
. (2.144)

Hawking’s definition has found numerous applications in general relativity - most famously
in Huisken and Ilmanen’s proof of the Riemannian Penrose inequality [68]. Despite its many
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successes, it has one major deficiency; in some situations, it is non-negative [25]. The simplest
example is the squashed sphere,

S = {t = 0 and (x2 + y2)/ξ2 + z2 = R2} ⊆ (R3,1, η) (2.145)

for some constants, R > 0 & ξ > 1, which has

mH(S) =
1

12

(
5− 2ξ2 − 3

ξ
√
ξ2 − 1

cosh−1(ξ)

)
< 0. (2.146)

If the Hawking quasilocal mass shows that it’s difficult to build a locally defined geometric
invariant that maintains physical heuristics whilst not compromising on essential quantitative
properties, then a potential alternative approach is to radically rethink the meaning of locality.
By doing so, Bartnik was able to define a new quasilocal mass which leveraged the known
desirable properties of the global definitions of energy discussed in the last subsection.

Definition 2.19 (Bartnik quasilocal mass [7]). Let h be the metric on Σ and let Kij be a
symmetric two-tensor on Σ. Any asymptotically flat initial data set, (Σ, h̄, K), is called an
admissible extension of (Σ, h,K) if and only if it satisfies the dominant energy condition and
∃ an isometric embedding, ι : Σ → Σ such that ι∗K = K on int(Σ) and (Σ, h̄, K) contains no
apparent horizons enclosing ι(Σ). The quasilocal mass of S is then defined to be the infimum
of the ADM masses of all possible admissible extensions.

Typically, the Bartnik quasilocal mass is only studied for time-symmetric data, i.e. K
and K are both zero - see [87] for a comprehensive review. In this case the dominant energy
condition reduces to saying R(h) ≥ 0 and the apparent horizon condition reduces to requiring
Σ to have no closed minimal surfaces enclosing ι(Σ)16. Very little is actually known in the
general, K ̸= 0, case; the problem is just too hard. Nonetheless, when the Bartnik quasilocal
mass can be studied, it has many of the desirable properties I listed earlier. However, these
properties are largely inherited from the ADMmass and sometimes hold in a rather tautological
way. Furthermore, in all but the very simplest cases, the Bartnik quasilocal mass is absolutely
impossible to calculate because one has to find all possible asymptotically flat extensions to
data prescribed on some given compact set. A viable quasilocal mass needs to be significantly
more practical.

The success of the global notions of energy defined in the last subsection was a tower built
over the deep, concrete foundations of the Hamiltonian principle. A popular attempt to define
quasilocal mass is to try apply the Hamiltonian principle on a local, rather than global, level.
This is typically achieved via the Hamilton-Jacobi equation. In the classical mechanics of
particles, given a Lagrangian, L, this equation says

H

(
qf ,

∂S

∂qf
, tf

)
= − ∂S

∂tf
, where S =

∫ tf

ti

L

(
q,

dq

dt
; qi, qf

)
dt, (2.147)

q denotes the set of configuration space coordinates and i & f denote the initial & final values.
The Brown-York quasilocal mass [15] seeks to apply this same principle to general relativity
by viewing it as a field theory defined by the Einstein-Hilbert action.

Let V be a 4-volume with non-null boundary, ∂V. Let Na denote the normal to ∂V with
NaNa = ±1, let h denote its metric and let K denote its extrinsic curvature. Then, the

16Instead of this particular “non-degeneracy” condition, there have also been other approaches in the liter-
ature, such as only imposing no stable, minimal surfaces or imposing conditions relating the mean curvatures
of ∂Σ = S and ∂(ι(Σ)) ⊆ Σ.
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Figure 2.3: The set-up for the Hamilton-Jacobi analysis that goes into defining the Brown-York
and Wang-Yau quasilocal masses.

variation of the Einstein-Hilbert action is [15]

δSEH =
1

16π

∫
V
δ(gab)

(
Rab −

1

2
Rgab

)
dµ(g)± 1

16π

∫
∂V
Na

(
gbcδΓabc − gabδΓccb

)
dV (2.148)

=
1

16π

∫
V
δ(gab)

(
Rab −

1

2
Rgab

)
dµ(g)± 1

16π

∫
∂V

(
D(h)
a δua + (Kab −Khab)δh

ab
)
dV

∓ 1

8π

∫
∂V
δ(K

√
h)d3x, where (2.149)

δua = δNa + gabδNb. (2.150)

The last term in equation 2.149 is simply the variation of the Gibbons-Hawking term [49, 116],

SGH = ∓ 1

8π

∫
∂V
K
√
h d3x = ∓ 1

8π

∫
∂V
KdV, (2.151)

and hence can be removed by changing the action to SEH +SGH . Meanwhile, the first integral
in equation 2.149 is zero on-shell by the Einstein equation and the first term in the second
integral is zero by Stokes’ theorem. Finally, the second term of that integral is typically taken
to be zero by making the standard variational calculus assumption that the metric variation is
zero on the boundary. However, in the Hamilton-Jacobi context, that term will end up being
the most important.

As shown in figure 2.3, choose V to be the region bounded by a timelike cylinder, Ω, and
spacelike surfaces, Σ, at time coordinates, t1 and t2. Let h and f be metrics on Σ and Ω
respectively. Let K and θ be the corresponding extrinsic curvatures. Finally, let c be the mean

28



curvature of S in Σ. Then, by equation 2.149 and the Einstein equation,

δ(SEH + SGH) =
1

16π

∫
Σt2

δ(hij)(K
ij −Khij)

√
hd3x− 1

16π

∫
Σt1

δ(hij)(K
ij −Khij)

√
hd3x

− 1

16π

∫
Ω∩V

δ(fmn)(θ
mn − θfmn)

√
−fd3x. (2.152)

The analogue of ∂S/∂t in classical mechanics is taking

τmn =
2√
−f

δS

δfmn
=

1

8π
(θfmn − θmn) (2.153)

as a surface stress tensor. τmnPn is then a natural energy-momentum current. Write f in a
2+1 split,

fmndx
m ⊗ dxn = −N2dt⊗ dt+ βαβ(dx

α + Sαdt)⊗ (dxβ + Sβdt). (2.154)

Then, the observer’s trajectory is

tµ = NP µ + Sµ ≡ ∂

∂t
. (2.155)

It’s then natural to define the energy density as tµτµνP
ν , which can be shown [15] to equal

tµτµνP
ν = − 1

8π
(Nc− SµQνKµν). (2.156)

Integrating this energy density typically yields infinity. However, energy is also usually mea-
sured against some reference. Subtracting of some reference quantities, denoted by a subscript
(0), ultimately yields the Hamilton-Jacobi energy,

EHJ(S) =
1

8π

∫
S

(
N(0)c(0) − Sµ(0)Q

ν
(0)K(0)µν −Nc+ SµQνKµν

)
dA. (2.157)

Different versions of the Hamilton-Jacobi quasilocal mass are distinguished by the choices they
make for tµ and the reference.

The simplest prescription is Brown and York’s, who chose tµ = P µ, i.e. N = 1 and Sµ = 0.
As for the reference, they invoke the Weyl embedding theorem [102, 94], which states that
for any closed, 2D, Riemannian surface, S, with everywhere positive scalar curvature, ∃ an
isometric embedding, ι : S → R3, that is unique up to Euclidean, rigid motions.

In summary, Brown and York make the following definition.

Definition 2.20 (Brown-York quasilocal mass [15]). Let Σ be a 3D, compact, spacelike mani-
fold with boundary, S. Assume S has positive scalar curvature everywhere. Let c be the mean
curvature of S in Σ. Let ι be an isometric embedding of S in (R3, δ) and let c(0) denote the
mean curvature of ι(S) in R3. Then, the quasilocal mass is

mBY (Σ, S) =
1

8π

∫
S

(c(0) − c) dA. (2.158)

In essence, this definition compares the extrinsic curvature of S ⊆ Σ to the extrinsic cur-
vature of a canonical embedding of S into flat space. Any “extra” curvature in the former
compared to the latter is effectively interpreted as being due to gravity curving the space. A
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mild generalisation of this that better takes into account the spacetime character of the set-up
and dispenses with the Σ dependence is the Kijowski quasilocal mass [74],

mK(S) =
1

8π

∫
S

(
c(0) −

√
HaHa

)
dA. (2.159)

Despite its great physical motivation, the Brown-York mass has one rather glaring flaw - in
a constant time slice of Schwarzschild spacetime, it says

mBY (S
2
r ) = r

(
1−

√
1− 2M/r

)
̸=M. (2.160)

It also has some more subtle flaws. Firstly, not every surface of physical interest has everywhere
positive scalar curvature - the best known example being the horizon of a sufficiently rapidly
rotating Kerr black hole [40]. Secondly, whereas the Hawking quasilocal mass let itself down
by not being consistently non-negative, the Brown-York method fails by having too positive a
disposition. As shown in [91], if

S = {t = r = F (θ, ϕ)} ⊆ (R3,1, η), (2.161)

then it is possible to choose F so that the Kijowski mass is positive17. Essentially this is
because S is not naturally embedded in the flat Euclidean space, but the flat Minkowski space
of a dimension higher.

Wang and Yau [118] sought to rectify this problem by trying to embed S directly into
(R3,1, η) instead of (R3, δ). This requires a fairly elaborate choice of quantities to input into
equation 2.157 and a consideration of all the different ways in which a surface could be embed-
ded into Minkowski space.

Definition 2.21 (Wang-Yau quasilocal mass [118]). Let ι : S → (R3,1, η) be an isometric
embedding. Choose Cartesian coordinates on (R3,1, η) and let ta(0) ≡ ∂/∂t. Let β(0)ab and H

a
(0)

be the induced metric and mean curvature vector respectively of ι(S) in (R3,1, η). The unit
normal to ι(S) sharing the same component normal to ι(S) as tµ(0) is then

P a
(0) =

ta(0) − βa(0)bt
b
(0)√

1 + β(0)abt
a
(0)t

b
(0)

. (2.162)

Let P a be the unique vector such that P a ⊥ S, P aPa = −1 and HaPa = Ha
(0)P(0)a. Let Qa

then be the unique vector such that QaQa = 1, QaPa = 0, Qa ⊥ S and Qa is outward pointing.
From equation 2.162, the shift vector is Sa(0) = βa(0)bt

b
(0). As Sa(0) is tangent to ι(S) and ι is an

isometric embedding, Sa(0) can be identified with a vector, Sa, tangent to S. On S, choose

ta =
√

1 + β(0)abt
a
(0)t

b
(0) P

a + Sa. (2.163)

Let Σ and Σ(0) be the spacelike hypersurfaces orthogonal to P a and P a
(0) respectively to de-

fine Kab, K(0)ab, c and c(0). Now, it’s possible to define the Wang-Yau quasilocal energy as
EWY (S) = EHJ(S), where the EHJ(S) of equation 2.157 is evaluated using all the choices
just described. Finally, define the Wang-Yau quasilocal mass as the infimum of the Wang-Yau
quasilocal energy over all possible embeddings, i.e.

mWY (S) = inf
ι, t(0)

EWY (S) = inf
ι, t(0)

EHJ(S). (2.164)

17Note that in a sense, Brown-York performs slightly better than Kijowski on this criterion. The Brown-York
mass is more naturally defined in the Riemannian setting where Σ is part of a time-symmetric initial data
slice. In general though, given S, there are many different fill-ins, Σ ⊆ M . These will all have the same
Kijowksi mass because the mean curvature is defined purely by how S embeds in M . However, they will
have different Brown-York mass based on the choice of Σ. For the Brown-York mass, it is known [109] that
mBY (S) = 0 ⇐⇒ Σ ⊆ (R3, δ).
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Because of the infimum, the Wang-Yau prescription natually picks out an observer who is
at rest with respect to the quasilocal energy-momentum of S. This momentum information is
effectively thrown away in Kijowski’s definition. Hence, the Wang-Yau quasilocal mass always
returns zero for surfaces in Minkowski space. However, when a surface is already naturally
embedded in a static slice - such as the round spheres of the Schwarzschild metric - it provides
no improvement on the Brown-York or Kijowski definitions [103].

The last approach to quasilocal mass I’ll discuss is the spinorial method. As I’ll outline in
section 2.4, Witten’s positive energy proof essentially reduces to integrating a very well-chosen
divergence identity. The quantity in the bulk turns out to be non-negative and the quantity
measured at infinity using Stokes’ theorem turns out to be a function of the ADM quantities,
including energy. This begs the obvious question - if the same divergence identity is integrated
over a compact set, instead of an asymptotically flat end, can the quantity measured on the
compact set’s boundary be interpreted as a non-negative, quasilocal energy?

It turns out this doesn’t quite work - although see [81, 126] for some valiant attempts - but
something closely related does yield fantastic results.

Definition 2.22 (Dougan-Mason quasilocal mass [38]). Let φα be a two-component spinor
satisfying δ̄φα = 0 on S (or equivalently, ð̄φo + µφι = 0 and ð̄φι − σ̄φo = 0) and let {φAα} be
a basis of solutions. Assume the dominant energy condition holds, θn < 0 and S is generic.
Normalise φAα so that

εαβφAαφ
B
β =

√
2
(
φAo φ

B
ι − φBo φ

A
ι

)
= εAB. (2.165)

Then, define the quasilocal energy-momentum vector by

PaDM(S) = −1

2
(σa)AȦPȦADM(S) = − 1

4
√
2π

(σa)AȦ

∫
S

(
ρφȦo φ

A
o − µφȦι φ

A
ι

)
dA (2.166)

and the quasilocal mass by

mDM(S) =
√
−ηabPaDM(S)PbDM(S). (2.167)

It is not all obvious that mDM(S) is well-defined. It needs to be shown that εαβφAαφ
B
β is

constant on S, −ηabPaDM(S)PbDM(S) ≥ 0, δ̄φα = 0 generically has a 2D space of solutions
and −ηabPaDM(S)PbDM(S) is independent of the choice of linearly independent solutions to
δ̄φα = 0. I will not discuss any of these issues here because analogous questions will arise
for my generalisation in chapter 5; simply setting Λ = 0 there will immediately prove the
Dougan-Mason quasilocal mass is also well-defined.

As I’ve summarised in table 2.1, based on a series of papers [57, 25, 70, 65, 7, 87, 15, 109,
91, 16, 40, 118, 103, 22, 38, 37], the quasilocal masses discussed have been shown to either
satisfy or not satisfy the listed properties18. From the table, it’s clear the Dougan-Mason
quasilocal mass is the best known so far. Although, even it isn’t fully satisfactory because,
just like most other known definitions, on cross-sections of the Kerr event horizon it evaluates
to neither M nor

√
A(S)/16π, but instead to some seemingly physically meaningless other

answer [11]. On this point, I should note that although the Bartnik quasilocal mass flunks the
qualitative requirements, it does produce

√
A(S)/16π for any outermost minimal surface in

time-symmetric initial data [85].

18Note that even for the quantitative properties, I have had to make some subjective assessments. For
example, the Hawking quasilocal mass approaches the Bondi mass for round spheres on I+, but not squashed
spheres. Likewise, it agrees with a canonical Hamiltonian on some (physically well-motivated) spheres in
linearised gravity, but not for all spheres. There are also some partial results towards some of the unknowns,
such as the small-sphere limit of Bartnik’s definition.
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Quasilocal mass I II III IV V VI A B C

Hawking × × ✓ ✓ × ✓ ✓ ✓ ✓
Bartnik ✓ ✓ ✓ ✓ ? ? ✓ × ×

Brown-York ✓ × × ✓ × ✓ × ✓ ×
Wang-Yau ✓ ✓ × ✓ ? ✓ × ✓ ×

Dougan-Mason ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓ ✓

Table 2.1: A summary of the properties of different quasilocal masses. The labels in the top
row refer to the lists of properties in the main text.

Nonetheless, if I am seeking to invent a satisfactory definition of quasilocal mass for space-
times with Λ < 0, then the Dougan-Mason definition appears to be the most promising one to
try generalise; indeed this will be the main point of chapter 5. Furthermore, it seems to be the
natural progression of recent research. The proof that mDM(S) ≥ 0 uses the same techniques
as Witten’s positive energy theorem proof. As I’ve reviewed in the last subsection, these same
techniques were then adapted to prove global mass-charge inequalities and then global positive
energy theorems with Λ < 0. It’s natural to wonder whether a similar progression can be
made at the quasilocal level for generalisations of mDM(S). The first step on that path was
recently completed by Reall [105], who proved a quasilocal mass-charge inequality by general-
ising Dougan and Mason’s work. It would appear therefore, that a Λ < 0 version of mDM(S)
is ripe for the picking.

In that endeavour, I also drew some inspiration from Penrose’s quasilocal mass [99]. Instead
of the conditions,

ð̄φo + µφι = 0 and ð̄φι − σ̄φo = 0, (2.168)

that Dougan and Mason impose on S, Penrose instead enforces

ð̄φ̄o + λφ̄ι = 0 and ð̄φι − σ̄φo = 0, (2.169)

which originate from considering the components tangent to S in the valence-(1, 0) twistor
equation, Dα(α̇φ̄β̇) = 0. From there, Penrose expands φα in a basis of solutions and uses that
solution to form a “kinematical twistor,” A. The details of that construction are unimportant
for my thesis. The only relevant point is that the kinematical twistor is effectively a bilinear
form built out of φα, and can be represented, much like PȦADM(S), as a matrix, AAB, whose
entries are indexed by the different choice of basis solutions, φAα , input into the bilinear form.
For Dougan and Mason, their defining equation for φα generically admits exactly two linearly
independent solutions. This leads to the normalisation of εAB and the interpretation of PȦADM(S)
as a full energy-momentum vector written in an auxiliary two-component spinor space. This
is not possible for Penrose’s definition, which generically leads to a 4 × 4 matrix with the
energy, linear momentum and angular momentum all mixed together in some unknown way.
The situation will be much the same for the quasilocal mass I define in chapter 5 and I will
follow the same approach as Penrose to resolve the issue. In particular, I have to find some
canonical antisymmetric matrix built out φAα to contract the indices on my 4 × 4 matrix and
produce a single scalar which is interpreted as m(S). In Penrose’s case, this antisymmetric
matrix is known as the “surface infinity twistor,” while for Dougan and Mason it’s just εAB.
There isn’t always a canonical way to define this matrix in Penrose’s set-up, but luckily this is
not an issue I will have in my set-up.

I should also note that the conditions imposed on the spinors, φα, on S by Dougan & Mason
or Penrose are not arbitrary. It turns out [111, 112] there are only four differential operators
constructed from the irreducible parts of βbaDb which are both first order and elliptic when
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acting on spinors on a compact, 2D, spacelike surface, S. They are the choices made by
Dougan-Mason and Penrose, an antiholomorphic version of the Dougan-Mason choice19 and
the Dirac operator.

There have also been some previous attempts at defining a quasilocal mass for spacetimes
with negative cosmological constant. The Misner-Sharp and Hawking quasilocal masses have
the very simple generalisations (even for positive cosmological constant),

mMS(S) =
r

2

(
1− Λr2

3
+ (lanb + nalb)Da(r)Db(r)

)
and (2.170)

mH(S) =

√
A(S)

16π

(
1− ΛA(S)

12π
− 1

16π

∫
S

HaHadA

)
. (2.171)

The Penrose quasilocal mass has also been formulated for Λ < 0 [72], although the definition in
[72] is only ever evaluated at conformal infinity. Finally, there are versions of the Kijowski mass
where one embeds in 3D hyperbolic space instead of 3D Euclidean space [117, 40], provided
R(S) still has a strict lower bound. These definitions share the virtues and flaws of their Λ = 0
counterparts. The generalisation of the Dougan-Mason quasilocal mass I will define in chapter
5 is the only known definition that has the following properties.

• m(S) ≥ 0.

• m(S) = 0 for every generic surface in AdS.

• m(S) coincides with the Misner-Sharp mass (including cosmological constant) for spher-
ically symmetric spacetimes.

• For asymptotically AdS spacetimes, m(S) agrees with a global notion of mass as S
approaches a sphere on conformal infinity, I.

• For gravity linearised about AdS, m(S) agrees with a reasonable notion of mass built
from the energy-momentum tensor, Tab.

2.4 Key ideas of Witten’s method

In this section, I’ll outline some of the main ideas which will appear frequently in the remainder
of the thesis. To avoid unnecessary technical difficulties, I will only sketch the arguments and
I will only consider the simplest context in which Witten’s method may be applied - namely to
prove the ADM energy is non-negative in vacuum, time-symmetric, asymptotically flat initial
data or equivalently an asymptotically flat, Riemannian manifold with Ricci scalar everywhere
non-negative.

It is sometimes said of Beethoven’s 5th symphony that every note he wrote was simply a
natural consequence built on the famous four note opening motif. If there is any such analogue
for the work of genius that is Witten’s positive energy proof, then it is the Lichnerowicz identity.

Lemma 2.23 (Lichnerowicz identity). On any pseudo-Riemannian manifold, for any Dirac
spinor, Ψ,

γabcDbDcΨ = −1

2

(
Rab − 1

2
gabR

)
γbΨ. (2.172)

19Dougan and Mason actually consider the antiholomorphic version too in their papers. However, I’ve chosen
to highlight the holomorphic choice because it is the one which is well-defined at I+.
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Crucially, the Lichnerowicz identity links spinors to the Einstein tensor.

Proof. By direct evaluation,

γabcDbDcΨ =
1

2
γabc[Db, Dc]Ψ by antisymmetry (2.173)

= −1

8
Rde

bcγ
abcγdeΨ (2.174)

= −1

8
Rde

bc

(
γabcde − 6γ

[ab
[eδ

c]
d] + 6γ[aδb[eδ

c]
d]

)
Ψ (2.175)

=
3

4
Rde

bc

(
0 + γ[abeδ

c]
d − γ[aδbeδ

c]
d

)
Ψ by the Bianchi identity (2.176)

=
1

4

(
−Rebγ

abe +Ra
ebcγ

bce +Recγ
cae +Rγa −Rabγb −Racγc

)
Ψ (2.177)

=
1

4
(0 + 0 + 0 +Rγa − 2Rabγb)Ψ by Bianchi identity and Rab = Rba (2.178)

= −1

2

(
Rab − 1

2
gabR

)
γbΨ, (2.179)

which is the desired result. □

In the Riemannian setting I’ll illustrate in this section, it actually suffices to use the slightly
simpler result,

γIJDIDJΨ = −1

8
RKLIJγ

IJγKLΨ (2.180)

= −1

8
RKLIJ(γ

IJKL + δIKγJγL − δILγJγK − δJKγIγL + δJLγIγK

+ δIKδJLI − δILδJKI)Ψ (2.181)

=
1

4
RΨ. (2.182)

For this section only, I will adjust the notation slightly in the interests of simplicity. I will
denote the Riemannian manifold as (M, g) instead of (Σ, h,K = 0) and likewise I will denote
its dimension as n, instead of n − 1. I will also denote the h̃ in definition 2.13 as h, i.e.
asymptotic flatness is equivalent to gij = δij + hij with hij = O(r−τ ), ∂ihjk = O(r−τ−1) and
τ > (n− 2)/2 near infinity.

The main steps of Witten’s proof are then as follows.

• Use equation 2.182 to relate the scalar curvature and Dirac operator, γIDI , by

DI

(
Ψ†γIJDJΨ

)
= DI(Ψ)†γIJDJΨ+Ψ†γIJDIDJΨ (2.183)

= DI(Ψ)†(γIγJ + δIJI)DJΨ+
1

4
RΨ†Ψ (2.184)

= DI(Ψ)†DI(Ψ)− (γIDIΨ)†γJDJΨ+
1

4
RΨ†Ψ. (2.185)

• Integrate on M and apply Stokes’ theorem to get∫
Sn−2
∞

QIΨ
†γIJDJ(Ψ)dA

=

∫
M

(
DI(Ψ)†DI(Ψ)− (γIDIΨ)†γJDJΨ+

1

4
RΨ†Ψ

)
dV, (2.186)

where Qi = xi/r is the unit normal to constant r surfaces in the asymptotic end.
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• To best adapt to the flat metric, δ, which g approaches as r → ∞, choose the frame,

eI = δiI

(
∂i −

1

2
hij∂j + o(r−τ )

)
. (2.187)

• Choose Ψ so that γIDIΨ = 0, thereby making the RHS of equation 2.186 non-negative.

• While ensuring γIDIΨ = 0, also choose the boundary condition at infinity that Ψ → Ψ0,
where Ψ0 is a constant spinor (in the chosen frame).

• Show that this implies the LHS of equation 2.186 equals 4πEADMΨ†Ψ and therefore
EADM ≥ 0.

There are essentially two main analytical difficulties in this process:

• Showing the Dirac equation can be solved with the desired boundary conditions.

• Showing that limits work appropriately on both sides of equation 2.186.

These issues ultimately come down to choosing appropriate functional spaces for Ψ and γIDIΨ.
The original approach for this [6, 98] was to deploy well known weighted Sobolev spaces and
then calculate a series of estimates relating the various quantities. However, since then a much
simpler approach [9, 8, 27] has been developed where complicated estimates are exchanged for
a less familiar Hilbert space. In particular, by using 2.182 itself, one defines an inner product
on smooth, compactly supported spinors by

⟨Ψ1,Ψ2⟩C∞
c

=

∫
M

(
DI(Ψ1)

†DI(Ψ2) +
1

4
RΨ†

1Ψ2

)
dV. (2.188)

Hence, the L2 norm of the Dirac operator is immediately given by

||γIDIΨ||L2 = ||Ψ||C∞
c
. (2.189)

This identity suggests natural functional spaces for both a domain and a codomain between
which the Dirac operator, γIDI , is bounded in a very simple way - thereby making further
analysis much easier.

Most of chapter 3 and the early parts of chapters 4 & 5 are simply about formalising these
key steps and adapting them to the specific contexts I’m studying.

35



Chapter 3

Elements of analysis

There is a syndrome in sports called “paralysis by analysis.”
- Arthur Ashe

In following Witten’s method I will frequently need to work with spinors, Ψ, solving γI∇IΨ = 0
on a spacelike hypersurface, Σ, for certain modified connections, ∇a. In this chapter, I prove
this is always possible given appropriate boundary conditions on ∂Σ and given an appropriate
functional space for Ψ. The presentation here is heavily based on [8, 9, 27].

For the duration of this chapter, let Σ be either a compact, 3D spacelike hypersurface
with boundary or the Σt defined in an asymptotically, locally AdS spacetime - these are the
situations depicted in figures 2.1 and 2.2 respectively. Let ∂Σ denote either S, the boundary
of the compact set, or Σt,∞, the boundary at infinity in the non-compact case.

3.1 Lichnerowicz identities

Definition 3.1 (∇a, Aa, M, Witten-Nester 2-form and Q(ε)). When acting on any Dirac
spinor, Ψ, of the spacetime, define the modified connection, ∇, by

∇aΨ = DaΨ+ ikγaΨ+AaΨ and (3.1)

∇aΨ = DaΨ− ikΨγa +Ψγ0A†
aγ

0 = (∇aΨ)†γ0, (3.2)

where Aa is some Clifford algebra valued one-form1. It will always be assumed that γIJAJ is a
hermitian matrix and that

M = 4πT 0aγ0γa + γIJDIAJ + ik(n− 2)(γIAI +A†
Iγ

I)−A†
Iγ

IJAJ (3.3)

is a non-negative definite matrix. Furthermore, in the non-compact case it will be assumed
||Aa||0 and ||M||0 decay as O(e−(n−1)r) and o(e−(n−1)r) respectively near Σt,∞, where ||·||0 denotes
the (pointwise) operator norm of a matrix2. Finally, the Witten-Nester [125, 92] 2-form3 is
defined to be

Eab(ε) = εγabc∇cε+ c.c = εγabc∇cε−∇c(ε)γ
abcε. (3.4)

1In the interests of generality, Aa is left quite unconstrained for now. But, in the examples, Aa will either be
zero or a function of Maxwell fields such that∇a describes the gravitino transformation in a gauged supergravity.

2In the latter case, this is equivalent to saying ||M||0 ∈ L1.
3Some authors would refer to this as the Hodge dual of a Witten-Nester (n − 2)-form. In that case, one

chooses to integrate differential forms, instead of scalars as I will do. A further extension to the Witten-Nester
(n − 2)-form is the Sparling form, which is closed if and only if the Einstein tensor vanishes and allows yet
another way of formulating Witten’s argument - see [101, 86] for more details.
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Given a unit normal, Pa, to Σ, define a functional, Q(ε), by

Q(ε) =

∫
Σ

PaDb(E
ba(ε))dV. (3.5)

Similarly, for a pair of Dirac spinors, Ψ1 and Ψ2, define

Eab(Ψ1,Ψ2) = Ψ1γ
abc∇cΨ2 −∇c(Ψ1)γ

abcΨ2 and (3.6)

Q(Ψ1,Ψ2) =

∫
Σ

PaDb(E
ba(Ψ1,Ψ2))dV. (3.7)

It is an interesting fact that although t appears explicitly in
∫
Σt
, Q(ε) is actually conserved

in the non-compact case because Stokes’ theorem implies

Q(ε)|t2 −Q(ε)|t1 =
∫ t2

t1

∫
DaDb(E

ba(ε))dµ(g) =

∫ t2

t1

∫
Rab(E

ba(ε))dµ(g) = 0. (3.8)

Theorem 3.2 (Lichnerowicz identity).

PaDb(E
ba(ε)) = 2

(
(∇Iε)

†∇Iε− (γI∇Iε)
†γJ∇Jε+ ε†Mε

)
. (3.9)

Proof. By equation 2.172,

γabcDbDcε = −1

2

(
Rab − 1

2
gabR

)
γbε. (3.10)

Using that, −2(n− 1)(n− 2)k2 = Λ and the Einstein equation, Db(E
ba(ε)) can be expanded as

DbE
ba(ε) = Db(ε̄)γ

bac∇cε+ ε̄γbacDb(∇cε)−Db(∇cε̄)γ
bacε−∇c(ε̄)γ

bacDbε (3.11)

= ∇b(ε̄)γ
bac∇cε+ ikε̄γbγ

bac∇cε− ε̄γ0A†
bγ

0γbac∇cε+ ε̄γbacDb(∇cε)

−Db(∇cε̄)γ
bacε−∇c(ε̄)γ

bac∇bε+ ik∇c(ε̄)γ
bacγbε+∇c(ε̄)γ

bacAbε (3.12)

= 2∇b(ε̄)γ
bac∇cε− ik(n− 2)ε̄γab∇bε− ε̄γ0A†

bγ
0γbac∇cε+ ε̄γbacDb(∇cε)

−Db(∇cε̄)γ
bacε− ik(n− 2)∇b(ε̄)γ

abε+∇c(ε̄)γ
bacAbε (3.13)

= 2∇b(ε̄)γ
bac∇cε− ik(n− 2)ε̄γabDbε+ k2(n− 2)ε̄γabγbε− ik(n− 2)ε̄γabAbε

− ε̄γ0A†
bγ

0γbacDcε− ikε̄γ0A†
bγ

0γbacγcε− ε̄γ0A†
bγ

0γbacAcε+ ε̄γbacDbDcε

+ ikε̄γbacγcDbε+ ε̄γbacDb(Ac)ε+ ε̄γbacAcDbε−DbDc(ε̄)γ
bacε

+ ikDb(ε̄)γcγ
bacε−Db(ε̄)γ

0A†
cγ

0γbacε− ε̄γ0Db(A†
c)γ

0γbacε

− ik(n− 2)Db(ε̄)γ
abε− k2(n− 2)ε̄γbγ

abε− ik(n− 2)ε̄γ0A†
bγ

0γabε

+Dc(ε̄)γ
bacAbε− ikε̄γcγ

bacAbε+ ε̄γ0A†
cγ

0γbacAbε (3.14)

= 2∇b(ε̄)γ
bac∇cε− ik(n− 2)ε̄γabDbε− k2(n− 2)(n− 1)ε̄γaε− ik(n− 2)ε̄γabAbε

− ε̄γ0A†
bγ

0γbacDcε+ ik(n− 2)ε̄γ0A†
bγ

0γbaε− ε̄γ0A†
bγ

0γbacAcε

+
1

2
ε̄

(
Rab − 1

2
gabR

)
γbε− ik(n− 2)ε̄γbaDbε+ ε̄γbacDb(Ac)ε+ ε̄γbacAcDbε

+
1

2

(
Rab − 1

2
gabR

)
ε̄γbε− ik(n− 2)Db(ε̄)γ

baε−Db(ε̄)γ
0A†

cγ
0γbacε

− ε̄γ0Db(A†
c)γ

0γbacε− ik(n− 2)Db(ε̄)γ
abε− k2(n− 2)(n− 1)ε̄γaε

− ik(n− 2)ε̄γ0A†
bγ

0γabε+Dc(ε̄)γ
bacAbε+ ik(n− 2)ε̄γbaAbε

+ ε̄γ0A†
cγ

0γbacAbε (3.15)

= ε̄(8πT abγb − ik(n− 2)γabAb − ik(n− 2)γ0A†
bγ

0γab − 2γ0A†
bγ

0γbacAc

+ γbacDbAc − γ0Db(A†
c)γ

0γbac)ε+ 2∇b(ε̄)γ
bac∇cε

+ ε̄(γbacAc − γ0A†
cγ

0γcab)Dbε+Db(ε̄)(γ
cabAc − γ0A†

cγ
0γbac)ε. (3.16)
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In vielbein indices Pa = −δa0. Then, in conjunction with the assumption that γIJAJ is
hermitian, the previous equation reduces to

PaDbE
ba(ε) = 2ε†Mε+ 2∇I(ε)

†γIJ∇Jε = 2
(
(∇Iε)

†∇Iε− (γI∇Iε)
†γJ∇Jε+ ε†Mε

)
, (3.17)

which is the required version of the Lichnerowicz identity. □

Corollary 3.2.1. The functionals in definition 3.1 can be re-written as

Q(ε) = 2

∫
Σ

(
(∇Iε)

†∇Iε− (γI∇Iε)
†γJ∇Jε+ ε†Mε

)
dV and (3.18)

Q(Ψ1,Ψ2) = 2

∫
Σ

(
(∇IΨ1)

†∇IΨ2 − (γI∇IΨ1)
†γJ∇JΨ2 +Ψ†

1MΨ2

)
dV. (3.19)

Proof. The expression for Q(ε) is simply substituting the result of theorem into the definition.
Q(Ψ1,Ψ2) then follows immediately by the polarisation identity. □

Lemma 3.3. For any antisymmetric tensor, Mab,

PaDbM
ba = D̃b(PaM

ba), (3.20)

where D̃ is the induced covariant derivative on Σ.

Proof. This result is from [23]. It can be proven as follows. Let hab be the induced metric on
Σ, i.e. hab = gab + PaPb. Then, since h

a
cPbM

cb = PbM
ab by Mab’s antisymmetry, the induced

covariant derivative acts as

D̃b(PaM
ba) = hcbDc(PaM

ba) (3.21)

= KbaM
ba + δcbPaDcM

ba + P cPbPaDcM
ba (3.22)

= PaDbM
ba, (3.23)

where Kab is the extrinsic curvature of Σ in M and M ba’s antisymmetry has been applied. □

Corollary 3.3.1. The functionals in definition 3.1 can be re-written as

Q(ε) =

∫
∂Σ

QbPaE
ba(ε)dA and Q(Ψ1,Ψ2) =

∫
∂Σ

QbPaE
ba(Ψ1,Ψ2)dA, (3.24)

where Qa is the outward-pointing unit normal to ∂Σ.

Lemma 3.4. Let ∂Σ = S, Aa = 0 and Ψ = (ψα, χ̄
α̇)T . Then,

Q(Ψ) = 4

∫
S

(
ψιðψo + ψιð̄ψo − χoðχι − χoð̄χι + ρ|ψo|2 + µ|ψι|2 + ρ|χo|2 + µ|χι|2

+ ik
√
2
(
ψoχι + ψιχo − ψoχι − ψιχo

))
dA. (3.25)

This decomposition into GHP quantities will be essential to the definition and analysis of
quasilocal mass later in chapter 5. In particular, it allows Q(Ψ) to be written in terms of scalar
functions and derivatives completely intrinsic to the boundary, S.

Proof. By equation 2.24 and corollary 3.3.1,

Q(Ψ) =

∫
S

PaQbE
ba(Ψ)dA =

∫
S

lanbE
ab(Ψ)dA =

1

4

∫
S

lαα̇nββ̇E
αα̇ββ̇(Ψ)dA. (3.26)
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It’s a surprisingly long calculation to find Eαα̇ββ̇(Ψ).

Eαα̇ββ̇(Ψ) = (σa)αα̇(σb)ββ̇E
ab(Ψ) = (σa)αα̇(σb)ββ̇(Ψγ

abc∇cΨ−∇c(Ψ)γabcΨ). (3.27)

It suffices to study only the first term; the second term is just the complex conjugate. By
applying the Weyl representation of the gamma matrices, as given in appendix A,

(σa)αα̇(σb)ββ̇Ψγ
abc∇cΨ

= (σa)αα̇(σb)ββ̇Ψγ
abc(DcΨ+ ikγcΨ) (3.28)

= (σa)αα̇(σb)ββ̇Ψγ
abcDcΨ− 2ik(σa)αα̇(σb)ββ̇Ψγ

abΨ (3.29)

= (σa)αα̇(σb)ββ̇
[
−χγ,−ψγ̇

] [ 0 (σ[aσ̃bσc])γγ̇
(σ̃[aσbσ̃c])γ̇γ 0

] [
Dcψγ
Dcχ̄

γ̇

]
− 2ik(σa)αα̇(σb)ββ̇

[
−χγ,−ψγ̇

] [(σ[aσ̃b]) δ
γ 0

0 (σ̃[aσb])γ̇
δ̇

] [
ψδ
χ̄δ̇

]
(3.30)

= −(σa)αα̇(σb)ββ̇χ
γ(σ[aσ̃bσc])γγ̇Dcχ̄

γ̇ − (σa)αα̇(σb)ββ̇ψγ̇(σ̃
[aσbσ̃c])γ̇γDcψγ

+ 2ik(σa)αα̇(σb)ββ̇χ
γ(σ[aσ̃b]) δ

γ ψδ + 2ik(σa)αα̇(σb)ββ̇ψγ̇(σ̃
[aσb])γ̇

δ̇
χ̄δ̇. (3.31)

Consider this expression term by term. From the identity,

(σa)αβ̇(σ̃b)
β̇β(σc)βα̇ = gca(σb)αα̇ − gbc(σa)αα̇ − gab(σc)αα̇ + iεabcd(σ

d)αα̇, (3.32)

it follows that

(σ[aσ̃bσc])αα̇ = iεabcd(σ
d)αα̇ = (σa)αβ̇(σ̃b)

β̇β(σc)βα̇ − gca(σb)αα̇ + gbc(σa)αα̇ + gab(σc)αα̇. (3.33)

In conjunction with the identities in appendix B, the original term then reduces to

− (σa)αα̇(σb)ββ̇χ
γ(σ[aσ̃bσc])γγ̇Dcχ̄

γ̇

= −(σa)αα̇(σb)ββ̇

(
(σa)γδ̇(σ̃

b)δ̇δ(σc)δγ̇ − gca(σb)γγ̇ + gbc(σa)γγ̇ + gab(σc)γγ̇

)
χγDcχ̄

γ̇ (3.34)

=
(
−4εαγεα̇δ̇δ

δ
βδ

δ̇
β̇
(σc)δγ̇ − 2εβγεβ̇γ̇(σ

c)αα̇ + 2εαγεα̇γ̇(σ
c)ββ̇ + 2εαβεα̇β̇(σ

c)γγ̇

)
χγDcχ̄

γ̇ (3.35)

=
(
−4εαγεα̇β̇(σ

c)βγ̇ − 2εβγεβ̇γ̇(σ
c)αα̇ + 2εαγεα̇γ̇(σ

c)ββ̇ + 2εαβεα̇β̇(σ
c)γγ̇
)
χγDcχ̄

γ̇ (3.36)

= −4εα̇β̇χαDβγ̇χ̄
γ̇ − 2χβDαα̇χ̄β̇ + 2χαDββ̇χ̄α̇ + 2εαβεα̇β̇χ

γDγγ̇χ̄
γ̇ (3.37)

= −4εα̇β̇ε
γ̇δ̇χαDβγ̇χ̄δ̇ − 2χβDαα̇χ̄β̇ + 2χαDββ̇χ̄α̇ + 2εαβεα̇β̇ε

γδεγ̇δ̇χδDγγ̇χ̄δ̇ (3.38)

= 4(δγ̇α̇δ
δ̇
β̇
− δγ̇

β̇
δδ̇α̇)χαDβγ̇χ̄δ̇ − 2χβDαα̇χ̄β̇ + 2χαDββ̇χ̄α̇

+ 2(δγαδ
δ
β − δγβδ

δ
α)(δ

γ̇
α̇δ

δ̇
β̇
− δγ̇

β̇
δδ̇α̇)χδDγγ̇χ̄δ̇ (3.39)

= 4χαDβα̇χ̄β̇ − 4χαDββ̇χ̄α̇ − 2χβDαα̇χ̄β̇ + 2χαDββ̇χ̄α̇ + 2χβDαα̇χ̄β̇ − 2χαDβα̇χ̄β̇

− 2χβDαβ̇χ̄α̇ + 2χαDββ̇χ̄α̇ (3.40)

= 2χαDβα̇χ̄β̇ − 2χβDαβ̇χ̄α̇. (3.41)

The other terms in equation 3.31 are handled similarly. For the second term,

(σ̃[aσbσ̃c])
α̇α = −iεabcd(σ̃

d)α̇α = (σ̃a)
α̇β(σb)ββ̇(σ̃c)

β̇α − gca(σ̃b)
α̇α + gbc(σ̃a)

α̇α + gab(σ̃c)
α̇α (3.42)
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is applied to get

− (σa)αα̇(σb)ββ̇ψγ̇(σ̃
[aσbσ̃c])γ̇γDcψγ

= −(σa)αα̇(σb)ββ̇

(
(σ̃a)γ̇δ(σb)δδ̇(σ̃

c)δ̇γ − gca(σ̃b)γ̇γ + gbc(σ̃a)γ̇γ + gab(σ̃c)γ̇γ
)
ψγ̇Dcψγ (3.43)

=
(
−4δδαδ

γ̇
α̇εβδεβ̇δ̇(σ̃

c)δ̇γ − 2δγβδ
γ̇

β̇
(σc)αα̇ + 2δγαδ

γ̇
α̇(σ

c)ββ̇ + 2εαβεα̇β̇(σ̃
c)γ̇γ
)
ψγ̇Dcψγ (3.44)

= −4εβαψα̇D
γ

β̇
ψγ − 2ψβ̇Dαα̇ψβ + 2ψα̇Dββ̇ψα + 2εαβεα̇β̇ψγ̇D

γγ̇ψγ (3.45)

= −4εβαε
γδψα̇Dδβ̇ψγ − 2ψβ̇Dαα̇ψβ + 2ψα̇Dββ̇ψα + 2εαβεα̇β̇ε

γδεγ̇δ̇ψγ̇Dδδ̇ψγ (3.46)

= 4(δγβδ
δ
α − δγαδ

δ
β)ψα̇Dδβ̇ψγ − 2ψβ̇Dαα̇ψβ + 2ψα̇Dββ̇ψα

+ 2(δγαδ
δ
β − δγβδ

δ
α)(δ

γ̇
α̇δ

δ̇
β̇
− δγ̇

β̇
δδ̇α̇)ψγ̇Dδδ̇ψγ (3.47)

= 2ψα̇Dαβ̇ψβ − 2ψβ̇Dβα̇ψα. (3.48)

Finally, the last two terms of equation 3.31 simplify to

2ik(σa)αα̇(σb)ββ̇χ
γ(σ[aσ̃b]) δ

γ ψδ + 2ik(σa)αα̇(σb)ββ̇ψγ̇(σ̃
[aσb])γ̇

δ̇
χ̄δ̇

= ik(σa)αα̇(σb)ββ̇
(
(σa)γδ̇(σ̃

b)δ̇δχγψδ − (σb)γδ̇(σ̃
a)δ̇δχγψδ + (σ̃a)γ̇δ(σb)δδ̇ψγ̇χ̄

δ̇

− (σ̃b)γ̇δ(σa)δδ̇ψγ̇χ̄
δ̇
)

(3.49)

= 4ik
(
εαγεα̇δ̇δ

δ
βδ

δ̇
β̇
χγψδ − εβγεβ̇δ̇δ

δ
αδ

δ̇
α̇χ

γψδ + εβδεβ̇δ̇δ
δ
αδ

γ̇
α̇ψγ̇χ̄

δ̇ − εαδεα̇δ̇δ
δ
βδ

γ̇

β̇
ψγ̇χ̄

δ̇
)

(3.50)

= −4ikεαβ(ψα̇χ̄β̇ + ψβ̇χ̄α̇) + 4ikεα̇β̇(χαψβ + χβψα). (3.51)

Putting it all together, equation 3.31 reduces to

(σa)αα̇(σb)ββ̇Ψγ
abc∇cΨ = 2χαDβα̇χ̄β̇ − 2χβDαβ̇χ̄α̇ + 2ψα̇Dαβ̇ψβ − 2ψβ̇Dβα̇ψα

− 4ikεαβ(ψα̇χ̄β̇ + ψβ̇χ̄α̇) + 4ikεα̇β̇(χαψβ + χβψα). (3.52)

Then, by adding the complex conjugate,

Eαα̇ββ̇ = 2
(
χαDβα̇χ̄β̇ − χβDαβ̇χ̄α̇ + ψα̇Dαβ̇ψβ − ψβ̇Dβα̇ψα + χ̄α̇Dαβ̇χβ − χ̄β̇Dβα̇χα

+ ψαDβα̇ψβ̇ − ψβDαβ̇ψα̇
)
+ 8ik

(
− εαβ(ψα̇χ̄β̇ + ψβ̇χ̄α̇) + εα̇β̇(ψαχβ + ψβχα)

)
. (3.53)

Therefore, by equations 2.59 and 2.62, the required integrand is

lαα̇nββ̇Eαα̇ββ̇(Ψ) = oαōα̇ιβ ῑβ̇Eαα̇ββ̇ (3.54)

= 4
√
2
(
χιῑ

β̇δχ̄β̇ + χoō
α̇δ̄χ̄α̇ + ψιι

β δ̄ψβ + ψoo
αδψα + χιι

β δ̄χβ + χoo
αδχα

+ ψιῑ
β̇δψβ̇ + ψoō

α̇δ̄ ψα̇
)
+ 16

√
2ik
(
− ψιχo − ψoχι + ψιχo + ψoχι

)
. (3.55)

Applying definition 2.9 and the GHP form of NP coefficients in appendix B,

ῑβ̇δχ̄β̇ = ῑβ̇δ
(
χoōβ̇ + χιῑβ̇

)
(3.56)

=
√
2δχo + χoῑ

β̇δōβ̇ + 0 + χιῑ
β̇δῑβ̇ (3.57)

=
√
2δχo +

√
2χoβ +

√
2χιµ (3.58)

=
√
2 (ðχo + µχι) . (3.59)

Similarly, I also get

ōα̇δ̄χ̄α̇ = −
√
2
(
ð̄χι − ρχo

)
, (3.60)

ιβ δ̄ψβ =
√
2
(
ð̄ψo + µψι

)
and (3.61)

oαδψα = −
√
2 (ðψι − ρψo) . (3.62)
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Substituting back, simplifying and taking complex conjugates as needed yields

lαα̇nββ̇Eαα̇ββ̇(Ψ) = 8
(
χιðχo − χoð̄χι + ψιð̄ψo − ψoðψι + χιð̄χo − χoðχι + ψιðψo − ψoð̄ψι

)
+ 16

(
µ|χι|2 + ρ|χo|2 + µ|ψι|2 + ρ|ψo|2

)
+ 16

√
2ik
(
− ψιχo − ψoχι + ψιχo + ψoχι

)
. (3.63)

Substituting equation 3.63 into equation 3.26 and integrating by parts - which is valid by
corollary 2.10.1 - proves the lemma. □

3.2 Properties of the Dirac operator

Definition 3.5 (C∞
c ). Let C∞

c denote the set of Dirac spinors of (M, g) which are smooth and
have compact support when restricted to Σ. In the case where Σ itself is 3D and compact with
boundary, further impose that the Dirac spinors, Ψ = (ψα, χ

α̇)T , are subject to the boundary
conditions, ψo = χι = 0 on S = ∂Σ.

Lemma 3.6. When Σ is non-compact, an inner product can be defined on C∞
c by

⟨Ψ,Ψ2⟩C∞
c

=

∫
Σt

(
(∇IΨ1)

†∇IΨ2 +Ψ†
1MΨ2

)
dV. (3.64)

Proof. Linearity and conjugate symmetry are manifest. ⟨Ψ,Ψ⟩C∞
c

≥ 0 is also immediate be-
cause M is assumed to be non-negative definite.

Finally, suppose ⟨Ψ,Ψ⟩C∞
c

= 0. Thus ∇IΨ = 0 on Σt. In the non-compact case, C∞
c only

has compactly supported spinors by definition and hence there is a point, say q, where Ψ = 0.
Next, choose an arbitrary point, p ∈ Σt, and a smooth curve from q to p. Let tI be the

tangent to the curve. Then, tI∇IΨ = 0 along the curve and Ψ = 0 at the initial point, q.
It follows that Ψ = 0 everywhere along the curve since Ψ is also smooth and thus 1st order,
linear, homogeneous ODEs will have a unique solution. However, since p is arbitrary, Ψ must
be zero everywhere on Σt. Therefore, it follows that ⟨·, ·⟩C∞

c
is positive definite. □

Lemma 3.7. When Σ is 3D and compact, assuming Aa is zero4 and the null expansions on S
satisfy θl > 0, θn < 0 & θlθn < −8k2, an inner product can be defined on C∞

c by

⟨Ψ1,Ψ2⟩C∞
c

=

∫
Σ

(
(∇IΨ1)

†∇IΨ2 + 4πT 0aΨ†
1γ0γaΨ2

)
dV −Q(Ψ1,Ψ2). (3.65)

Proof. Linearity and conjugate symmetry are again manifest. However, in the compact case,
while the Σ integral in ⟨Ψ,Ψ⟩C∞

c
is non-negative, it remains to analyse Q(Ψ,Ψ) = Q(Ψ).

Ψ ∈ C∞
c implies ψo = χι = 0 on S. Then, by lemma 3.4,

Q(Ψ) = 4

∫
S

(
µ|ψι|2 + ρ|χo|2 + ik

√
2
(
ψιχo − ψιχo

))
dA. (3.66)

For any nowhere vanishing, complex function, z, on S, Q(Ψ) can also be written as5

Q(Ψ) = 4

∫
S

(
µ

|z|2
|zψι|2 + ρ|z|2

∣∣∣∣χoz
∣∣∣∣2 + ik

√
2

(
zψι

χo
z

− z̄ψι
χo
z̄

))
dA (3.67)

4I could assume Aa ̸= 0, but PaQbγ
bacAa is non-positive definite when acting as a bilinear form between

spinors on S = ∂Σ with ψo = χι = 0. However, since I will only need the case Aa = 0 in chapter 5, I’m assuming
that for simplicity here. See appendix B of [88] for a situation when one only has the weaker, non-zero condition
on Aa. Also note that assuming Aa = 0 means my assumption on M reduces to the dominant energy condition
for Tab.

5The next equation is formally identical to GHP boost invariance.
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Let µ′ = µ/|z|2, ρ′ = |z|2ρ, ψ′
ι = zψι and χ

′
o = χo/z. Then,

Q(Ψ) = 4

∫
S

(
µ′|ψ′

ι|2 + ρ′|χ′
o|2 + ik

√
2
(
ψ′
ιχ

′
o − ψ

′
ιχ

′
o

))
dA (3.68)

= 4

∫
S

(
(µ′ + k

√
2)|ψ′

ι|2 + (ρ′ + k
√
2)|χ′

o|2 − k
√
2|ψ′

ι + iχ′
o|2
)
dA (3.69)

≤ 4

∫
S

(
(µ′ + k

√
2)|ψ′

ι|2 + (ρ′ + k
√
2)|χ′

o|2
)
dA. (3.70)

Choose z = 4
√
µ/ρ so that µ′ = ρ′ = −√

µρ = −1
2

√
−θlθn < −k

√
2 by lemma 2.6. Therefore it

immediately follows that Q(Ψ) ≤ 0 and hence ⟨Ψ,Ψ⟩C∞
c

≥ 0.
Finally, suppose ⟨Ψ,Ψ⟩C∞

c
= 0. As before, this means ∇IΨ = 0 on Σ. But, in the compact

case, ⟨Ψ,Ψ⟩C∞
c

= 0 also implies Q(Ψ) = 0. The boundary conditions already imply ψo = χι = 0
on S, equation 3.70 then implies χo = ψι = 0 on S too and therefore Ψ = 0 on S. Since∇IΨ = 0
on Σ and there is a point where Ψ = 0, Ψ = 0 everywhere by the same steps as before. □

The proof of positive-definiteness in the previous lemmas was simplified by invoking smooth-
ness. However, there is an alternative method based on [98] which is applicable to lower reg-

ularity metrics. In particular, if σ is the metric on Σ, then ∇iΨ is re-written as D
(σ)
i Ψ + FiΨ

for some Clifford algebra valued one-form, F . Then, letting ||Ψ||2S = Ψ†Ψ,∣∣∂i(ln(||Ψ||2S))
∣∣ = 1

||Ψ||2S

∣∣∣D(σ)
i (Ψ†Ψ)

∣∣∣ (3.71)

≤ 1

||Ψ||2S

(∣∣∣D(h)
i (Ψ)†Ψ

∣∣∣+ ∣∣∣Ψ†D
(h)
i (Ψ)

∣∣∣) (3.72)

≤ 2||Ψ||S||D(h)
i Ψ||S

||Ψ||2S
(3.73)

=
2 ||FiΨ||S
||Ψ||S

(3.74)

≤ 2 ||Fi||0 (3.75)

⇐⇒ −2 ||Fi||0 ≤ ∂i(ln(||ψ||2S)) ≤ 2 ||Fi||0 . (3.76)

Since Ψ is compactly supported, by the extreme value theorem, ∃ a point, x1 ∈ Σ, where ||Ψ||S
is maximised. Likewise, there also exists a point in supp(Ψ) where ||Fi||0 is maximised. Let
Ci denote the value of that maximum.

Next, Let x0 be a point on supp(Ψ) ∩ Σ, where Ψ = 0 and choose a curve, s, between x1
and x0. This curve necessarily has finite length, l(s), as determined by the Riemannian metric,
σ, on Σ. Therefore,

− 2

∫ x1

x0

||Fi||0 ds
i ≤

∫ x1

x0

∂i(ln(||Ψ||2S))dsi ≤ 2

∫ x1

x0

||Fi||0 ds
i (3.77)

=⇒ −2l(s)
√
CiCjσij ≤ ln(||Ψ||2S(x1))− ln(||Ψ||2S(x0)) ≤ 2l(s)

√
CiCjσij. (3.78)

=⇒ ||Ψ||2S(x0)e−2l(s)
√
CiCjσij ≤ ||Ψ||2S(x1) ≤ ||Ψ||2S(x0)e2l(s)

√
CiCjσij

. (3.79)

Since Ψ goes to zero as one approaches x0, both extremes of the inequality are just zero and
thus ||Ψ||2S(x1) = 0. But ||Ψ||2S(x1) is maximised at x1, so it must be that ||Ψ||2S = 0 everywhere,
which finally implies Ψ = 0 everywhere.

Definition 3.8 (D). Define a linear operator, D : C∞
c → L2, by D : Ψ 7→ γI∇IΨ.

Lemma 3.9. ⟨Ψ1,Ψ2⟩C∞
c

= ⟨D(Ψ1),D(Ψ2)⟩L2.
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Proof. Apply corollaries 3.2.1 and 3.3.1. □

This property, which relies crucially on an appropriate Lichnerowicz identity, is the main
reason the inner products are defined as they are.

Definition 3.10 (H). Define H to be the completion of C∞
c under ⟨·, ·⟩C∞

c
.

In general, the completion of a metric space has elements being equivalence classes of Cauchy
sequences. However, in this case, the elements, Ψ ∈ H, can be represented as elements of the
more familiar Sobolev space, H1

loc, as follows.
The key technical requirement is a weighted Poincaré inequality. For the chosen asymp-

totics, Σt satisfies definition 9.9 of [8] to be a weakly, asymptotically hyperboloidal end6. Then,
one can apply proposition 8.3 of [8] to deduce ∃w ∈ L1

loc such that∫
Σt

Ψ†Ψw dV ≤
∫
Σt

(∇IΨ)†∇I(Ψ)dV, (3.80)

for any Ψ ∈ C∞
c . Thus, for any pair of spinors, Ψm,Ψn ∈ C∞

c ,∫
Σt

(Ψm −Ψn)
†(Ψm −Ψn)w dV ≤

∫
Σt

∇I(Ψm −Ψn)
†∇I(Ψm −Ψn)dV (3.81)

≤ ||Ψm −Ψn||C∞
c
. (3.82)

Therefore, for any Cauchy sequence, {Ψm}∞m=0 ⊆ H, {∇IΨm}∞m=0 and {
√
wΨm}∞m=0 are Cauchy

in L2. Since w ∈ L1
loc, it finally follows that Ψ ∈ H1

loc.
When Σ is compact, this is much more straightforward because one can apply the standard

methods of elliptic PDEs to get a standard Poincaré inequality (i.e. w = 1 in equation 3.80).

Lemma 3.11. D extends to a continuous (i.e. bounded) linear operator from H to L2 such
that ⟨Ψ1,Ψ2⟩H = ⟨D(Ψ1),D(Ψ2)⟩L2.

Proof. The points in H\C∞
c are equivalence classes of Cauchy sequences. Let {Ψm}∞m=0 be one

such Cauchy sequence in C∞
c with limit in H\C∞

c . Observe that by lemma 3.9,

||D(Ψm)−D(Ψn)||L2 = ||D(Ψm −Ψn)||L2 = ||Ψm −Ψn||C∞
c
. (3.83)

Thus {D(Ψm)}∞m=0 is a Cauchy sequence in L2 and since L2 is complete, ∃ limm→∞D(Ψm) ∈ L2.
Extend the definition of D to H\C∞

c by defining7 D(limm→∞ Ψm) = limm→∞ D(Ψm).
Next, observe that this definition implies lemma 3.9 extends to H. In particular, suppose

Ψ = limm→∞Ψm and Ψ′ = limm→∞ Ψ′
m for Cauchy sequences, {Ψm}∞m=0, {Ψ′

m}∞m=0 ⊆ C∞
c .

Then, by the definitions given so far, continuity of inner products and lemma 3.9,

⟨Ψ,Ψ′⟩H = lim
m,n→∞

⟨Ψm,Ψ
′
n⟩C∞

c
=
〈
lim
m→∞

D(Ψm), lim
n→∞

D(Ψ′
n)
〉
L2

= ⟨D(Ψ),D(Ψ′)⟩L2 . (3.84)

An immediate consequence is

||D(Ψ)||L2 = ||Ψ||H, (3.85)

which implies that D is a continuous/bounded linear operator. □
6The x in their definition is e−r here, their h is the pullback of fmn to Σt here and their N is S here.
7This definition is independent of the original choice of Cauchy sequence, {Ψm}∞m=0, because choosing a

different Cauchy sequence with the same “limit,” {Ψ′
m}∞m=0, implies {D(Ψm),D(Ψ′

n)} is a Cauchy sequence in
L2 by a similar computation to above. Hence, they would have the same limit in L2.
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Theorem 3.12. D is a continuous, linear isomorphism between H and L2.

Most saliently, the theorem implies (γI∇I)
−1 : L2 → H exists. The proofs in the compact

and non-compact cases have very different flavours and hence I will present them separately.

Proof (compact case). Linearity is by construction and continuity has already been shown by
lemma 3.11. Next, suppose D(Ψ) = 0. By lemma 3.11, 0 = ||D(Ψ)||L2 = ||Ψ||H =⇒ Ψ = 0
and therefore D is injective. It remains to prove surjectivity.

I’m assuming Aa = 0 in the compact case. Let θ be an arbitrary element of L2 and define
Fθ : H → C by

Fθ(Ψ) = ⟨θ,D(Ψ)⟩L2 . (3.86)

Fθ is manifestly linear. It is also continuous/bounded because the Cauchy-Schwarz inequality
and lemma 3.11 imply |Fθ(Ψ)| = |⟨θ,D(Ψ)⟩L2| ≤ ||θ||L2||D(Ψ)||L2 = ||θ||L2 ||Ψ||H. Therefore,
by the Riesz representation theorem, ∃Z ∈ H such that Fθ(Ψ) = ⟨Z,Ψ⟩H. Then, lemma 3.11
and equation 3.86 imply

⟨W,D(Ψ)⟩L2 = 0 ∀Ψ ∈ H, where W = θ −D(Z). (3.87)

Using lemma 3.3, one can perform a formal integration by parts to get

0 =

∫
Σ

W †D(Ψ)dV (3.88)

=

∫
Σ

(
−PaWγabDbΨ− 3ikW †Ψ

)
dV (3.89)

=

∫
Σ

(
−PaDb(WγabΨ) + PaDb(W )γabΨ− 3ikW †Ψ

)
dV (3.90)

=

∫
S

lanbWγabΨdA+

∫
Σ

(
γIDIW + 3ikW

)†
ΨdV. (3.91)

Let W = (ϕα, ζ̄
α̇)T and Ψ = (ψα, χ̄

α̇)T in terms of two-component spinors. Therefore,

lanbWγabΨ = lanb
[
−ζα −ϕ̄α̇

] [(σ[aσ̃b]) β
α 0

0 (σ̃[aσb])α̇
β̇

] [
ψβ
χ̄β̇

]
(3.92)

= −1

2
lanb

(
(σa)αα̇(σ̃

b)α̇βζαψβ − (σb)αα̇(σ̃
a)α̇βζαψβ + (σ̃a)α̇α(σb)αβ̇ϕ̄α̇χ̄

β̇

− (σ̃b)α̇α(σa)αβ̇ϕ̄α̇χ̄
β̇
)

(3.93)

=
1

2

(
nαα̇l

βα̇ζαψβ − lαα̇n
βα̇ζαψβ + nαα̇lαβ̇ϕ̄α̇χ̄

β̇ − lαα̇nαβ̇ϕ̄α̇χ̄
β̇
)

(3.94)

=
√
2
(
− ζoψι − ζιψo + ϕoχι + ϕιχo

)
. (3.95)

Since ψo = χι = 0 on S ∀Ψ ∈ H, the formal integration by parts says

0 =
√
2

∫
S

(
ϕιχo − ζoψι

)
dA+

∫
Σ

(
γIDIW + 3ikW

)†
ΨdV. (3.96)

As Ψ ∈ H ⊃ C∞
c is arbitrary, it must be thatW is a weak solution to γIDIW +3ikW = 0 on Σ

subject to the boundary conditions, ϕι = ζo = 0 on S. It is then a technical analytical problem
to ascertain whether weak solutions lift to strong solutions in this context. This question was
studied in depth by [9, 8]. From the work there, especially theorem 6.4 in [8], one can conclude
this is indeed the case.
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From here, there is a modified Lichnerowicz identity for W using ∇̃aW = DaW − ikγaW ,
i.e. k 7→ −k compared with the original connection, ∇. Then, γIDIW + 3ikW = 0 can be
re-written as γI∇̃IW = 0. The sign of k was never essential in the proof of the Lichnerowicz
identity; it merely mattered that k2 = −Λ/12. Therefore, from the proofs of theorem 3.2 and
lemma 3.4, it immediately follows that

0 =

∫
Σ

(γI∇̃IW )†γJ∇̃J(W )dV (3.97)

=

∫
Σ

(
(∇̃IW )†∇̃IW − 4πT 0aWγaW

)
dV − Q̃(W ), (3.98)

where Q̃(W ) = 2

∫
S

(
ϕιðϕo + ϕιð̄ϕo − ζoðζι − ζoð̄ζ ι + ρ|ϕo|2 + µ|ϕι|2 + ρ|ζo|2 + µ|ζι|2

− ik
√
2
(
ϕoζι + ϕιζo − ϕoζ ι − ϕιζo

))
dA. (3.99)

However, from ϕι = ζo = 0 on S,

Q̃(W ) = 2

∫
S

(
ρ|ϕo|2 + µ|ζι|2 − ik

√
2
(
ϕoζι − ϕoζ ι

))
dA. (3.100)

As in the proof of lemma 3.7, let µ′ = µ/|z|2, ρ′ = |z|2ρ, ϕ′
o = ϕo/z and ζ ′ι = zζι. Again, choose

z = 4
√
µ/ρ so that µ′ = ρ′ = −√

µρ = −1
2

√
−θlθn < −k

√
2. Therefore,

Q̃(W ) = 2

∫
S

(
ρ′|ϕ′

o|2 + µ′|ζ ′ι|2 − ik
√
2
(
ϕ′
oζ

′
ι − ϕ

′
oζ

′
ι

))
dA (3.101)

= 2

∫
S

(
(ρ′ + k

√
2)|ϕ′

o|2 + (µ′ + k
√
2)|ζ ′ι|2 − k

√
2|ϕ′

o + iζ ′ι|2
)
dA (3.102)

≤ 0. (3.103)

Thus, combined with the dominant energy condition, every term on the RHS of equation 3.98
is non-negative.

Therefore ∇̃IW = 0 and Q̃(W ) = 0. The latter implies ϕo = ζι = 0 on S by equation
3.102 and consequently W = 0 on S since ϕι = ζo = 0 on S already. In the proofs of lemmas
3.6 and 3.7 it was shown ∇IΨ = 0 on Σ with Ψ = 0 on S implies Ψ = 0 on Σ. By the same
logic used there, it now follows that W = 0 on Σ. Equivalently θ = D(Z) and therefore D is
surjective. □

Proof (non-compact case). Linearity, continuity and injectivity are identical to the compact
case. The surjectivity proof follows an index theory argument based on the analysis in [105, 88].

Let ∇̂a = Da + ikγa, i.e. don’t include the Aa term. Therefore, D − D̂ = γIAI . If γIAI

were a compact operator, then the index (dimension of kernel minus dimension of cokernel)
of D and D̂ would coincide. In particular, if D̂ was invertible, then it would follow that
index(D) = 0. Since D has already been shown to have trivial kernel above, it would follow
that D is invertible.

Even though Aa is just a (sufficiently regular) matrix valued function, it’s not clear in
general whether γIAI is actually compact. This would be the case though if the underlying
space, Σt, were itself compact8 - a fact leveraged in [105, 88].

8This is essentially due to the Rellich-Kondrachov theorem, which in a special case says that H1 is compactly
embedded in L2. In particular, from lemma 3.6 of [8] and the discussion of Poincaré inequalities earlier, in the
compact case Ψ ∈ H =⇒ Ψ ∈ H1. Then, since constant matrix multiplication is always a compact operator
and Aa is assumed sufficiently regular, γIAI is a compact operator from H to L2.
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Similarly, given an asymptotic end of the form R×S, consider the compact subset9, Σ(r0) =
Σt\{r > r0}. With the appropriate boundary conditions for spinors on ∂Σ(r0) = {r = r0},
in the previous proof I’ve shown that D̂ is invertible on the compact set10. Therefore, by the
index theory argument above, D is invertible on Σ(r0).

Since C∞
c is dense in L2, for any Φ ∈ L2, ∃ a Cauchy sequence, {Φm}∞m=0 ⊆ C∞

c , such that
limm→∞ Φm = Φ in L2. For each Φm choose rm so that supp(Φm) ⊆ int(Σ(rm)), i.e. choose
rm large enough. Then, the choice of boundary conditions on ∂Σ(rm) doesn’t matter and ∃Ψm

such that D(Ψm) = Φm. Theorem 6.4 in [9, 8] shows D has an “elliptic regularity” property
on Σ(rm) meaning Φm ∈ C∞

c and the metric’s smoothness imply Ψm ∈ C∞
c

11.
Furthermore, {Ψm}∞m=0 ⊆ C∞

c is a Cauchy sequence by lemma 3.9. By theorem 3.11, the
limit, limm→∞ Ψm = Ψ ∈ H satisfies

D(Ψ) = lim
m→∞

D(Ψm) = lim
m→∞

Φm = Φ, (3.104)

thereby proving D is surjective. □

The proof of surjectivity had a very different style in the compact and non-compact cases.
This is not actually due to the compactness, but instead due to the fact I assumed Aa = 0 in
the compact case. I could instead try a similar Lichnerowicz identity based approach in the
non-compact case. However, as I’ll explain, this will require additional assumptions on AI .

Once again, define Fθ like in the compact case. Therefore, by the same steps,

⟨W,D(Ψ)⟩L2 = 0 ∀Ψ ∈ H, where W = θ −D(Z), (3.105)

and the task is to show W must be zero. This time the formal integration by parts says that
∀Ψ ∈ C∞

c ,

0 =

∫
Σt

Ψ†
(
γIDI(W ) + ik(n− 1)W −A†

Iγ
IW
)
dV. (3.106)

Suppose there exists Ãa such that (γIAI)
† = γIÃI . Define a new connection on spinors, ∇̃a,

by ∇̃a = Da − ikγa + Ãa and a new Dirac operator, D̃ = γI∇̃I . Then, equation 3.106 can be
re-written as

0 =

∫
Σt

Ψ†D̃(W )dV. (3.107)

Since Ψ could be any compactly supported spinor, it follows that W is a weak solution to
D̃(W ) = 0. Thus, the surjectivity proof reduces to showing D̃ has trivial kernel. Continuing
with the new connection, suppose γIJÃJ is hermitian and

M̃ = 4πT 0aγ0γa + γIJDIÃJ − ik(n− 2)(γIÃI + Ã†
Iγ

I)− Ã†
Iγ

IJÃJ (3.108)

9Here, r is the Fefferman-Graham coordinate, but in general it could be any coordinate for the R factor in
R × S such that the conformal boundary is at r = ∞.

10My invertibility proof in the compact case used the GHP formalism and is hence specific to Σ being 3D.
However, as explained in [105, 88], the GHP boundary conditions can be written in a more dimension-agnostic

way using eigenspaces of γ0 ± γ1. I could then repeat a similar analysis to show that D̂ is invertible on the
compact set. Even more generally, for the property I need in the non-compact analysis, I don’t need to be
very specific about the choice of boundary conditions. There are a number of alternative boundary condtions
I could choose. Some examples are the chiral boundary condition - i.e. fixing the right-handed or left-handed
sector of a spinor - or the Atiyah-Patodi-Singer (APS) boundary condition - expanding the spinor in terms of
eigenvectors of the boundary Dirac operator and fixing the spinor’s component in half the eigenspaces. It is
known [90] that these too lead to the desired invertibility on the compact set.

11Theorem 6.4 as stated in [9, 8] only says Ψm ∈ H1
loc(Σ(rm)). However, this is because of the very low

regularity assumed in [9, 8] for the metric and the analogue of Φm. If one assumes additional regularity - in
this case g’s smoothness and Φm ∈ C∞

c - then Ψm inherits this additional regularity by the same proof.
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is non-negative definite. Then, following the same steps as theorem 3.2, if Ψ ∈ C∞
c , then

||D̃(Ψ)||2L2 =

∫
Σt

(
(∇̃IΨ)†∇̃IΨ+Ψ†M̃Ψ

)
dV. (3.109)

As M̃ is assumed to be non-negative definite, this is formally identical to the original Lich-
nerowicz identity. Then, I could proceed analogously to the analysis of D itself by defining
an inner product analogous to lemma 3.6 and thereby concluding that D̃ is injective. Hence,
D̃(W ) = 0 implies W = θ −D(Z) = 0 and therefore D is surjective.

While this proof is more in the spirit of the rest of the material because it is built on a
Lichnerowicz identity, it has the disadvantage that there may be choices of Aa for which no
simple Ãa exists. Furthermore, even if Ãa exists, it may be that M̃ is not non-negative definite.

In fact, this is exactly the situation for the electromagnetic examples of section 4.4. The
details of the theories studied there don’t matter for the present discussion. In short, given a
one-form, Aa, a two-form, F = dA and its components, EI = FI0 & FIJ , for the 4D and 5D
theories studied there, (in k = 1/2 units) it makes sense to choose

A(4)
a = −1

4
Fbcγ

bcγa + iAaI =
1

2
EIγ

0γIγa −
1

4
FIJγ

IJγa + iAaI and (3.110)

A(5)
a = − 1

4
√
3
Fbcγ

bcγa −
1

2
√
3
Fabγ

b + i
√
3AaI (3.111)

= − 1

2
√
3
EIγ

Iγ0γa −
1

4
√
3
FIJγ

IJγa −
1

2
√
3
Fabγ

b + i
√
3AaI. (3.112)

Using equations 4.247 and 4.276, one finds Ã(4) & Ã(5) exist and they are identical to A(4) &
A(5) except that FIJ → −FIJ . In both cases, by following similar steps to the proof of lemma
4.19, one finds

M̃ = −2SIγ
0γI , (3.113)

where SI = F I
J E

J is the Poynting vector. Thus, M̃ has eigenvalues, ±4
√
SISI , and is therefore

not non-negative definite12.
Unlike the proof of theorem 3.12 presented above, it appears the Licherowicz identity based

proof can only be rectified in a few specific cases where further assumptions are made. The
simplest, but most unsatisfying, assumption would be to restrict to electromagnetic fields which
have vanishing Poynting vector.

As the following argument shows, a much less obvious assumption that also works is to
restrict to hypersurfaces, Σt, which have K = δIJKIJ = 0. Instead of the spacetime Levi-
Civita connection, D, one could re-write the argument in terms of the connection intrinsic to
Σt, say D

(σ), where σ is the metric on Σt. Then, for any Dirac spinor, Ψ,

DIΨ = D
(σ)
I Ψ+

1

2
KIJγ

0γJ and γIDIΨ = γID
(σ)
I Ψ+

1

2
Kγ0. (3.114)

Instead of the ∇̃a defined earlier, one could define another connection, say∇′
I , differing from∇I

in not just FIJ → −FIJ (and a− i
2
γI term instead of a + i

2
γI term), but alsoKIJ → −KIJ . Since

(−KIJ , EI ,−FIJ) satisfies the constraint equations (encoded in T 0a) whenever (KIJ , EI , FIJ)

does, this connection will have M′ = 0, which is trivially non-negative definite. γI∇′
I and γ

I∇̃I

differ by a Kγ0 term, but this goes to zero if K is assumed to vanish.
K = 0 is a “maximal gauge” that is sometimes used in the study of the initial value problem

[44]. However, it would have to be shown (M, g) admits such a foliation and that the foliation
is compatible with the coordinates chosen on I to get f(0)0α = 0.

12This issue was also recently pointed out in [105] and exists even when Λ = 0. An analogous proof to
theorem 3.12 presented in this thesis therefore also fixes the mistake in theorem 11.9 of [8], where Λ = 0.
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3.3 Background Killing spinors

In this section, I will only be interested in the non-compact case, i.e. Σ = Σt throughout. In this
context, key to Witten’s method will be backgrounds admitting imaginary Killing spinors13.
The specific form of the metric, g, is the Fefferman-Graham expansion given in definition
2.11, while the notion of a background metric, ḡ, is given in definition 2.12. In particular, the
foreground and background metrics agree to O(e2re(n−2)r) in the Fefferman-Graham expansion.
As with the previous discussions of Fefferman-Graham expansions, it will be convenient to work
in units where k = 1/2.

Definition 3.13 (Background Killing spinor). A spinor, εk, is called a Killing spinor of the
background metric, ḡ, if and only if it satisfies

Daεk +
i

2
γaεk = 0, (3.115)

where Da is the Levi-Civita connection of ḡ. Similarly, denote the vielbeins associated to ḡ as
ēa and ēa.

Of course, not every background metric admits a background Killing spinor. However,
Witten’s method works most naturally when there does exist a non-zero εk - see [79, 10] for a
broad discussion on the admissible metrics. Furthermore, when no background Killing spinors
exist, negative energies are possible - as illustrated by the examples in [28].

Note that εk may only be defined in an open neighbourhood of the “boundary” at infinity
or equation 3.115 may only have a solution in such a region. This is not a problem because
equation 3.115 will only really be required in an open neighbourhood of infinity, say M , and
εk can be extended to a spinor on all of Σt by multiplying it with a smooth function that’s one
near infinity but falls to zero within M .

Given some background metric, ḡ, with vielbein, {∂r, e−rē(f̄)mM ∂m}, a natural vielbein for g
is ∂r together with

eM = e−rē
(f̄)m
M

(
∂m − 1

2
e−(n−1)r(f(n−1)mp − f̄(n−1)mp)f̄

pn
(0)∂n +O(e−nr)

)
. (3.116)

In particular, this ansatz has g(eM , eN) = ηMN + O(e−nr). The specific O(e−nr) corrections
won’t be relevant for this thesis. Furthermore, given a background metric, the vielbein for g
will be fixed as {∂r, eM} throughout14. Background Killing spinors interact with this choice of
vielbein to yield useful decay properties on Σt.

Lemma 3.14. If a background Killing spinor, εk, is O(e
r/2) near Σt,∞, then ∇Iεk ∈ L2.

Proof. First note that to be in L2, an object must decay faster than O(e−(n−2)r/2) because the
integration measure over Σt is O(e

(n−2)r). Next, given a vielbein, e µ
a ∂µ, the spin connection

coefficients are defined as

ωbca =
1

2
(g(ea, [eb, ec])− g(eb, [ec, ea]) + g(ec, [eb, ea])) . (3.117)

13The subsequent arguments would still work as long as the Killing spinor equation is satisfied up to
O(e−(n−1)r) corrections.

14Without this, it will not be possible to meaningfully talk about notions such as “constant spinor” later.
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Since εk is a background Killing spinor, with the vielbein chosen in equation 3.116 (along with
e1 = ∂r),

∇Mεk = e µ
M ∂µεk −

1

4
ωabMγ

abεk + ikγMεk +AMεk (3.118)

=
(
e µ
M − e

(ḡ)µ
M

)
∂µεk −

1

4
(ωabM − ωabM)γabεk +AMεk (3.119)

=

(
−1

2
e−nr(f(n−1)np − f̄(n−1)np)f̄

pmē
(f̄)n
M +O

(
e−(n+1)r

))
∂mεk

− 1

4
(ωabM − ωabM)γabεk +AMεk and similarly (3.120)

∇1εk = −1

4
(ωab1 − ωab1)γ

abεk +A1εk. (3.121)

Aaεk is comfortably in L2 from the decay assumption on ||Aa||0. Likewise, the term propor-
tional to e−nr∂mεk also easily decays fast enough to be in L2. The connection terms are found
by combining equations 3.116 and 3.117. In particular,

g(eM , [∂r, eN ])

= g
(
e−rē

(f̄)m
M ∂m − 1

2
e−nrē

(f̄)m
M (f(n−1)mp − f̄(n−1)mp)f̄

pn
(0)∂n +O(e−(n+1)r),

− e−rē
(f̄)q
N ∂q + e−r∂r

(
ē
(f̄)q
N

)
∂q +

n

2
e−nrē

(f̄)q
N (f(n−1)qr − f̄(n−1)qr)f̄

rs
(0)∂s +O(e−(n+1)r)

)
(3.122)

= ē
(f̄)m
M ∂r

(
ē
(f̄)q
N

)(
f̄mq +O(e−(n−1)r)

)
− ē

(f̄)m
M ē

(f̄)q
N

(
f̄mq + e−(n−1)r(f(n−1)mq − f̄(n−1)mq)−

1

2
e−(n−1)r(f(n−1)mp − f̄(n−1)mp)f̄

pn
(0)f̄(0)nq

− n

2
e−(n−1)r(f(n−1)qr − f̄(n−1)qr)f̄

rs
(0)f̄(0)ms +O(e−nr)

)
(3.123)

= ē
(f̄)m
M ∂r

(
ē
(f̄)n
N

)
f̄mn +O(e−nr)− ηMN

+
n− 1

2
e−(n−1)rē

(f̄)m
M ē

(f̄)n
N (f(n−1)mn − f̄(n−1)mn) +O(e−nr) (3.124)

and likewise

ḡ(ēM , [∂r, ēN ]) = ḡ
(
e−rē

(f̄)m
M ∂m,−e−rē

(f̄)n
N ∂n + e−r∂r

(
ē
(f̄)n
N ∂n

))
(3.125)

= −ηMN + ē
(f̄)m
M ∂r

(
ē
(f̄)n
N

)
f̄mn. (3.126)

Putting them together yields

g(eM , [∂r, eN ])− ḡ(ēM , [∂r, ēN ]) =
n− 1

2
e−(n−1)rē

(f̄)m
M ē

(f̄)n
N (f(n−1)mn − f̄(n−1)mn) (3.127)

up to O(e−nr). Now, consider the expressions for the connection coefficients.

ωNPM − ωNPM =
1

2
(g(eM , [eN , eP ])− g(eN , [eP , eM ]) + g(eP , [eN , eM ]))

− 1

2
(ḡ(ēM , [ēN , ēP ])− ḡ(ēN , [ēP , ēM ]) + ḡ(ēP , [ēN , ēM ])) (3.128)

= O(e−nr) (3.129)

as eM & ēN are e−r, their difference is a further O(e−(n−1)r) and g & ḡ are O(e2r). Next,

ω1M1 − ω1M1 =
1

2
(g(∂r, [∂r, eM ])− g(∂r, [eM , ∂r]) + g(eM , [∂r, ∂r]))

− 1

2
(ḡ(∂r, [∂r, ēM ])− ḡ(∂r, [ēM , ∂r]) + ḡ(ēM , [∂r, ∂r])) (3.130)

= 0 (3.131)
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since [∂r, ∂r] = 0 and ∂r ⊥ ∂m. Finally, by equation 3.127,

ωMN1 − ω̄MN1 =
1

2
(g(∂r, [eM , eN ])− g(eM , [eN , ∂r]) + g(eN , [eM , ∂r]))

− 1

2
(ḡ(∂r, [ēM , ēN ])− ḡ(ēM , [ēN , ∂r]) + ḡ(ēN , [ēM , ∂r])) (3.132)

= O(e−(n−1)r) and (3.133)

ω1NM − ω̄1NM =
1

2
(g(eM , [∂r, eN ])− g(∂r, [eN , eM ]) + g(eN , [∂r, eM ]))

− 1

2
(ḡ(ēM , [∂r, ēN ])− ḡ(∂r, [ēN , ēM ]) + ḡ(ēN , [∂r, ēM ])) (3.134)

= O(e−(n−1)r). (3.135)

In summary, all the terms decay quickly enough to have ∇Iεk ∈ L2. □

Theorem 3.15. Suppose Φ is a spinor such that γI∇IΦ ∈ L2 and Φ grows at most as O(er/2).
By theorem 3.12, let Ψ ∈ H be the unique spinor such that γI∇IΨ = γI∇IΦ. Let Z = Φ−Ψ.
Let {Ψm}∞m=0 ∈ C∞

c be a Cauchy sequence whose limit is Ψ and let Zm = Φ− Ψm. Then, for
the functional, Q, in definition 3.1, limm→∞Q(Zm) = Q(Z).

Proof. As before, theorem 3.2 implies that for any spinor, θ,

Q(Φ−Θ) = 2

∫
Σt

(
∇I(Φ−Θ)†∇I(Φ−Θ)− (γI∇I(Φ−Θ))†γJ∇J(Φ−Θ)

+ (Φ−Θ)†M(Φ−Θ)
)
dV. (3.136)

Hence, by lemma 3.6, definition 3.10, definition 3.8, lemma 3.11 and γI∇IΦ ∈ L2,

1

2
(Q(Z)−Q(Zm)) =

1

2
(Q(Φ−Ψ)−Q(Φ−Ψm)) (3.137)

= ||Ψ||2H − ||Ψm||2H − ||D(Ψ)||2L2 + ||D(Ψm)||2L2 + ⟨D(Ψ−Ψm), γ
I∇IΦ⟩L2

+ ⟨γI∇IΦ,D(Ψ−Ψm)⟩L2 −
∫
Σt

(∇I(Ψ−Ψm))
†∇I(Φ)dV

−
∫
Σt

∇I(Φ)†∇I(Ψ−Ψm)dV −
∫
Σt

(Ψ−Ψm)
†MΦdV

−
∫
Σt

Φ†M(Ψ−Ψm) dV. (3.138)

Since inner products and D are both continuous, it immediately follows that

lim
m→∞

1

2
(Q(Z)−Q(Zm)) = lim

m→∞

(
−
∫
Σt

(∇I(Ψ−Ψm))
†∇I(Φ)dV −

∫
Σt

∇I(Φ)†∇I(Ψ−Ψm)dV

−
∫
Σt

(Ψ−Ψm)
†MΦdV −

∫
Σt

Φ†M(Ψ−Ψm) dV

)
. (3.139)

Since the inner product on H is ⟨Ψ1,Ψ2⟩H =
∫
Σt

(
(∇IΨ1)

†∇IΨ2 +Ψ†
1MΨ2

)
dV (with limits of

Cauchy sequences taken appropriately for Ψ1 or Ψ2 in H\C∞
c ) and M is non-negative definite,∫

Σt

(∇IΨ)†∇I(Ψ) dV ≤ ||Ψ||2H <∞. (3.140)

50



Hence ∇IΨ ∈ L2 and Ψ 7→ ∇IΨ is a continuous (i.e. bounded) linear operator. Consequently,

lim
m→∞

∫
Σt

(∇I(Ψ−Ψm))
†∇I(Φ)dV = lim

m→∞
⟨∇I(Ψ−Ψm),∇IΦ⟩L2 = 0 (3.141)

and likewise for
∫
Σt

∇I(Φ)†∇I(Ψ−Ψm)dV . That leaves

lim
m→∞

1

2
(Q(Z)−Q(Zm))

= lim
m→∞

(
−
∫
Σt

(Ψ−Ψm)
†MΦdV −

∫
Σt

Φ†M(Ψ−Ψm) dV

)
. (3.142)

Because it’s assumed M is non-negative definite, ||M||0 decays faster than O(e−(n−1)r) near Σt,∞
and Φ grows at O(er/2) near Σt,∞,∫

Σt

Φ†MΦdV ≤
∫
Σt

Φ†Φ||M||0 dV <∞. (3.143)

Therefore, viewed as a real-valued function on Σt, Φ
†MΦ ∈ L1.

Define the function, B : H → R by

B(Θ) =

∫
Σt

Θ†MΘdV. (3.144)

This function is well-defined because

B(Θ) ≤
∫
Σt

(
(∇IΘ)†∇IΘ+Θ†MΘ

)
dV = ||Θ||2H <∞. (3.145)

Equivalently, it means as a real-valued function on Σt, Θ
†MΘ ∈ L1 ∀Θ ∈ H. Furthermore,

using lemmas 3.2, lemma 3.11 and the result above that Ψ 7→ ∇IΨ is continuous, it follows
that B is continuous because

B(Θ)− B(W ) =

∫
Σt

(
D(Θ)†D(Θ)− (∇IΘ)†∇IΘ

+D(W )†D(W )− (∇IW )†∇IW
)
dV (3.146)

=
1

2

∫
Σt

(
D(Θ +W )†D(Θ−W ) +D(Θ−W )†D(Θ +W )

−∇I(Θ +W )†∇I(Θ−W )−∇I(Θ−W )†∇I(Θ +W )
)
dV (3.147)

implies B(W ) → B(Θ) whenever W → Θ.
Next, since M is hermitian and non-negative definite, ∃ a “square root” matrix, S, such that

M = S†S. Hence, by the Cauchy-Schwarz inequality,

|Φ†M(Ψ−Ψm)| = |Φ†S†S(Ψ−Ψm)| ≤
√
Φ†MΦ

√
(Ψ−Ψm)†M(Ψ−Ψm). (3.148)

Putting it all together,∣∣∣∣ limm→∞

∫
Σt

Φ†M(Ψ−Ψm) dV

∣∣∣∣ ≤ lim
m→∞

∫
Σt

√
Φ†MΦ

√
(Ψ−Ψm)†M(Ψ−Ψm)dV (3.149)

= lim
m→∞

〈√
Φ†MΦ,

√
(Ψ−Ψm)†M(Ψ−Ψm)

〉
L2 (3.150)

≤ lim
m→∞

||
√
Φ†MΦ||L2||

√
(Ψ−Ψm)†M(Ψ−Ψm)||L2 (3.151)

= lim
m→∞

||Φ†MΦ||L1B(Ψ−Ψm) (3.152)

= 0. (3.153)

Analogously, limm→∞
∫
Σt
(Ψ−Ψm)

†MΦdV = 0 too, leaving limm→∞Q(Zm) = Q(Z). □
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Chapter 4

Positive energy theorems in
asymptotically locally AdS spacetimes

Data! Data! Data! I can’t make bricks without clay.
- Sherlock Holmes in The Adventure of the Copper Beeches by Arthur Conan Doyle

In this chapter I’ll apply the methods developed in the previous chapters to prove positive
energy theorems in asymptotically, locally AdS spacetimes. As I’ll show, boundary data is the
critical information controlling the entire process. After proving a somewhat general theorem,
I’ll specialise to (conformal) boundaries admitting cross-sections with parallel or real Killing
spinors. This will culminate in a positive energy theorem written purely in terms of data
intrinsic to cross-sections. I will subsequently apply this theorem to various examples of ap-
plicable boundary geometry before extending all the results to include electromagnetic fields.
The chapter will conclude by illustrating the theorems with some concrete example metrics.
For the duration of this chapter, choose units so that k = 1/2, i.e. Λ = −1

2
(n− 1)(n− 2).

4.1 General result

The general set-up for this chapter is that of section 2.2. In particular, (M, g) is asymptotically,
locally AdS, as defined by a Fefferman-Graham expansion for the metric from the conformal
boundary. A background metric, ḡ, for g is any asymptotically, locally AdS metric with the
same boundary metric, f(0)mn. The energy of these spacetimes is defined by equation 2.141.
One of the central ideas of this chapter will be spacetimes admitting a background possessing
a background Killing spinor, as discussed in section 3.3.

Definition 4.1 (pM). For future notational convenience, define

pM = e
(f(0))m

M e
(f(0))n

0 (f(n−1)mn − f̄(n−1)mn) + δM0f
mn
(0) (f(n−1)mn − f̄(n−1)mn) (4.1)

= δM0f̂
mn
(0) (f(n−1)mn − f̄(n−1)mn) + δAM e

(f(0))m

A P n
(0)(f(n−1)mn − f̄(n−1)mn). (4.2)

Observe that p0 is nothing but the integrand in equation 2.141 for the energy.

Theorem 4.2 (Positive energy theorem). Let (M, g) be an asymptotically, locally AdS space-
time admitting a background metric, ḡ, which possesses a non-zero background Killing spinor,
εk. Let Aa be a Clifford-algebra valued one-form satisfying the conditions in definition 3.1.
Assume the Einstein equation holds and εk is O(er/2) near Σt,∞. Then ∃ϵ such that γI∇Iε = 0
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and

Q(ε) =
n− 1

2

∫
Σt,∞

e−rpM ε̄kγ
Mεk

√
det(f(0)αβ) d

n−2x

+

∫
Σt,∞

e(n−2)rε†k

(
γ1γAAA +A†

Aγ
Aγ1
)
εk

√
det(f(0)αβ) d

n−2x (4.3)

= 2

∫
Σt

(
(∇Iε)

†∇Iε+ ε†Mε
)
dV (4.4)

≥ 0. (4.5)

Note that the growth/decay of εk and ||Aa||0 ensure equation 4.3 is convergent.

Proof. From lemma 3.14 and theorem 3.12, ∃Ψ ∈ H such that γI∇IΨ = γI∇Iεk. Choose
ε = εk−Ψ. Let {Ψm}∞m=0 ⊆ C∞

c be a Cauchy sequence whose limit is Ψ. Next, let εm = εk−Ψm

so that limm→∞ εm = ε. Then, since Ψm is compactly supported, in a vielbein where Pa = −δa0
and ∂r = e1 in the asymptotic end, lemma 3.3 implies

Q(εm) =

∫
Σt,∞

E01(εm)dA =

∫
Σt,∞

E01(εk)dA. (4.6)

Since the RHS doesn’t depend on m,

lim
m→∞

Q(εm) =

∫
Σt,∞

E01(εk)dA (4.7)

=

∫
Σt,∞

(
ε†kγ

1γADAεk +DA(εk)
†γAγ1εk − i(n− 2)ε†kγ

1εk

+ ε†kγ
1γAAAεk + ε†kA

†
Aγ

Aγ1εk
)
dA. (4.8)

To leading order, the measure, dA, is e(n−2)r
√

det(f(0)αβ) d
2x · · · dn−1x. This e(n−2)r growth

and the O(er/2) growth of εk means it suffices to keep only terms that decay as O(e−(n−1)r) or
slower in the matrices in E01(εk). It’s assumed AA decays as O(e−(n−1)r), so those terms are
kept as they are. Next, consider the derivative terms. Since εk is a background Killing spinor,

DAεk = (e m
A − ē m

A )∂mεk −
1

4
(ωabA − ωabA)γ

abεk −
i

2
γAεk. (4.9)

From equation 3.116, (e m
A −ē m

A ) isO(e−nr) and hence can be ignored. Likewise, from equations
3.129 and 3.135, only the connection coefficient terms where either a or b is 1 need to be retained.
That leaves

ε†kγ
1γADAεk → −1

2
(ω1MA − ω1MA)ε

†
kγ

AγMεk +
i

2
(n− 2)ε†kγ

1εk. (4.10)

From equation 3.117, the connection difference is

2(ω1MA − ω1MA) = (g(eA, [∂r, eM ]) + g(eM , [∂r, eA])− ḡ(ēA, [∂r, ēM ])− ḡ(ēM , [∂r, ēA])). (4.11)

This is symmetric in A and M . Hence, it follows that

− 1

2
(ω1MA − ω1MA)ε

†
kγ

AγMεk

=
1

2
δAB(g(eA, [∂r, eB])− ḡ(ēA, [∂r, ēB]))ε

†
kεk

− 1

4
(g(eA, [∂r, e0]) + g(e0, [∂r, eA])− ḡ(ēA, [∂r, ē0])− ḡ(ē0, [∂r, ēA]))ε

†
kγ

Aγ0εk. (4.12)
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Substituting in equation 3.127 reduces this to

−1

2
(ω1MA − ω1MA)ε

†
kγ

AγMεk = δAB
n− 1

4
e−(n−1)rē

(f̄)m
A ē

(f̄)n
B (f(n−1)mn − f̄(n−1)mn)ε

†
kεk

+
n− 1

4
e−(n−1)rē

(f̄)m
A ē

(f̄)n
0 (f(n−1)mn − f̄(n−1)mn)ε̄kγ

Aεk (4.13)

=
n− 1

4
e−(n−1)rē

(f̄)m
M ē

(f̄)n
0 (f(n−1)mn − f̄(n−1)mn)ε̄kγ

Mεk

+
n− 1

4
e−(n−1)rf̄mn(f(n−1)mn − f̄(n−1)mn)ε

†
kεk (4.14)

to leading order. The e−(n−1)r factor and εk = O(er/2) mean everything else can be kept to
O(1); anything lower order will go to zero in equation 4.8. Therefore ultimately,

−1

2
(ω1MA − ω1MA)ε

†
kγ

AγMεk =
n− 1

4
e−(n−1)rpM ε̄kγ

Mεk +O(e−(n−1)r). (4.15)

Substituting this back implies

ε†kγ
1γADAεk →

n− 1

4
e−(n−1)rpM ε̄kγ

Mεk +
i

2
(n− 2)ε†kγ

1εk (4.16)

and consequently equation 4.8 reduces to

lim
m→∞

Q(εm) =
n− 1

2

∫
Σt,∞

e−rpM ε̄kγ
Mεk

√
det(f(0)αβ) d

n−2x

+

∫
Σt,∞

e(n−2)rε†k

(
γ1γAAA +A†

Aγ
Aγ1
)
εk

√
det(f(0)αβ) d

n−2x. (4.17)

Finally, the LHS converges to Q(ε) by theorem 3.15. □

4.2 Energy bounds and boundary geometry

While theorem 4.2 applies somewhat generally, more progress can be made by restricting the
boundary geometry further. The simplest deformation one can make to standard asymptoti-
cally AdS spacetimes is to retain a static boundary, but replace the round sphere cross-section
with some other compact, Riemannian space.

Definition 4.3 (AdS with cross-section, (S, h)). A metric is defined to be AdS with cross-
section, (S, h), if and only if

g = dr ⊗ dr + e2r
(
−
(
1 +

c

4
e−2r

)2
dt⊗ dt+

(
1− c

4
e−2r

)2
h

)
(4.18)

and h is a Riemannian metric on a compact, (n−2)D manifold, S, such that R
(h)
AB = c(n−3)δAB

for c = −1, 0 or 1.

It can be checked that any metric of this form satisfies the vacuum Einstein equation. While
these metrics may be geodesically incomplete or contain conical singularities when (S, h) is not
the round sphere, these global issues don’t prevent them from serving as natural background
metrics for asymptotically, locally AdS spacetimes with static R × S boundary geometry. The
main objective of this section is to prove that if h is “symmetric” in some sense, then there is a
positive energy theorem for spacetimes with these asymptotics. However, to apply the general
result in theorem 4.2, I need Killing spinors for these backgrounds.
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Theorem 4.4. The most general solution to Daεk +
i
2
γaεk = 0 for a metric that is AdS with

cross-section, (S, h), is

εk =


er/2P−

1 εh for c = 0

er/2P−
1

(
eiγ

0t/2 − ie−iγ0t/2
)
εh +

1
2
e−r/2P+

1

(
eiγ

0t/2 + ie−iγ0t/2
)
εh for c = 1

0 for c = −1

(4.19)

where P±
1 = 1

2
(I ± iγ1), εh solves D

(h)
A εh = c

2
γAεh and ∂tεh = 0. In the former equation, D

(h)
A

is the formal expression for the Levi-Civita connection of h, e.g. if {e(h)A}n−1
A=2 is a vielbein for

h and ω
(h)
BCA are the corresponding spin coefficients, then1 D

(h)
A εh = e

(h)α
A ∂αεh − 1

4
ω
(h)
BCAγ

BCεh.

Proof. In coordinates, the equation to solve is

e µ
a ∂µεk −

1

4
ωbcaγ

bcεk +
i

2
γaεk = 0. (4.20)

The most natural vielbein to choose in this context is

e0 =
(
er +

c

4
e−r
)
dt, e1 = dr and eA =

(
er − c

4
e−r
)
e(h)A, (4.21)

where {e(h)A}n−1
A=2 is a vielbein for h. Then, from

de0 =
er − c

4
e−r

er + c
4
e−r

e1 ∧ e0, de1 = 0 and (4.22)

deA =
er + c

4
e−r

er − c
4
e−r

e1 ∧ eA +
(
er − c

4
e−r
)
de(h)A, (4.23)

it follows that

ω01 = −
er − c

4
e−r

er + c
4
e−r

e0, ωA1 =
er + c

4
e−r

er − c
4
e−r

eA and ωAB = ω
(h)
AB, (4.24)

where ω
(h)
AB are the connection 1-forms of h.

Thus, the a = 1 component of equation 4.20 says 0 = ∂rεk +
i
2
γ1εk, which immediately

integrates to εk = e−iγ1r/2εr for some spinor, εr, that doesn’t depend on r. Projecting εr onto
eigenspaces of γ1 using P±

1 = 1
2
(I ± iγ1) then yields

εk = e−iγ1r/2(P−
1 ε− + P+

1 ε+) = er/2P−
1 ε− + e−r/2P+

1 ε+ (4.25)

for spinors, ε±, that don’t depend on r.
Next, with this expression for εk, the a = 0 component of equation 4.20 reduces to

0 =
1

er + c
4
e−r

∂tεk +
er − c

4
e−r

2(er + c
4
e−r)

γ0γ1 − i

2
γ0εk (4.26)

1This is only a formal Levi-Civita connection because the gamma matrices used are from the spacetime, not
the cross-section. In effect, this is a Levi-Civita connection that results from a reducible representation of the
Clifford algebra.
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or equivalently

0 = ∂t(e
r/2P−

1 ε− + e−r/2P+
1 ε+) +

1

2

(
er − c

4
e−r
)
γ0γ1(er/2P−

1 ε− + e−r/2P+
1 ε+)

− i

2

(
er +

c

4
e−r
)
γ0(er/2P−

1 ε− + e−r/2P+
1 ε+) (4.27)

= er/2P−
1 ∂tε− + e−r/2P+

1 ∂tε+ +
i

2
e3r/2γ0P−

1 ε− − ic

8
e−r/2γ0P−

1 ε− − i

2
er/2γ0P+

1 ε+

+
ic

8
e−3r/2γ0P+

1 ε+ − i

2
e3r/2γ0P−

1 ε− − ic

8
e−r/2γ0P−

1 ε− − i

2
er/2γ0P+

1 ε+

− ic

8
e−3r/2γ0P+

1 ε+ (4.28)

= er/2P−
1

(
∂tε− − iγ0ε+

)
+ e−r/2P+

1

(
∂tε+ − ic

4
γ0ε−

)
. (4.29)

Since the two γ1 eigenspaces have no non-trivial intersection, it follows that

∂tε− = iγ0ε+ and ∂tε+ =
ic

4
γ0ε−. (4.30)

For the a = A component, following the same process as the a = 0 case and also noting
ωAB = ω

(h)
AB =⇒ ωABC = 1

er− c
4
e−rω

(h)
ABC , I get

0 = er/2P−
1

(
D

(h)
A ε− + iγAε+

)
+ e−r/2P+

1

(
D

(h)
A ε+ − ic

4
γAε−

)
, (4.31)

from which it follows that

D
(h)
A ε− = −iγAε+ and D

(h)
A ε+ =

ic

4
γAε−. (4.32)

First consider equations 4.30 and 4.32 for c = 0. From the former it immediately follows
that ε− = itγ0ε+ + εh for some spinor, εh, that (like ε+) doesn’t depend on t. Then, the latter

implies D(h)AD
(h)
A εh = −iγAD

(h)
A ε+ − 0 = 0.

Therefore D
(h)
A εh = 0 because integrating on the cross-section, S, says

0 =

∫
S

ε†hD
(h)AD

(h)
A (εh)dA(h) = −

∫
S

(
D(h)Aεh

)†
D

(h)
A (εh)dA(h). (4.33)

Then −iγAε+ = D
(h)
A ε− = 0 =⇒ ε+ = 0 and leaves ε− = εh, completing the c = 0 analysis.

Next, consider c = −1. Equation 4.32 now implies D(h)AD
(h)
A ε− = n−2

4
ε−. Therefore,∫

S

ε†−ε−dA(h) =
4

n− 2

∫
S

ε†−D
(h)AD

(h)
A (ε−)dA(h) (4.34)

= − 4

n− 2

∫
S

(D(h)Aε−)
†D

(h)
A (ε−)dA(h). (4.35)

As the LHS is non-negative and the RHS is non-positive, it must be that both are zero. Hence,
ε− = 0 from the LHS and subsequently ε+ = 0 from D

(h)
A ε− = −iγAε+.

Finally, consider c = 1. Let

ψ = ε− + 2ε+ and φ = ε− − 2ε+ ⇐⇒ ε− =
1

2
(ψ + φ) and ε+ =

1

4
(ψ − φ). (4.36)
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Then, equations 4.30 and 4.32 are

∂tψ =
i

2
γ0ψ, ∂tφ = − i

2
γ0φ, D

(h)
A ψ =

i

2
γAφ and D

(h)
A φ = − i

2
γAψ. (4.37)

The first two immediately integrate to ψ = 2eiγ
0t/2ψt and φ = 2e−iγ0t/2φt for some spinors, ψt

and φt, that don’t depend on t or r. Equivalently,

ε− = eiγ
0t/2ψt + e−iγ0t/2φt and ε+ =

1

2
(eiγ

0t/2ψt − e−iγ0t/2φt). (4.38)

By construction, P±
1 ε± = ε± ⇐⇒ ε± = ±iγ1ε± without loss of generality. Therefore,

ε− = eiγ
0t/2ψt + e−iγ0t/2φt = −iγ1(eiγ

0t/2ψt + e−iγ0t/2φt) = −ie−iγ0t/2γ1ψt − ieiγ
0t/2γ1φt. (4.39)

Setting t = 0, π this equation implies

ψt + φt = −iγ1ψt − iγ1φt and ψt − φt = iγ1ψt − iγ1φt (4.40)

respectively. Putting the two equations together, it follows that ψt = −iγ1φt. Hence,

ε− = eiγ
0t/2ψt + e−iγ0t/2φt = (I − iγ1)eiγ

0t/2ψt and (4.41)

ε+ =
1

2
(eiγ

0t/2ψt − e−iγ0t/2φt) =
1

2
(I + iγ1)eiγ

0t/2ψt. (4.42)

Let εh =
1
2
(I + γ1)ψt ⇐⇒ ψt = (I − γ1)εh. Then, I get

D
(h)
A εh =

1

2
(I + γ1)D

(h)
A ψt =

1

2
(I + γ1)

1

2
γAγ

1ψt =
1

4
γA(γ

1 + I)ψt =
1

2
γAεh, (4.43)

ε− = (I − iγ1)eiγ
0t/2(I − γ1)εh = (I − iγ1)(eiγ

0t/2 − ie−iγ0t/2)εh and (4.44)

ε+ =
1

2
(I + iγ1)eiγ

0t/2(I − γ1)εh =
1

2
(I + iγ1)(eiγ

0t/2 + ie−iγ0t/2)εh. (4.45)

It can now be checked directly that both equations in 4.32 hold with these ε±, thereby com-
pleting the c = 1 analysis. □

Solutions to D
(h)
A εh =

c
2
γAεh are well-studied mathematical problems [119, 5]. However, one

subtlety in comparing with the literature is that {γA}n−1
A=2 don’t form an irreducible represen-

tation of h’s Clifford algebra; an irreducible representation of a (Riemannian) Clifford algebra
with n− 2 elements would have 2⌊(n−2)/2⌋ × 2⌊(n−2)/2⌋ matrices, not 2⌊n/2⌋ × 2⌊n/2⌋ matrices like
{γA}n−1

A=2 ⊂ {γa}n−1
a=0 . The doubled size means there are effectively two irreducible representa-

tions summed in γA. This degeneracy can be lifted by choosing the spacetime gamma matrices
to be

γ0 =

[
I 0
0 −I

]
, γ1 =

[
0 −I
I 0

]
and γA =

[
0 γ̂A

γ̂A 0

]
, (4.46)

where γ̂A are gamma matrices of the Riemannian manifold, (S, h). In this representation, the
spacetime spinor space can be viewed as a direct sum of the cross-section spinor space with
itself. Now, D

(h)
A εh =

c
2
γAεh can be written in a form that’s truly intrinsic to the cross-section.

Lemma 4.5. Let D̂
(h)
A = e

(h)α
A ∂α− 1

4
ω
(h)
BCAγ̂

BC be the spin connection intrinsic to h. Then, the

most general solution to D
(h)
A εh = 0 is

εh =

[
ψ̂
φ̂

]
with D̂

(h)
A ψ̂ = D̂

(h)
A φ̂ = 0 (4.47)
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and the most general solution to D
(h)
A εh =

1
2
γAεh is

εh =
1

2

[
ε̂
(+)
h + ε̂

(−)
h

ε̂
(+)
h − ε̂

(−)
h

]
with D̂

(h)
A ε̂

(±)
h = ±1

2
γ̂Aε̂

(±)
h . (4.48)

Proof. Let εh = (ψ̂, φ̂)T in the chosen representation. Then,

D
(h)
A εh =

(
e
(h)α
A ∂α −

1

8
ω
(h)
BCA

([
0 γ̂A

γ̂A 0

] [
0 γ̂B

γ̂B 0

]
−
[
0 γ̂B

γ̂B 0

] [
0 γ̂A

γ̂A 0

]))[
ψ̂
φ̂

]
(4.49)

=

[
D̂

(h)
A ψ̂

D̂
(h)
A φ̂

]
. (4.50)

Therefore the claim about D
(h)
A εh = 0 immediately follows. Meanwhile, since

γAεh =

[
0 γ̂A
γ̂A 0

] [
ψ̂
φ̂

]
=

[
γ̂Aφ̂

γ̂Aψ̂

]
, (4.51)

it also follows that

0 = D
(h)
A εh −

1

2
γAεh ⇐⇒

[
D̂

(h)
A ψ̂ − 1

2
γ̂Aφ̂

D̂
(h)
A φ̂− 1

2
γ̂Aψ̂

]
=

[
0
0

]
. (4.52)

Hence, ε̂
(±)
h = ψ̂ ± φ̂ proves the claim for D

(h)
A εh =

1
2
γAεh. □

In summary, εk is built from the most general parallel or real Killing spinors (of either + or
− orientation) on the cross-section. The simply connected, compact manifolds admitting such
spinors have been classified [119, 5]. However, there are also non-simply connected manifolds
which satisfy the required conditions [120]; I will consider some such examples in section 4.3.

Meanwhile, observe that if D̂
(h)
A ε̂h equals 1

2
γ̂Aε̂h, −1

2
γ̂Aε̂h or 0, then

D̂
(h)
A

(
ε̂†hε̂h

)
= 0 and D̂

(h)
A

(
−iε̂†hγ̂

Aε̂h

)
= iε̂†hγ̂AB ε̂h, −iε̂†hγ̂AB ε̂h or 0. (4.53)

Therefore −iε̂†hγ̂
Aε̂h is a Killing vector of h and ε̂†hε̂h is constant on S, allowing the following

constructions.

Definition 4.6 (“Conserved quantities” on the cross-section). In an asymptotically AdS space-
time with cross-section, (S, h), given a Killing vector, k̂, of h, define a “conserved quantity,”

Qk̂ =
n− 1

16π

∫
S

pAk̂
AdA(h) =

n− 1

16π

∫
S

f(n−1)0αk̂
αdA(h). (4.54)

Theorem 4.7. For an asymptotically AdS spacetime with cross-section, (S, h), c = 0, satisfying
the Einstein equation and the dominant energy condition, define k̂A = −iψ̂†γ̂Aψ̂, where ψ̂ solves
D̂

(h)
A ψ̂ = 0. Without loss of generality, scale ψ̂ such that ψ̂†ψ̂ = 1. Then,

E +Qk̂ ≥ 0. (4.55)

Proof. Choosing Aa = 0 in theorem 4.2 reduces the non-negativity condition on M to the
dominant energy condition on Tab. Then, substituting the c = 0 case of theorem 4.4 yields

0 ≤ n− 1

2

∫
S

pMε
†
hγ

0γMP−
1 εhdA(h). (4.56)
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From lemma 4.5 and the chosen gamma matrices,

ε†hγ
0γ0P−

1 εh =
[
ψ̂† φ̂†

]T 1

2

[
I iI

−iI I

] [
ψ̂
φ̂

]
=

1

2

(
ψ̂†ψ̂ + iψ̂†φ̂− iφ̂†ψ̂ + φ̂†φ̂

)
and (4.57)

ε†hγ
0γAP−

1 εh =
[
ψ̂† φ̂†

]T [I 0
0 −I

] [
0 γ̂A

γ̂A 0

]
1

2

[
I iI

−iI I

] [
ψ̂
φ̂

]
(4.58)

=
1

2

(
−iψ̂†γ̂Aψ̂ + ψ̂†γ̂Aφ̂− φ̂†γ̂Aψ̂ − iφ̂†γ̂Aφ̂

)
. (4.59)

Putting both parts together,

0 ≤ n− 1

4

∫
S

(
ψ̂† − iφ̂†

)
(p0I − ipAγ̂

A)
(
ψ̂ + iφ̂

)
dA(h). (4.60)

Then, defining a new parallel spinor, say ψ̂′ = ψ̂ + iφ̂, and scaling (by a constant) so that
ψ̂′†ψ̂′ = 1 proves the claim. □

Theorem 4.8. For an asymptotically AdS spacetime with cross-section, (S, h), c = 1, satisfying

the Einstein equation and the dominant energy condition, let ε̂
(±)
h solve D̂

(h)
A ε̂

(±)
h = ±1

2
γ̂Aε̂

(±)
h

and define k̂(±)A = −iε̂
(±)†
h γ̂Aε̂

(±)
h . Without loss of generality, scale ε̂

(±)
h so that ε̂

(±)†
h ε̂

(±)
h = δ̂(±),

where δ̂(±) = 1 if a non-trivial ε̂
(±)
h exists and δ̂(±) = 0 otherwise2. Then, if h is not the round

metric on a sphere,

E
(
δ̂(+) + δ̂(−)

)
+Qk̂(+) +Qk̂(−) ≥ 0. (4.61)

Proof. Let ŝ(±) = ε̂
(∓)†
h ε̂

(±)
h and ξ̂(±)A = ε̂

(∓)†
h γ̂Aε̂

(±)
h . From the Killing spinor equation,

D̂
(h)
A ŝ(±) = ±ξ̂A and (4.62)

D̂
(h)
A D̂

(h)
B ŝ(±) = ±

(
±1

2
ε̂
(∓)†
h γ̂A

)
γ̂B ε̂

(±)
h ± ε̂

(∓)†
h γ̂B

(
±1

2
γ̂Aε̂

(±)
h

)
= −δAB ŝ(±). (4.63)

By Obata’s theorem [96], the round sphere is the only compact, Riemannian manifold admitting

non-trivial solutions to D̂
(h)
A D̂

(h)
B ŝ(±) = −δAB ŝ(±). As that case has been explicitly excluded in

this theorem, it must be that ŝ(±) = 0 and consequently ξ̂(±)A = 0.
Now consider theorem 4.2 with c = 1, Aa = 0 and the εk from theorem 4.4. Since there is

a leading e−r factor in equation 4.3, it suffices to retain only the er/2 term in equation 4.19, i.e.

εk → er/2P−
1

(
eiγ

0t/2 − ie−iγ0t/2
)
εh = (1 + i)er/2P−

1

(
cos(t/2)I − sin(t/2)γ0

)
εh. (4.64)

In summary, theorem 4.2 reduces to saying

0 ≤
∫
S

pMε
†
h

(
cos(t/2)I − sin(t/2)γ0

)
γ0γMP−

1 (cos(t/2)I − sin(t/2)γ0)εh dA(h). (4.65)

Consider the coefficient of pM in the integrand. Using the gamma matrices in equation 4.46

2Note that the theorem only applies if at least one of δ̂(+) or δ̂(−) is non-zero.
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and the εh from lemma 4.5, when M = 0,

ε†h
(
cos(t/2)I − sin(t/2)γ0

)
P−
1 (cos(t/2)I − sin(t/2)γ0)εh

=
1

8

[
ε̂
(+)†
h + ε̂

(−)†
h ε̂

(+)†
h − ε̂

(−)†
h

] [(cos(t/2)− sin(t/2))I 0
0 (cos(t/2) + sin(t/2))I

] [
I iI

−iI I

]
×
[
(cos(t/2)− sin(t/2))I 0

0 (cos(t/2) + sin(t/2))I

][
ε̂
(+)
h + ε̂

(−)
h

ε̂
(+)
h − ε̂

(−)
h

]
(4.66)

=
1

8

[
ε̂
(+)†
h + ε̂

(−)†
h ε̂

(+)†
h − ε̂

(−)†
h

] [ (cos(t/2)− sin(t/2))I i(cos(t/2)− sin(t/2))I
−i(cos(t/2) + sin(t/2))I (cos(t/2) + sin(t/2))I

]
×

[
(cos(t/2)− sin(t/2))(ε̂

(+)
h + ε̂

(−)
h )

(cos(t/2) + sin(t/2))(ε̂
(+)
h − ε̂

(−)
h )

]
(4.67)

=
1

8

[
ε̂
(+)†
h + ε̂

(−)†
h ε̂

(+)†
h − ε̂

(−)†
h

]
×

[
(cos(t/2)− sin(t/2))2(ε̂

(+)
h + ε̂

(−)
h ) + i(cos2(t/2)− sin2(t/2))(ε̂

(+)
h − ε̂

(−)
h )

−i(cos2(t/2)− sin2(t/2))(ε̂
(+)
h + ε̂

(−)
h ) + (cos(t/2) + sin(t/2))2(ε̂

(+)
h − ε̂

(−)
h )

]
(4.68)

=
1

8

(
(ε̂

(+)†
h + ε̂

(−)†
h )(1− sin(t))(ε̂

(+)
h + ε̂

(−)
h ) + (ε̂

(+)†
h + ε̂

(−)†
h )i cos(t)(ε̂

(+)
h − ε̂

(−)
h )

+ (ε̂
(+)†
h − ε̂

(−)†
h )(−i cos(t))(ε̂

(+)
h + ε̂

(−)
h ) + (ε̂

(+)†
h − ε̂

(−)†
h )(1 + sin(t))(ε̂

(+)
h − ε̂

(−)
h )
)

(4.69)

=
1

4

(
ε̂
(+)†
h ε̂

(+)
h − ie−itε̂

(+)†
h ε̂

(−)
h + ieitε̂

(−)†
h ε̂

(+)
h + ε̂

(−)†
h ε̂

(−)
h

)
. (4.70)

Similarly, when M = A,

ε†h
(
cos(t/2)I − sin(t/2)γ0

)
γ0γAP−

1 (cos(t/2)I − sin(t/2)γ0)εh

=
1

8

[
ε̂
(+)†
h + ε̂

(−)†
h ε̂

(+)†
h − ε̂

(−)†
h

] [(cos(t/2)− sin(t/2))I 0
0 (cos(t/2) + sin(t/2))I

] [
0 γ̂A

−γ̂A 0

]
×
[
I iI

−iI I

] [
(cos(t/2)− sin(t/2))I 0

0 (cos(t/2) + sin(t/2))I

][
ε̂
(+)
h + ε̂

(−)
h

ε̂
(+)
h − ε̂

(−)
h

]
(4.71)

=
1

8

[
ε̂
(+)†
h + ε̂

(−)†
h ε̂

(+)†
h − ε̂

(−)†
h

] [ 0 (cos(t/2)− sin(t/2))γ̂A

−(cos(t/2) + sin(t/2))γ̂A 0

]
×
[

(cos(t/2)− sin(t/2))I i(cos(t/2) + sin(t/2))I
−i(cos(t/2)− sin(t/2))I (cos(t/2) + sin(t/2))I

][
ε̂
(+)
h + ε̂

(−)
h

ε̂
(+)
h − ε̂

(−)
h

]
(4.72)

=
1

8

[
ε̂
(+)†
h + ε̂

(−)†
h ε̂

(+)†
h − ε̂

(−)†
h

] [−i(1− sin(t))γ̂A cos(t)γ̂A

− cos(t)γ̂A −i(1 + sin(t))γ̂A

][
ε̂
(+)
h + ε̂

(−)
h

ε̂
(+)
h − ε̂

(−)
h

]
(4.73)

=
1

4

(
−iε̂

(+)†
h γ̂Aε̂

(+)
h − e−itε̂

(+)†
h γ̂Aε̂

(−)
h + eitε̂

(−)†
h γ̂Aε̂

(+)
h − iε̂

(−)†
h γ̂Aε̂

(−)
h

)
. (4.74)

Putting both parts together,

pMε
†
h

(
cos(t/2)I − sin(t/2)γ0

)
γ0γMP−

1 (cos(t/2)I − sin(t/2)γ0)εh

=
(
ε̂
(+)†
h + ieitε̂

(−)†
h

) (
p0I − ipAγ̂

A
) (
ε̂
(+)
h − ie−itε̂

(−)
h

)
. (4.75)

Since ŝ(±) = 0 and ξ̂(±)A = 0, I ultimately get

0 ≤
∫
S

(
p0ε̂

(+)†
h ε̂

(+)
h + p0ε̂

(−)†
h ε̂

(−)
h − ipAε̂

(+)†
h γ̂Aε̂

(+)
h − ipAε̂

(−)†
h γ̂Aε̂

(−)
h

)
dA(h), (4.76)

which is just the desired result. □
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4.2.1 Asymptotic symmetries and geometric invariance

To better understand the full physical significance of the inequalities just derived, it’s worth
considering the geometric invariance of E and Qk̂. In particular, I is defined through a con-
formal compactification and choosing a different compactification could change f(0) or f(n−1)

through a change to the Fefferman-Graham parameter, r. It will be easiest to see this by
swapping r for z = e−r. Then,

g =
1

z2
(
dz ⊗ dz + (f(0)mn + zf(1)mn + · · · )dxm ⊗ dxn

)
(4.77)

and the conformal factor for compactification is Ω = z. The most general transformations
preserving the Fefferman-Graham form are known as Penrose-Brown-Henneaux (PBH) trans-
formations and were derived in [69]. I will review the construction here.

Following [69], define new coordinates (z′, x′), by

z = z′e−σ(x
′) and xm = x′m + ξm(x′, z′) (4.78)

for some σ(x′) and ξm(x′, z′). Practically, it suffices to take σ and ξ to be infinitesimal, so

z = (1− σ(x′))z′ and xm = x′m + ξm(x′, z′). (4.79)

Let σ be arbitrary - i.e. consider an arbitrary alternative conformal compactification. Then, ξ
is determined as follows. Since

dz = (1− σ)dz′ − z′∂′m(σ)dx
′m and (4.80)

dx′m = (δmn + ∂′n(ξ
m)) dx′n + ∂z′(ξ

m)dz′, (4.81)

to leading order (in σ and ξ) the metric in the new coordinates is

g =
1 + 2σ

z′2

(
fmn(x, z)

((
δmp + ∂′p(ξ

m)
)
dx′p + ∂z′(ξ

m)dz′
)
⊗
((
δnq + ∂′q(ξ

n)
)
dx′q + ∂z′(ξ

n)dz′
)

+ ((1− σ)dz′ − z′∂′m(σ)dx
′m)⊗ ((1− σ)dz′ − z′∂′n(σ)dx

′n)

)
(4.82)

=
1 + 2σ

z′2

(
fmn(x, z)

(
dx′m ⊗ dx′n + ∂′p(ξ

m)dx′p ⊗ dx′n + ∂′p(ξ
n)dx′m ⊗ dx′p

+ ∂z′(ξ
m)dz′ ⊗ dx′n + ∂z′(ξ

n)dx′m ⊗ dz′
)

+ (1− 2σ)dz′ ⊗ dz′ − z′∂′m(σ) (dz
′ ⊗ dx′m + dx′m ⊗ dz′)

)
(4.83)

=
1

z′2

(
dz′ ⊗ dz′ + (fmn(x, z)∂z′(ξ

n)− z′∂′m(σ)) (dz
′ ⊗ dx′m + dx′m ⊗ dz′)

+ (fmn(x, z)(1 + 2σ) + fmp(x, z)∂
′
n(ξ

p) + fpn(x, z)∂
′
m(ξ

p)) dx′m ⊗ dx′n
)
. (4.84)

Therefore Fefferman-Graham gauge is preserved if and only if fmn(x, z)∂z′(ξ
n)− z′∂′m(σ) = 0.

Since ∂z′(ξ
n) is already first order in the infinitesimal quantities, I can replace fmn(x, z) in this

equation with fmn(x
′, z′). Thus, in summary,

fmn(x
′, z′)∂z′(ξ

n)− z′∂′m(σ) = 0 ⇐⇒ ∂z′(ξ
m) = z′fmn(x′, z′)∂′n(σ). (4.85)

Integrating this equation gives the final result for ξ in terms of σ, namely

ξm(x′, z′) = ξm(x′, 0) + ∂′n(σ)

∫ z′

0

ζfmn(x′, ζ)dζ. (4.86)
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Next, consider the transformations of f(k)mn. Since ξ and σ are infinitesimal,

fmn(x, z) = fmn(x
′ + ξ, z′ − σz′) = fmn(x

′, z′) + ξp∂′pfmn(x
′, z′)− σz′∂z′fmn(x

′, z′). (4.87)

Substituting this into equation 4.84 and imposing equation 4.85 then yields

g =
1

z′2

((
fmn(x

′, z′) + (Lξf)mn (x
′, z′) + 2σfmn(x

′, z′)− σz′∂z′fmn(x
′, z′)

)
dx′m ⊗ dx′n

+ dz′ ⊗ dz′
)
. (4.88)

The metric on constant z surfaces thus changes as

δf = Lξf + 2σf − σz∂zf. (4.89)

Most importantly for the present discussion, the boundary metric changes as

δf(0) = Lξ|z=0f(0) + 2σf(0). (4.90)

Therefore, in general, the boundary metric can change in an arbitrary way. Furthermore, by
expanding ξm in powers of z, one can also find a complicated transformation law for δf(n−1)

(separately for each value of n). In summary, the boundary data, (f(0), f(n−1)), could change
in a somewhat intractable way and therefore affect the expressions for E and Qk̂.

However, this is an issue that affects even the standard asymptotically AdS spacetimes
(i.e. with round sphere cross-section) and doesn’t seem to have been considered in any detail
previously in the literature. Firstly, it’s unclear to me how physically meaningful this question
even is. For example, even an asymptotically flat end can be written in a poor choice of
coordinates, which then leads to strange results for ADM mass [27]. Therefore, it would seem
reasonable to insist on a particular, canonical conformal class representative for f(0). Indeed,
this is what is done in section 5.3 of [97] when studying the first law of black hole mechanics
in this context.

A more tractable, and physically well-motivated, problem regarding geometric invariance
is to study the question considered in [31] for the energy in asymptotically AdS spacetimes3.
Specifically, the task is to quantify how E and Qk̂ change under asymptotic symmetries pre-
serving both Σt and the Fefferman-Graham gauge.

An asymptotic symmetry is determined by a vector field, ξ, such that (Lξg)|r=∞ = 0.
Meanwhile, following section 3 of [31], to preserve Σt, choose ξ = ξi∂i = ξ1∂r + ξα∂α. Then,

(Lξg)µν = ξ1∂rgµν + g1ν∂µξ
1 + gµ1∂νξ

1 + ξα∂αgµν + gαν∂µξ
α + gµα∂νξ

α. (4.91)

The various components then reduce to

(Lξg)11 = 2∂rξ
1, (4.92)

(Lξg)1m = ∂mξ
1 + e2rfmα∂rξ

α and (4.93)

(Lξg)mn = ξ1∂r(e
2rfmn) + e2r(ξα∂αfmn + fαn∂mξ

α + fmα∂nξ
α). (4.94)

ξ should be a physical spacetime vector that extends to the boundary. Hence, in the spirit of
the Fefferman-Graham expansion, let

ξ = ξ(0) + e−rξ(1) + e−2rξ(2) + · · · (4.95)

3The analogous problems for asymptotically hyperbolic Riemannian manifolds and the ADM energy are
studied in [121] and [6, 26] respectively.
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for ξ(k) being r-independent. Then, for a spacetime that’s asymptotically AdS with cross-
section, (S, h),

(Lξg)11 = −2(e−rξ(1) + · · · ) and (4.96)

(Lξg)1m = −erf(0)mαξ
α
(1) + ∂m(ξ

1
(0))− 2f(0)mαξ

α
(2) + · · · . (4.97)

Therefore, (Lξg)11|r=∞ holds automatically. Next, (Lξg)1m|r=∞ = 0 implies f(0)mαξ
α
(1) = 0

and ∂m(ξ
1
(0)) − 2f(0)mαξ

α
(2) = 0. Since f(0)mn is invertible, the former condition says ξα(1) = 0.

Meanwhile, the latter condition says ∂tξ
1
(0) = 0 and 2ξ(2)α = ∂αξ

1
(0), where the index has been

lowered using h.
Next, consider (Lξg)mn|r=∞. Using f(1)mn = 0 in these asymptotics and ξm(1) = 0 just proven,

(Lξg)mn = e2r
(
2ξ1(0)f(0)mn + ξα(0)∂αf(0)mn + f(0)αn∂mξ

α
(0) + f(0)mα∂nξ

α
(0)

)
+ 2erξ1(1)f(0)mn

+ ξα(0)∂αf(2)mn + f(2)αn∂mξ
α
(0) + f(2)mα∂nξ

α
(0)

+ ξα(2)∂αf(0)mn + f(0)αn∂mξ
α
(2) + f(0)mα∂nξ

α
(2) + · · · . (4.98)

From the er component, it follows that ξ1(1) = 0, meaning ξ(1) = 0 when combined with ξm(1) = 0

from earlier. From the e2r and r-independent components, setting (m,n) = (α, β) implies

ξ1(0)h = −1

2
Lξ(0)h and − c

2
Lξ(0)h+ Lξ(2)h = 0, (4.99)

where the vector field argument of the Lie derivatives only considers the part tangential to S.
Re-writing the Lie derivatives in terms of D̂(h) and applying 2ξ(2)α = ∂αξ

1
(0) from above, it then

follows that

D̂(h)
α D̂

(h)
β ξ1(0) = −cξ1(0)hαβ. (4.100)

Since (S, h) is assumed to not be the round sphere4 in theorems 4.7 and 4.8, by the Obata
theorem [96], it must be that ξ1(0) = 0. Substituting back into equation 4.99 implies Lξ(0)h = 0,
i.e. ξ(0) is a just a Killing vector of h.

Therefore δf(0)αβ = δhαβ = 0 (by virtue of being an asymptotic symmetry) and Lξ(0)h = 0.
Hence, σ = 0 by equation 4.90. Being an asymptotic symmetry only determines the leading
order behaviour of ξ. However, there is still the additional requirement of staying in Fefferman-
Graham gauge. From equation 4.78 with σ = 0, it follows that ξ = ξα(0)∂α.

In summary, the only asymptotic symmetries preserving Σt and the Fefferman-Graham
expansion when (S, h) is Einstein, but not the round sphere, are simply coordinate transforma-
tions generated by the Killing vectors of (S, h). These don’t affect f(0) by definition. Moreover,
since there is no z dependence, they also don’t affect the Taylor series split for fmn; in particular
f(n−1)mn just transforms as a tensor under coordinate transformations. Since the integrands of
E and Qk̂ are scalars, they remain invariant under these transformations.

4.3 Example boundaries

In this section I will present various examples of (S, h) which satisfy the requirements in
section 4.2 and thus allow applications of the various versions of the positive energy theorem
discussed there. These examples are not exhaustive. While the simply-connected, compact
Riemannian manifolds with parallel or Killing spinors have been classified [119, 5], the general
list of non-simply-connected examples remains open [120]. The examples below include both
simply-connected and non-simply-connected (S, h) and have been ordered by computational
complexity. Throughout this section the assumed decay on M in definition 3.1 translates to a
running assumption that T 0a decays quicker than O(e−(n−1)r).

4The case of the round sphere will be considered later in subsection 4.3.3.
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4.3.1 Squashed S7

The simplest metric that admits Killing spinors is the round sphere. However, it comes with
additional subtleties and is thereby postponed to subsection 4.3.3. The simplest deformation
to a sphere is squashing, yet this typically destroys all Killing spinors. A rare exception is a
particular 7D squashed sphere [39] with metric,

h =
9

20

(
da⊗ da+

1

4
sin2(a)bi ⊗ bi +

1

20
(ci + cos(a)bi)⊗ (ci + cos(a)bi)

)
, (4.101)

where bi = σi − Σi, ci = σi + Σi, (4.102)

σ1 = cos(ψ)dθ + sin(ψ) sin(θ)dϕ, σ2 = − sin(ψ)dθ + cos(ψ) sin(θ)dϕ,

σ3 = dψ + cos(θ)dϕ (4.103)

and Σi are defined identically to σi, but with (ψ, θ, ϕ) replaced by some analogous coordinates,
(ψ′, θ′, ϕ′). The squashing comes from the factor of 1/20 in equation 4.101; if that factor were
also 1/4, then h would be the usual round metric on the sphere.

From [39], h satisfies R
(h)
AB = 6δAB and admits exactly one linearly independent Killing

spinor, namely

ε̂
(+)
h =

1√
2

[
0 1 −1 0 0 0 0 0

]T
, (4.104)

where the components are in the basis chosen for γ̂A in [39]. Furthermore, from [5], this metric

only admits ε̂
(−)
h = 0.

Theorem 4.9. For spacetimes asymptotically AdS with squashed S7 cross-section, if the Ein-
stein equation and dominant energy condition hold, then E ≥ 0.

Proof. The proof is simply applying theorem 4.8 with ε̂
(−)
h = 0 and equation 4.104. The former

means δ̂(−) = 0 and Qk̂(−) = 0. Meanwhile, it can be checked that for this particular ε̂
(+)
h ,

ε̂
(+)†
h γ̂Aε̂

(+)
h = 0 for all A. Thus Qk̂(+) is also zero and theorem 4.8 reduces to E ≥ 0. □

4.3.2 Torus

The simplest cross-section with c = 0 is the torus, Tn−2 = S1 × · · · × S1, which has metric,

h = dθ2 ⊗ dθ2 + · · ·+ dθn−1 ⊗ dθn−1, (4.105)

where θ2, · · · , θn−1 are the angles on each S1 factor. It follows immediately that kα = ∂θα is a
Killing vector for each angle. As per definition 4.6, define

JA =
n− 1

16π

∫
Tn−2

pAd
n−2θ (4.106)

as the associated “conserved quantities.”

Theorem 4.10. For spacetimes asymptotically AdS with torus cross-section, if the Einstein
equation and dominant energy condition hold, then

E ≥
√

JAJA. (4.107)

Proof. h being locally flat implies the parallel spinors are just constant spinors, ψ̂ = ψ̂0.
Therefore, theorem 4.7 can be re-written as

0 ≤ E +Qk̂ = E +
n− 1

16π

∫
Tn−2

pAk̂
Ad(h) = ψ̂†

0

(
EI − iJAγ̂

A
)
ψ̂0. (4.108)

Since EI − iJAγ̂A has eigenvalues, E ±
√

JAJA, and ψ̂0 is arbitrary, the result follows. □
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This reproduces equation 4.14 of [30] - the only difference is the Fefferman-Graham expan-
sion here is Lorentzian, as opposed to the Riemannian asymptotics on Σt required by the initial
data point of view adopted by [30].

4.3.3 Sphere

With a round sphere cross-section, the problem reduces to finding a positive energy theorem
for asymptotically AdS spacetimes, essentially reproducing the results of [23, 30, 122]. In this
case, it will be easier to apply theorem 4.2 directly, instead of the cross-section treatment in
section 4.2; although I will connect the two approaches later. Furthermore, it will be easier
to represent AdS in the Poincaré ball model, rather than a Fefferman-Graham expansion. In
particular,

ḡAdS = −
(
1 + ρ2

1− ρ2

)2

dt⊗ dt+
4

(1− ρ2)2
δIJdx

I ⊗ dxJ , (4.109)

where xI are Cartesian coordinates inside the unit ball, ρ =
√
xIxI and the indices on xI are

understood to be raised and lowered by δ. The natural vielbein is

e′0 =
1− ρ2

1 + ρ2
∂t and e′I =

1− ρ2

2
∂I . (4.110)

It can be checked that in this frame,

de′0 =
2

1 + ρ2
xIe

′I ∧ e′0, (4.111)

de′I = xJe
′J ∧ e′I , (4.112)

ω′
0I = − 2

1 + ρ2
xIe

′0, (4.113)

ω′IJ = xJe′I − xIe′J (4.114)

and that subsequently the Killing spinors are

ε′k =
1√

1− ρ2

(
I − ixIγ

I
)
eiγ

0t/2ε0, (4.115)

for any constant spinor, ε0. The coordinates and frame chosen are related to the Fefferman-
Graham version of equation 2.77 by

r = ln(R +
√
1 +R2)− ln(2), R =

2ρ

1− ρ2
, (4.116)

e0 =
e−r

1 + 1
4
e−2r

∂t, e1 = ∂r, eA =
e−r

1− 1
4
e−2r

e
(s)α
A ∂α, (4.117)

e′0 = e0 and e′I = x̂Ie1 + ρ
∂θα

∂xI
e(s)Aα eA, (4.118)

where x̂I are unit vectors, i.e. xI = ρx̂I , θα are coordinates on Sn−2 and h = s is the round
metric on Sn−2. Hence, the local Lorentz transformation relating ea and e

′
a, i.e. e

′
a = Λba(x)eb,

is given by

Λa0 = δa0 and ΛaI = δa1x̂I + δaAρ
∂θα

∂xI
e(s)Aα . (4.119)
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Definition 4.11 (“Conserved” quantities on the sphere). Define the linear momentum, angular
momentum and centre of mass position as

PI =
n− 1

16π

∫
Sn−2

f̂mn(0) (f(n−1)mn − f̄(n−1)mn)x̂IdA(s) =
n− 1

16π

∫
Sn−2

p0x̂IdA(s), (4.120)

JIJ =
n− 1

16π

∫
Sn−2

f(n−1)0α

(
x̂I
∂θα

∂xJ

∣∣∣∣
ρ=1

− x̂J
∂θα

∂xI

∣∣∣∣
ρ=1

)
dA(s) and (4.121)

KI =
n− 1

16π

∫
Sn−2

f(n−1)0α
∂θα

∂xJ

∣∣∣∣
ρ=1

(
δJI − x̂J x̂I

)
dA(s). (4.122)

The conserved quantities are more complicated now than in definition 4.6, although some
comparison will be provided later. These definitions are based off [30] - especially their equa-
tions 3.5 and 3.6 - but written in terms of Fefferman-Graham expansions/coordinates instead.
Their exact form is motivated by terms that appear in the positive energy theorem about to be
proven. However, some heuristics can be discussed now. It can be shown [121] the Riemannian
analogue of (E,PI) transforms as a Lorentz vector when one chooses a different conformal
class representative to define I. Hence, PI naturally behaves like linear momentum. Next,
observe that the vector, (x̂I

∂θα

∂xJ
|ρ=1 − x̂J

∂θα

∂xA
|ρ=1)∂α equals x̂I∂J − x̂J∂I , which is the generator

of rotations. Hence, it’s natural to expect the JIJ above to behave like angular momentum.
Likewise, ∂θ

α

∂xJ
|ρ=1

(
δJI − x̂J x̂I

)
∂α =

(
δJI − x̂J x̂I

)
∂J can be seen as a generator of boosts when

AdS is viewed as a hyperboloid in R3,2 [30], suggesting the KI above should be interpreted as
a centre of mass position.

It’s now possible to state the main result of this section.

Theorem 4.12. In an asymptotically AdS spacetime (i.e. with round sphere cross-section), if
the Einstein equation and the dominant energy condition hold, then

EI − iPIγ
I +

i

2
JIJγ

0γIJ +KIγ
0γI (4.123)

is a non-negative definite matrix.

Proof. Theorem 4.2 was derived in a vielbein adapted to the Fefferman-Graham expansion.
However, since ε̄kγ

aεk in theorem 4.2 transforms as a Lorentz vector, it suffices to apply
ε̄kγ

aεk = Λabε̄
′
kγ

bε′k. From equation 4.115,

ε̄′kγ
0ε′k =

1

1− ρ2
ε†0e

−iγ0t/2(I − ixIγ
I)(I − ixJγ

J)eiγ
0t/2ε0 (4.124)

=
1

1− ρ2
ε†0e

−iγ0t/2(I − 2ixIγ
I − xIxJγ

IγJ)eiγ
0t/2ε0 (4.125)

=
1

1− ρ2
ε†0e

−iγ0t/2((1 + ρ2)I − 2ixIγ
I)eiγ

0t/2ε0 and (4.126)

ε̄′kγ
Iε′k =

1

1− ρ2
ε†0e

−iγ0t/2(I − ixJγ
J)γ0γI(I − ixKγ

K)eiγ
0t/2ε0 (4.127)

=
1

1− ρ2
ε†0e

−iγ0t/2(γ0γI − ixJγ
Jγ0γI − ixJγ

0γIγJ − xJxKγ
Jγ0γIγK)eiγ

0t/2ε0 (4.128)

=
1

1− ρ2
ε†0e

−iγ0t/2(γ0γI − 2ixJγ
0γIJ − 2xIxJγ

0γJ + ρ2γ0γI)eiγ
0t/2ε0 (4.129)

=
1

1− ρ2
ε†0e

−iγ0t/2((1 + ρ2)γ0γI − 2ixJγ
0γIJ − 2xIxJγ

0γJ)eiγ
0t/2ε0. (4.130)
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By equation 4.116, as r → ∞, ρ→ 1 and 1
1−ρ2 → 1

2
er. Therefore,

ε̄′kγ
0ε′k → erε†0e

−iγ0t/2(I − ix̂Iγ
I)eiγ

0t/2ε0 and (4.131)

ε̄′kγ
Iε′k → erε†0e

−iγ0t/2(γ0γI − ix̂Jγ
0γIJ − x̂I x̂Jγ

0γJ)eiγ
0t/2ε0. (4.132)

Substituting these into theorem 4.2, applying equation 4.119, definition 4.11 and

pA = e
(f(0))m

A P n
(0)(f(n−1)mn − f̄(n−1)mn) = e

(s)α
A f(n−1)0α (4.133)

ultimately yields

0 ≤ Q(ε) =
n− 1

2

∫
Σt,∞

e−r
(
p0Λ

0
aε̄

′
kγ

aε′k + pAΛ
A
aε̄

′
kγ

aε′k
)
dA(s) (4.134)

=
n− 1

2

∫
Σt,∞

(
p0ε

†
0e

−iγ0t/2(I − ix̂Iγ
I)eiγ

0t/2ε0

+ e−re
(s)α
A f(n−1)0α

∂θβ

∂xI

∣∣∣∣
ρ=1

e
(s)A
β ε̄′kγ

Iε′k

)
dA(s) (4.135)

=
n− 1

2

∫
Σt,∞

(
p0ε

†
0e

−iγ0t/2(I − ix̂Iγ
I)eiγ

0t/2ε0

+ f(n−1)0α
∂θα

∂xI

∣∣∣∣
ρ=1

ε†0e
−iγ0t/2(γ0γI − ix̂Jγ

0γIJ − x̂I x̂Jγ
0γJ)eiγ

0t/2ε0

)
dA(s) (4.136)

= 8πε†0e
−iγ0t/2

(
EI − iPIγ

I +KIγ
0γI +

i

2
JIJγ

0γIJ
)
eiγ

0t/2ε0. (4.137)

Since ε0 is an arbitrary constant spinor and eiγ
0t/2 is a constant, unitary matrix on Σt, this

inequality is satisfied if and only if EI−iPIγ
I+KIγ

0γI+ i
2
JIJγ

0γIJ is non-negative definite. □

The result produced is formally identical to [30] - in particular, see the unnamed equa-
tion directly above their equation 3.12 on their page 11 - the only difference being that [30]
considered Riemannian asymptotics on an initial data slice. As such, they don’t have any t
dependence in their Killing spinors. Adding this dependence was essentially the main result of
[122]. Theorem 4.12 differs from their work in that the t dependence has been extracted from
the physical quantities; in contrast, their analogues of PI and KI have explicit t dependence in
their definition. Of course, my definitions have implicit t dependence through the Σt in

∫
Σt

and
this means it’s not necessary that PI or KI are conserved in the sense that ∂tPI = ∂tKI = 0.
even though there is some overall conservation because of equation 3.8.

The eigenvalues of the matrix in theorem 4.12 can’t be found analytically in general and
thus there is no concrete inequality such as theorem 4.10. However, more progress can be
made in specific examples. For example, if n = 4 and KI = PI = 0, then5 the eigenvalues of

EI + i
2
JIJγ

0γIJ are E ±
√

1
2
JIJJ IJ = E ± |J |, leading to the familiar 4D BPS inequality [13],

E ≥ |J |. (4.138)

Similarly, consider the case where n = 5 and KI = PI = 0. There are two independent rotation
planes in 4 space dimensions. Without loss of generality, suppose the coordinates are oriented
so that the angular momentum is in the 1-2 and 3-4 planes. Then, since the eigenvalues of

5As explained later, it is typically possible to choose a frame in which PI = 0 by performing a conformal
isometry of the round sphere boundary [30].
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EI + iJ12γ
0γ1γ2 + iJ34γ

0γ3γ4 are E ± J12 ± J34 and E ± J12 ∓ J34, I get the corresponding 5D
BPS inequality,

E ≥ |J1|+ |J2|, (4.139)

where J1 and J2 describe the independent rotations.
For a different type of example, suppose KI = 0 and JIJ = 0. Then, the eigenvalues of

EI − iPIγ
I are E ±

√
PIP I = E ± |P |, leading to E ≥ |P |, which was the result in [50].

Many more permutations can be chosen like this - see [30] for a detailed analysis.
Theorem 4.12 can also be derived from the cross-section point of view as follows. To deal

with Sn−2 for arbitrary n, the only practical coordinates are the “nested spheres.” In particular,

xI = ρ


cos(θ2)

sin(θ2) cos(θ3)
...

sin(θ2) · · · sin(θn−2) cos(θn−1)
sin(θ2) · · · sin(θn−2) sin(θn−1)

 and (4.140)

h = ρ2(dθ2 ⊗ dθ2 + sin2(θ2)dθ3 ⊗ dθ3 + · · ·+ sin2(θ2) · · · sin2(θn−2)dθn−1 ⊗ dθn−1). (4.141)

The natural vielbein to use on the unit sphere is thus

e(s)2 = dθ2, e
(s)3 = sin(θ2)dθ3, · · · , e(s)n−1 = sin(θ2) · · · sin(θn−2)dθn−1. (4.142)

In this frame, the most general solution to D
(h)
A εh =

1
2
γAεh on the unit sphere is [82]

εh = eθ2γ
2/2eθ3γ

3γ2/2 · · · eθn−1γn−1γn−2/2ε0 (4.143)

for a constant spinor, ε0. Now, defining εk as per theorem 4.4 and applying theorem 4.2 should
give the same result as the method based on ε′k used in theorem 4.12. However, seeing this
requires performing a spinorial change of frame.

Define o(n− 1) through the generators,

(MIJ)KL = δIKδJL − δILδJK . (4.144)

Lemma 4.13. The Lorentz transformation matrix, ΛIJ , of equation 4.119 is
cos(θ2) sin(θ2) cos(θ3) · · · sin(θ2) · · · sin(θn−2) cos(θn−1) sin(θ2) · · · sin(θn−2) sin(θn−1)
− sin(θ2) cos(θ2) cos(θ3) · · · cos(θ2) sin(θ3) · · · sin(θn−2) cos(θn−1) cos(θ2) sin(θ3) · · · sin(θn−1)

0 − sin(θ3) · · · cos(θ3) sin(θ4) · · · sin(θn−2) cos(θn−1) cos(θ3) sin(θ4) · · · sin(θn−1)
...

...
. . .

...
...

0 0 · · · − sin(θn−1) cos(θn−1)


(4.145)

= eθ2M12 · · · eθn−1Mn−2,n−1 . (4.146)

Proof. From equation 4.119,

ΛIJ = δI1x̂J + δIAρ
∂θα

∂xJ
e(s)Aα . (4.147)

Therefore the first row of Λ can be read-off from equation 4.140. For I > 1, I require ∂θα

∂xJ
,

which can be calculated from

∂

∂xI
x2α−1

x2α + · · ·+ x2n−1

=
∂

∂xI
cot2(θα) = −2 cos(θα)

sin3(θα)

∂θα
∂xI

. (4.148)

⇐⇒ ∂θα
∂xI

= − sin3(θα)

2 cos(θα)

∂

∂xI
x2α−1

x2α + · · ·+ x2n−1

. (4.149)
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Hence, ∂θα
∂xI

= 0 when I < α− 1. Next, when I = α− 1,

∂θα
∂xI

= − sin3(θα)

2 cos(θα)

2xα−1

x2α + · · ·+ x2n−1

= − sin(θα)

ρ sin(θ2) · · · sin(θα−1)
(4.150)

and when I ≥ α (taking cos(θn) to mean 1 in one of the equations below),

∂θα
∂xI

= − sin3(θα)

2 cos(θα)

(
−

x2α−1

(x2α + · · ·+ x2n−1)
2

)
2xI (4.151)

=
sin3(θα)

cos(θα)

ρ2 sin2(θ2) · · · sin2(θα−1) cos
2(θα)

ρ4 sin4(θ2) · · · sin4(θα)
ρ sin(θ2) · · · sin(θI) cos(θI+1) (4.152)

=
cos(θα) sin(θα+1) · · · sin(θI) cos(θI+1)

ρ sin(θ2) · · · sin(θα−1)
. (4.153)

Since e(s)A = δAα sin(θ2) · · · sin(θα−1)dθ
α, I get the matrix in equation 4.145. The exponential

product in equation 4.146 then follows from

exp

(
θ

[
0 1
−1 0

])
=

[
cos(θ) sin(θ)
− sin(θ) cos(θ)

]
, (4.154)

MI,I+1, MI+1,I+2, · · · only acting non-trivially on rows & columns with index ≥ I and induction
(on n). □

Corollary 4.13.1. The ε′k from equation 4.115 agrees with the εk from equations 4.19 and
4.143.

Proof. For ε′k to be a well-define spinor, xI should be viewed as a vector. Hence, upon the
change of frame, xI should go to ΛIJx

J . From equations 4.145 and 4.140, it follows by inspection
that ΛIJx

J = ρ(1, 0, · · · , 0)T . As for the spinor, ε0, as with any spinor,

ε0 → S[Λ]ε0 = e−
1
4
ωIJγ

IJ

ε0 (4.155)

under a Lorentz transformation defined by Λ = e
1
2
ωIJM

IJ
. Therefore, upon the change of frame,

ε′k =
1√

1− ρ2

(
I − ixIγ

I
)
eiγ

0t/2ε0 (4.156)

=⇒ εk =
1√

1− ρ2

(
I − iΛIJx

JγI
)
eiγ

0t/2eθ2γ
2γ1/2 · · · eθn−1γn−1γn−2/2ε0 (4.157)

=
1√

1− ρ2

(
I − iργ1

)
eiγ

0t/2eθ2γ
2γ1/2 · · · eθn−1γn−1γn−2/2ε0. (4.158)

ε0 is an arbitrary spinor, so it can be re-defined without loss of generality as 1√
2
(I − γ1)ε0.

Since I and γ1 commute with γAB, I get

εk =
1√

2(1− ρ2)

(
I − iργ1

)
eiγ

0t/2eθ2γ
2γ1/2(I − γ1)eθ3γ

3γ2/2 · · · eθn−1γn−1γn−2/2ε0. (4.159)

Next, observe that

eθ2γ
2γ1/2(I − γ1) = (cos(θ2/2)I − sin(θ2/2)γ

2γ1)(I − γ1) (4.160)

= (I − γ1)(cos(θ2/2)I − sin(θ2/2)γ
2) (4.161)

= (I − γ1)eθ2γ
2/2. (4.162)
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Substituting back and applying equation 4.143 says

εk =
1√

2(1− ρ2)

(
I − iργ1

)
eiγ

0t/2(I − γ1)eθ2γ
2/2eθ3γ

3γ2/2 · · · eθn−1γn−1γn−2/2ε0 (4.163)

=
1√

2(1− ρ2)

(
I − iργ1

)
eiγ

0t/2(I − γ1)εh. (4.164)

From equation 4.116,

er =
1

2

(
2ρ

1− ρ2
+

√
1 +

4ρ2

(1− ρ2)2

)
=

(1 + ρ)2

2(1− ρ2)
, (4.165)

ρ =
1− 1

2
e−r

1 + 1
2
e−r

and
1√

1− ρ2
=

1√
2
er/2

(
1 +

1

2
e−r
)
. (4.166)

Therefore, I ultimately get

εk =
1

2
er/2

(
1 +

1

2
e−r
)
eiγ

0t/2(I − γ1)εh −
i

2
er/2

(
1− 1

2
e−r
)
γ1eiγ

0t/2(I − γ1)εh (4.167)

= er/2P−
1 eiγ

0t/2(I − γ1)εh +
1

2
e−r/2P+

1 eiγ
0t/2(I − γ1)εh (4.168)

= er/2P−
1

(
eiγ

0t/2 − ie−iγ0t/2
)
εh +

1

2
e−r/2P+

1

(
eiγ

0t/2 + ie−iγ0t/2
)
εh, (4.169)

which is exactly the result in theorem 4.4. □

Theorem 4.12 could have been derived by a method even more intrinsic to the cross-section
by deploying ε̂

(±)
h , like in theorem 4.8. From [82],

ε̂
(±)
h = e±θ2γ̂

2/2eθ3γ̂
3γ̂2/2 · · · eθn−1γ̂n−1γ̂n−2/2ε̂0. (4.170)

While theorem 4.8 doesn’t apply to round sphere cross-sections, the proof still holds until

0 ≤
∫
Σt,∞

(
ε̂
(+)†
h + ieitε̂

(−)†
h

) (
p0I − ipAγ̂

A
) (
ε̂
(+)
h − ie−itε̂

(−)
h

)
dA(h), (4.171)

which is effectively the result that would arise by combining appendix F and section 8 of [23].
However, the individual terms in the integrand can be analysed further. When h = s,

the cross-terms between ε̂
(+)
h and ε̂

(−)
h are no longer simply guaranteed to be zero by the

Obata theorem. The p0(ε̂
(+)†
h ε̂

(+)
h + ε̂

(−)†
h ε̂

(−)
h ) terms produce energy as before, but this time the

p0(ie
itε̂

(−)†
h ε̂

(+)
h − ie−itε̂

(+)†
h ε̂

(−)
h ) terms produce linear momentum, the −ipA(ε̂

(+)†
h ε̂

(+)
h + ε̂

(−)†
h ε̂

(−)
h )

terms produce angular momentum and the pA(e
itε̂

(−)†
h γ̂Aε̂

(+)
h − e−itε̂

(+)†
h γ̂Aε̂

(−)
h ) terms produce

the centre of mass position. This approach with ε̂
(±)
h wasn’t followed earlier for computational

ease, but also because the interpretation of the physical quantities is much easier in the approach
taken earlier.

Finally, consider asymptotic symmetries for these metrics, following the discussion at the
end of section 4.2. Again, with the round sphere cross-section the Obata theorem can no longer
be applied to equation 4.100 to conclude ξ1(0) = 0. Consequently, equation 4.99 implies ξα(0)∂α

is a conformal Killing vector of the sphere with D̂
(h)
α ξα(0) = −(n − 2)ξ1(0). The net effect is the

asymptotic symmetry group is equal to the conformal group of Sn−2, namely O(n− 1, 1). This
reproduces the result of [31]. Furthermore, [31] goes on to show that under these asymptotic
symmetries, E & PI can be combined into an object, Pa ≡ (E,PI), transforming as a vector
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under O(n − 1, 1) and likewise KI & JIJ can be combined into an object, Jab with J0I = KI ,
transforming as a 2-form under O(n− 1, 1). Therefore, E, PI , JIJ and KI are not individually
geometric invariants when the cross-section is a round sphere - for example, if Pa is timelike,
one could always perform an O(n − 1, 1) transformation to set PI to zero. As explained in
[31, 30], this is fine because various different combinations of E, PI , JIJ and KI are invariants,
e.g. E2 − PIP

I , and theorem 4.12 remains true despite the action of asymptotic symmetries.

4.3.4 L(p, 1)

View S3 as the level set,

{(z1, z2) ∈ C2 | |z1|2 + |z2|2 = 1}. (4.172)

Then, the lens space, L(p, 1), is defined as the quotient of S3 by the Zp action,

(z1, z2) → (z1e
2πi/p, z2e

2πi/p). (4.173)

It will be easiest to work in coordinates, (θ, ϕ1, ϕ2) ∈ [0, π]× [0, 2π)× [0, 2π), defined by

x1 = cos(θ/2) cos(ϕ1), x2 = cos(θ/2) sin(ϕ1), z1 = x1 + ix2, (4.174)

x3 = sin(θ/2) cos(ϕ2), x4 = sin(θ/2) sin(ϕ2) and z2 = x3 + ix4, (4.175)

where xI are the Cartesian coordinates from the standard embedding of S3 in R4.
The metric on L(p, 1) is locally isometric to the round metric on S3; in the chosen coordi-

nates it reads

h =
1

4
dθ ⊗ dθ + cos2(θ/2)dϕ1 ⊗ dϕ1 + sin2(θ/2)dϕ2 ⊗ dϕ2. (4.176)

Meanwhile, the Zp quotient in these coordinates is

(θ, ϕ1, ϕ2) ∼ (θ, ϕ1 + 2π/p, ϕ2 + 2π/p). (4.177)

Lemma 4.14. The Killing vectors of L(p, 1) are spanned by

k1 =
∂

∂ϕ1

+
∂

∂ϕ2

, k2 =
∂

∂ϕ1

− ∂

∂ϕ2

, (4.178)

k3 = tan(θ/2) sin(ϕ1 − ϕ2)
∂

∂ϕ1

+ 2 cos(ϕ1 − ϕ2)
∂

∂θ
+ cot(θ/2) sin(ϕ1 − ϕ2)

∂

∂ϕ2

and (4.179)

k4 = tan(θ/2) cos(ϕ1 − ϕ2)
∂

∂ϕ1

− 2 sin(ϕ1 − ϕ2)
∂

∂θ
+ cot(θ/2) cos(ϕ1 − ϕ2)

∂

∂ϕ2

. (4.180)

Proof. L(p, 1) is locally isometric to S3 and hence L(p, 1)’s Killing vectors are the subspace of
S3’s Killing vectors which survive the Zp quotient. The Killing vectors of a sphere are known
to be spanned by

vIJ =

(
x̂I
∂θα

∂xJ

∣∣∣∣
ρ=1

− x̂J
∂θα

∂xI

∣∣∣∣
ρ=1

)
∂α. (4.181)
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Re-writing everything in terms of (θ, ϕ1, ϕ2) and taking the following invertible linear transfor-
mation of Killing vector basis, it can be checked that

k1 = v12 + v34 =
∂

∂ϕ1

+
∂

∂ϕ2

, (4.182)

k2 = v12 − v34 =
∂

∂ϕ1

− ∂

∂ϕ2

, (4.183)

k3 = v24 + v13 (4.184)

= tan(θ/2) sin(ϕ1 − ϕ2)
∂

∂ϕ1

+ 2 cos(ϕ1 − ϕ2)
∂

∂θ
+ cot(θ/2) sin(ϕ1 − ϕ2)

∂

∂ϕ2

, (4.185)

k4 = v14 − v23 (4.186)

= tan(θ/2) cos(ϕ1 − ϕ2)
∂

∂ϕ1

− 2 sin(ϕ1 − ϕ2)
∂

∂θ
+ cot(θ/2) cos(ϕ1 − ϕ2)

∂

∂ϕ2

, (4.187)

k5 = v13 − v24 (4.188)

= tan(θ/2) sin(ϕ1 + ϕ2)
∂

∂ϕ1

+ 2 cos(ϕ1 + ϕ2)
∂

∂θ
− cot(θ/2) sin(ϕ1 + ϕ2)

∂

∂ϕ2

and (4.189)

k6 = v14 + v23 (4.190)

= − tan(θ/2) cos(ϕ1 + ϕ2)
∂

∂ϕ1

+ 2 sin(ϕ1 + ϕ2)
∂

∂θ
+ cot(θ/2) cos(ϕ1 + ϕ2)

∂

∂ϕ2

. (4.191)

k1, k2, k3 and k4 are manifestly well-defined on L(p, 1) while any linear combination involving
k5 and k6 is not well-defined on L(p, 1). □

As the lens space is 3D, it will be convenient to choose the cross-section gamma matrices
as γ̂2 = iσ1, γ̂

3 = iσ2 and γ̂4 = iσ3.

Lemma 4.15. The most general solution to D̂
(h)
A ε̂

(±)
h = ±1

2
γ̂Aε̂

(±)
h on L(p, 1) is

ε̂
(+)
h = 0 and ε̂

(−)
h = e−iθσ2/4e−i(ϕ1−ϕ2)σ1/2ε̂0, (4.192)

where ε̂0 is an arbitrary constant spinor and the chosen vielbein on L(p, 1) is

e2 = cos(θ/2)dϕ1, e
3 =

1

2
dθ and e4 = sin(θ/2)dϕ2. (4.193)

Observe that the quotienting has halved the number of Killing spinors from the sphere.

Proof. For this tetrad, the connection one-forms are

ω
(h)
32 = tan(θ/2)e2, ω

(h)
34 = − cot(θ/2)e4 and ω

(h)
24 = 0. (4.194)

Therefore, 0 = e
(h)α
A ∂αε̂

(+)
h − 1

4
ω
(h)
BCAγ̂

BC ε̂
(+)
h − 1

2
γ̂Aε̂

(+)
h reduces to the three equations,

∂θε̂
(+)
h =

i

4
σ2ε̂

(+)
h , (4.195)

∂ϕ1 ε̂
(+)
h =

i

2
sin(θ/2)σ3ε̂

(+)
h +

i

2
cos(θ/2)σ1ε̂

(+)
h and (4.196)

∂ϕ2 ε̂
(+)
h =

i

2
cos(θ/2)σ1ε̂

(+)
h +

i

2
sin(θ/2)σ3ε̂

(+)
h . (4.197)
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The first equation immediately integrates to ε̂
(+)
h = eiθσ2/4ε̂θ, for a spinor, ε̂θ, that doesn’t

depend on θ. Using eiθσ2 = cos(θ)I + i sin(θ)σ2, the other two equations simplify to

∂ϕ1 ε̂θ =
i

2
sin(θ/2)e−iθσ2/2σ3ε̂θ +

i

2
cos(θ/2)e−iθσ2/2σ1ε̂θ (4.198)

=
i

2
sin(θ/2)(cos(θ/2)I − i sin(θ/2)σ2)σ3ε̂θ

+
i

2
cos(θ/2)(cos(θ/2)I − i sin(θ/2)σ2)σ1ε̂θ (4.199)

=
i

2
σ1ε̂θ (4.200)

and similarly ∂ϕ2 ε̂θ =
i

2
σ1ε̂θ. (4.201)

These equations simultaneously integrate to ε̂θ = ei(ϕ1+ϕ2)σ1/2ε̂0 for some constant spinor, ε̂0.
Proceeding completely analogously for ε̂

(−)
h yields

ε̂
(±)
h = e±iθσ2/4e±i(ϕ1±ϕ2)σ1/2ε̂

(±)
0 . (4.202)

While these spinors are well-defined on S3, to be well-defined on L(p, 1), they must be invariant
under the Zp quotient. Thus,

ε̂
(±)
h → e±iθσ2/4e±i((ϕ1+2π/p)±(ϕ2+2π/p))σ1/2ε̂

(±)
0 . (4.203)

Choosing the − in ± means the 2π/p factors immediately cancel and the spinor is left invariant.

Hence, every ε̂
(−)
h of S3 is also a ε̂

(−)
h of L(p, 1). Meanwhile, in the + case,

ε̂
(+)
h → eiθσ2/4ei(ϕ1+ϕ2+4π/p)σ1/2ε̂0 = eiθσ2/4ei(ϕ1+ϕ2)σ1/2e2πiσ1/pε̂0. (4.204)

Since eiθσ2/4ei(ϕ1+ϕ2)σ1/2 is invertible, ε̂
(+)
h remains invariant if and only if e2πiσ1/pε̂0 = ε̂0. How-

ever, e2πiσ1/p has eigenvalues cos(2π/p)± i sin(2π/p), meaning ε̂
(+)
h is never invariant. □

One could consider L(p, q) more generally, i.e. the quotient,

(z1, z2) ∼ (z1e
2πi/p, z2e

2πiq/p). (4.205)

However, a similar procedure to the previous lemma shows non-trivial Killing spinors only exist
for q = ±1. L(p,−1) differs from L(p, 1) only by a discrete isometry though.

Definition 4.16 (Angular momenta on L(p, 1)). For each Killing vector, kI , on L(p, 1), define
an “angular momentum,”

JI =
1

4π

∫
L(p,1)

f(4)0α k
α
I dA(h). (4.206)

Note that these JIs are identical to the “conserved quantities” of definition 4.6.

Theorem 4.17. For spacetimes asymptotically AdS with L(p, 1) cross-section, if the Einstein
equation and the dominant energy condition hold, then

E ≥
√
J2
2 + J2

3 + J2
4 . (4.207)

Observe that J1 does not appear in the theorem. J1 is distinguished because its generator, k1,
is the symmetry along the circle direction when S3 is viewed as a Hopf fibration over S2.
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Proof. Since ε̂
(+)
h = 0 by lemma 4.15, theorem 4.8 reduces to 0 ≤ E + Qk̂(−) . Furthermore,

from lemma 4.15, by direct evaluation one finds

pAk̂
(−)A = −ipAε̂

(−)†
h γ̂Aε̂

(−)
h (4.208)

= ε̂†0
(
(p2 sin(θ/2) sin(ϕ1 − ϕ2) + p3 cos(ϕ1 − ϕ2) + p4 cos(θ/2) sin(ϕ1 − ϕ2))σ2

+ (p2 sin(θ/2) cos(ϕ1 − ϕ2)− p3 sin(ϕ1 − ϕ2) + p4 cos(θ/2) cos(ϕ1 − ϕ2))σ3

+ (p2 cos(θ/2)− p4 sin(θ/2))σ1
)
ε̂0. (4.209)

From lemma 4.14 and the choice of vielbein, this expression can be re-written as

pAk̂
(−)A = ε̂†0

(
f(4)0αk

α
2 σ1 + f(4)0αk

α
3 σ2 + f(4)0αk

α
4 σ3
)
ε̂0. (4.210)

Since ε̂0 and σi are both constants, it follows that

Qk̂(−) = ε̂†0 (J2σ1 + J3σ2 + J4σ3) ε̂0. (4.211)

Then, given the normalisation of ε̂0, the positive energy inequality reduces to

0 ≤ ε̂†0 (EI + J2σ1 + J3σ2 + J4σ3) ε̂0. (4.212)

The eigenvalues of the matrix inbetween ε̂†0 and ε̂0 are E ±
√
J2
2 + J2

3 + J2
4 and hence the

theorem follows. □

4.3.5 Compatibility of spin structures

The formalism I’m applying to explore asymptotically, locally AdS spacetimes relies on the
existence of background Killing spinors near I. By construction, all the examples in this
section satisfy that requirement.

However, there are more subtle issues which may arise. LetM be an open neighbourhood of
I and let ḡ be the background metric. The main problem is that (M, ḡ) may admit multiple spin
structures and the spin structure which admits a non-zero solution, εk, may not be compatible
with the spin structure on (M, g). The classic example of this is the AdS soliton [64], which is
a vacuum solution of the Einstein equation with Λ < 0 and has metric,

g = −r2dt⊗ dt+
dr ⊗ dr

r2(1− 1/rn−1)

+ r2
((

1− 1

rn−1

)
dϕ2 ⊗ dϕ2 + dϕ3 ⊗ dϕ3 + · · · dϕn−1 ⊗ dϕn−1

)
. (4.213)

The angles are identified by ϕ2 ∼ ϕ2 +
4π
n−1

and ϕ3 ∼ ϕ3 + a3, · · · , ϕn−1 ∼ ϕn−1 + an−1 for
arbitrary a3, · · · , an−1. The manifold is therefore asymptotically AdS with toroidal cross-
section. However, its energy is

E = −1

4
a3 · · · an−1 < 0, (4.214)

seemingly contradicting theorem 4.10. The reason for this is that a circle admits two inequiv-
alent spin structures - periodic and anti-periodic. Thus, (M, ḡ) admits 2n−2 inequivalent spin
structures. However, the constant spinor, ψ̂0, used in the proof of theorem 4.10 is manifestly
periodic around each circle of T n−2. Therefore, for theorem 4.10 to apply, this particular spin
structure must extend beyond (M, ḡ) to all of (M, g). It turns out the global topology of the
AdS soliton, namely R3×T n−3, requires anti-periodicity around ϕ2; since that particular torus
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direction bounds a disk, the spin structure must agree with the unique spin structure of R2,
which is anti-periodic around the disk. Hence, the AdS soliton’s spin structure is incompatible
with the spin structure required for theorem 4.10. There doesn’t appear to be any spinorial
remedy to this issue; however the modified positive energy conjecture of [64] has recently been
confirmed by [14] using very different means.

Similar issues can arise for the lens space cross-section used in theorem 4.17. Firstly, L(p, 1)
admits a unique spin structure for odd p and two inequivalent spin structures for even p [45].
It happens that there is an explicitly known soliton solution with L(p, 1) asymptotics [32].
However, it has negative energy, in violation of theorem 4.17. The situation is similar to the
AdS soliton. This time, depending on p the solution in [32] either has no spin structure or a
different spin structure to the one required by theorem 4.17.

4.4 BPS inequalities

In this section I will discuss BPS inequalities for the bosonic sectors of minimal, gauged super-
gravity in four and five dimensions. Although the final results are in line with previous partial
results in the literature, I will discuss a number of subtleties regarding magnetic fields. The
theories considered are described by the actions,

S =
1

16π

∫
M

(
R− 2Λ− FabF

ab
)
dµ(g) (4.215)

in 4D and

S =
1

16π

∫
M

(
R− 2Λ− FabF

ab − 2

3
√
3
εabcdeFabFcdAe

)
dµ(g) (4.216)

in 5D. In both cases, F = dA is an electromagnetic field. Hence, the 4D theory is simply
Einstein-Maxwell theory with a negative cosmological constant, while the 5D theory has an
additional Chern-Simons term6. The equations of motion are

Rab −
1

2
Rgab + Λgab = 2

(
F c
a Fbc −

1

4
gabF

cdFcd

)
, (4.217)

DbF
ba = 0 & D[aFbc] = 0 (4.218)

in the 4D case and

Rab −
1

2
Rgab + Λgab = 2

(
F c
a Fbc −

1

4
gabF

cdFcd

)
, (4.219)

DbF
ba = − 1

2
√
3
εabcdeFbcFde & D[aFbc] = 0 (4.220)

in the 5D case. These equations are assumed to hold throughout this section.
It will be very natural in what follows to split Fab into separate electric and magnetic fields.

Definition 4.18 (Electric & magnetic components and electric charge). Given a Maxwell field,
Fab, the electric and magnetic components with respect to Σt will be defined as EI = FI0 and
FIJ respectively. In Fefferman-Graham form, the electric charge is then

qe =
1

4π

∫
Σt,∞

⋆F =
1

4π

∫
Σt,∞

ε012···n−1F
01e2 ∧ · · · ∧ en−1 =

1

4π

∫
Σt,∞

E1dA. (4.221)

6In both cases, one can also add additional matter terms linearly coupled to Aa and use them to introduce
source charges and currents in the Maxwell equations. The results below go through in almost identical fashion
with the main modification being to energy conditions.

75



Unlike sections 4.2 and 4.3, Aa can no longer be chosen as 0. Instead, Aa is chosen so that
∇aΨ is the gravitino transformation in the gauged supergravity. Therefore,

A(4)
a = −1

4
Fbcγ

bcγa + iAaI =
1

2
EIγ

0γIγa −
1

4
FIJγ

IJγa + iAaI (4.222)

for the 4D theory and

A(5)
a = − 1

4
√
3
Fbcγ

bcγa −
1

2
√
3
Fabγ

b + i
√
3AaI (4.223)

= − 1

2
√
3
EIγ

Iγ0γa −
1

4
√
3
FIJγ

IJγa −
1

2
√
3
Fabγ

b + i
√
3AaI (4.224)

for the 5D theory [46, 56].

Theorem 4.19. Let (M, g) be an asymptotically, locally AdS spacetime admitting a background
metric, ḡ, which possesses a non-zero background Killing spinor, εk. Assume the Einstein-
Maxwell equations or Einstein-Maxwell-Chern-Simons equations hold in 4D or 5D respectively.
Assume εk is O(er/2) near Σt,∞, while the electric field, EI , magnetic field, FIJ , and (the
spacelike part of) the gauge potential, AI , decay as O(e−(n−2)r), O(e−(n−1)r) and O(e−(n−1)r)
respectively7. Then, in the 4D theory, theorem 4.2 implies

Q(ε) =
3

2

∫
Σt,∞

e−rpM ε̄kγ
Mεk

√
det(f(0)αβ) d

n−2x− 8πqeε̄kεk

− 2

∫
Σt,∞

F23ε
†
kγ

1γ2γ3εkdA+ 2i

∫
Σt,∞

AAε
†
kγ

1γAεkdA (4.225)

≥ 0 (4.226)

while in the 5D theory it implies

Q(ε) = 2

∫
Σt,∞

e−rpM ε̄kγ
Mεk

√
det(f(0)αβ) d

n−2x− 4π
√
3qeε̄kεk

−
√
3

2

∫
Σt,∞

FABε
†
kγ

1γABεkdA+ 2i
√
3

∫
Σt,∞

AAε
†
kγ

1γAεkdA (4.227)

≥ 0. (4.228)

Proof. To apply theorem 4.2, it must first be checked that the assumptions in definition 3.1
hold. First consider γIJAJ . In the 4D case,

γIJA(4)
J =

1

2
EKγ

IJγ0γKγJ −
1

4
FKLγ

IJγKLγJ + iAJγ
IJ (4.229)

The first term simplifies as

1

2
EKγ

IJγ0γKγJ = −1

2
EKγ

IJγ0γJγ
K − EKγ

IJγ0δKJ (4.230)

=
1

2
EKγ

IJγJγ
0γK − EJγ

IJγ0 (4.231)

= −EJγIγ0γJ − EJγ
IJγ0 (4.232)

= EJγ
0(γIγJ − γIJ) (4.233)

= −EIγ0, (4.234)

7These assumptions are there to ensure convergence of the integrals to follow.
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while the second term simplifies as

−1

4
FKLγ

IJγKLγJ = −1

4
FKLγ

IJ(γJγ
KL − 2δLJγ

K + 2δKJγ
L) (4.235)

=
1

2
FJKγ

IγJK − FJKγ
IJγK (4.236)

=
1

2
FJK(γ

IJK − δIJγK + δIKγJ − 2γIJK + 2δKJγI − 2δKIγJ) (4.237)

= −1

2
FJKγ

IJK . (4.238)

In summary,

γIJA(4)
J = −EIγ0 − 1

2
FJKγ

IJK + iAJγ
IJ , (4.239)

which is manifestly hermitian, as required. Proceeding similarly, in the 5D case, the result is

γIJA(5)
J = −

√
3

2
EIγ0 +

√
3

4
FJKγ

IγJK −
√
3

2
FJKγ

IJγK + i
√
3AJγ

IJ , (4.240)

which is also hermitian. Next, with the present energy-momentum tensor,

M = 4πT 0aγ0γa + γIJDIAJ +
i(n− 2)

2
(γIAI +A†

Iγ
I)−A†

Iγ
IJAJ (4.241)

=
1

2
EIEII +

1

4
F IJFIJI − FIJE

Jγ0γI + γIJDIAJ +
i(n− 2)

2
(γIAI +A†

Iγ
I)

−A†
Iγ

IJAJ . (4.242)

Consider the 4D theory first. Using the equations of motion,

γIJDIA(4)
J = −DI(E

I)γ0 − 1

2
D[IFJK]γ

IJK + iD[IAJ ]γ
IJ = 0− 0 +

i

2
FIJγ

IJ . (4.243)

For the next term,

γIA(4)
I =

1

2
EJγ

Iγ0γJγI −
1

4
FJKγ

IγJKγI + iAIγ
I (4.244)

= −1

2
EJγ

0γIγJγI −
1

4
FJK(γ

JKγI − 2δIJγK + 2δIKγJ)γI + iAIγ
I (4.245)

=
1

2
EJγ

0γJγIγI + EJγ
0δIJγI +

3

4
FIJγ

IJ − FIJγ
IγJ + iAIγ

I (4.246)

= −1

2
EIγ

0γI − 1

4
FIJγ

IJ + iAIγ
I and therefore (4.247)

γIA(4)
I +A(4)†

I γI = γIA(4)
I − (γIA(4)

I )† = −1

2
FIJγ

IJ . (4.248)

The most tedious to simplify is

A(4)†
I γIJA(4)

J

=

(
1

2
EJγIγ

Jγ0 +
1

4
FJKγIγ

KJ − iAII

)(
−EIγ0 − 1

2
FLMγ

ILM + iALγ
IL

)
(4.249)

= −1

2
EJE

IγIγ
Jγ0γ0 − 1

4
EJFLMγIγ

Jγ0γILM +
i

2
EJaLγIγ

Jγ0γIL − 1

4
EIFJKγIγ

KJγ0

− 1

8
FJKFLMγIγ

KJγILM +
i

4
FJKALγIγ

KJγIL + iAIE
Iγ0 +

i

2
AIFLMγ

ILM + 0. (4.250)
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Consider each set of similar terms in this expression individually.

−1

2
EJE

IγIγ
Jγ0γ0 = −1

2
EIEJγ

IγJ =
1

2
EIEII. (4.251)

− 1

4
EJFLMγIγ

Jγ0γILM − 1

4
EIFJKγIγ

KJγ0 (4.252)

=
1

4
EIFJK(−γLγIγ0γLJK − γIγKJγ0) (4.253)

=
1

4
EIFJKγ

0(γIγLγ
LJK + 2δILγ

LJK − γIγJK) (4.254)

=
1

4
EIFJKγ

0(−γIγJK + 2γIJK − γIγJK) (4.255)

=
1

2
EIFJKγ

0(−γIγJK + γIγJK + δIJγK − δIKγJ) (4.256)

= EIFIJγ
0γJ . (4.257)

i

2
EJALγIγ

Jγ0γIL + iAIE
Iγ0 = − i

2
EJAKγ

JγIγ
IKγ0 − iEJAKδ

J
Iγ

IKγ0 + iAIE
Iγ0 (4.258)

= iEIAJ(γ
IγJ − γIJ)γ0 + iAIE

Iγ0 (4.259)

= −iEIAJδ
IJγ0 ++iAIE

Iγ0 (4.260)

= 0. (4.261)

− 1

8
FJKFLMγIγ

KJγILM (4.262)

= −1

8
FJKFLM(γKJγI − 2δKIγ

J + 2δJIγ
K)γILM (4.263)

= −1

8
FIJFKLγ

IJγKL − 1

2
FIJFKLγ

JγIKL (4.264)

= −1

8
FIJFKL(γ

IJKL + δIKγJγL − δILγJγK − δJKγIγL + δJLγIγK + δIKδJLI − δILδJKI

+ 4γJIKL − 4δJIγKL + 4δJKγIL − 4δJLγIK) (4.265)

= 0− 1

8
FIJF

I
L γ

JγL +
1

8
FIJF

I
K γJγK +

1

8
FIJF

J
L γ

IγL − 1

8
FIJF

J
K γIγK − 1

8
F IJFIJI

+
1

8
F IJFJII − 0 + 0− 1

2
FIJF

J
L γ

IL +
1

2
FIJF

J
K γIK as γIJKL = 0 when n = 4 (4.266)

=
1

2
FIJF

IJI − 1

4
F IJFIJI − 0− 0 (4.267)

=
1

4
F IJFIJI. (4.268)

i

4
FJKALγIγ

KJγIL +
i

2
AIFLMγ

ILM

=
i

4
AIFJK(−γLγJKγLI + 2γIJK) (4.269)

=
i

4
AIFJK(−γJKγLγLI + 2δJLγ

KγLI − 2δKLγ
JγLI + 2γIJK) (4.270)

=
i

2
AIFJK(γ

JKγI + 2γKγJI + γIJK) (4.271)

=
i

2
AIFJK(γ

JKI − δKIγJ + δIJγK + 2γKJI − 2δKJγI + 2δKIγJ + γIJK) (4.272)

= 0. (4.273)
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Substituting these results back up, I get

A(4)†
I γIJA(4)

J =
1

2
EIEII + EIFIJγ

0γJ +
1

4
F IJFIJI. (4.274)

Therefore equation 4.242 reduces to M = 0, which trivially satisfies all required assumptions.
Proceeding completely analogously, in the 5D theory the individual terms are

γIJDIA(5)
J = −1

4
εIJKLFIJFKLγ

0 +
i
√
3

2
FIJγ

IJ , (4.275)

γIA(5)
I =

1

2
√
3
EIγ

Iγ0 − 1

2
√
3
FIJγ

IJ + i
√
3AIγ

I , (4.276)

γIA(5)
I +A(5)†

I γI = − 1√
3
FIJγ

IJ and (4.277)

A(5)†
I γIJA(5)

J =
1

4
EJE

IγIγ
0γJγ0 − 1

8
EJFLMγIγ

0γJγIγLM +
1

4
EJFLMγIγ

0γJγILγM

− i

2
EJALγIγ

0γJγIL − 1

8
EIFJKγIγ

KJγ0 +
1

16
FLMFJKγIγ

KJγIγLM

− 1

8
FLMFJKγIγ

KJγILγM +
i

4
ALFJKγIγ

KJγIL +
1

4
EIEI(γ

0)2

− 1

8
EIFLMγ

0γIγLM +
1

4
EIFLMγ

0γILγM − i

2
EIALγ

0γIL − 1

4
EIFIJγ

Jγ0

+
1

8
FLMFIJγ

JγIγLM − 1

4
FLMFIJγ

JγILγM +
i

2
ALFIJγ

JγIL +
3i

2
AIE

Iγ0

− 3i

4
AIFLMγ

IγLM +
3i

2
AIFLMγ

ILγM + 0. (4.278)

This time, the different types of terms in A(5)†
I γIJA(5)

J simplify to

− i

2
EJaLγIγ

0γJγIL − i

2
EIaLγ

0γIL +
3i

2
aIE

Iγ0 = 0, (4.279)

1

4
EJE

IγIγ
0γJγ0 +

1

4
EIEI(γ

0)2 =
1

2
EIEII, (4.280)

i

4
aLFJKγIγ

KJγIL +
i

2
aLFIJγ

JγIL − 3i

4
aIFLMγ

IγLM +
3i

2
aIFLMγ

ILγM = 0, (4.281)

1

16
FLMFJKγIγ

KJγIγLM − 1

8
FLMFJKγIγ

KJγILγM +
1

8
FLMFIJγ

JγIγLM − 1

4
FLMFIJγ

JγILγM

=
1

4
FIJFJKε

IJKLγ1γ2γ3γ4 +
1

4
F IJFIJI and (4.282)

− 1

8
EJFLMγIγ

0γJγIγLM +
1

4
EJFLMγIγ

0γJγILγM − 1

8
EIFJKγIγ

KJγ0 − 1

8
EIFLMγ

0γIγLM

+
1

4
EIFLMγ

0γILγM − 1

4
EIFIJγ

Jγ0 = EIFIJγ
0γJ , (4.283)

which implies

A(5)†
I γIJA(5)

J =
1

2
EIEII + EIFIJγ

0γJ +
1

4
FIJFJKε

IJKLγ1γ2γ3γ4 +
1

4
F IJFIJI. (4.284)

In 5D, there are two inequivalent, irreducible representations of the Clifford algebra; they have
γ4 = ±γ0γ1γ2γ3 respectively. Choosing the representation in which γ4 = +γ0γ1γ2γ3 once
again leads to M = 0.

The only remaining assumptions are on A’s decay rate. These transfer to decay rates on
the fields; they ensure all boundary integrals are convergent and are stronger than the decay
rates required for results in chapter 3.
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Having established that theorem 4.2 is valid in the present context, all that remains is to
evaluate the A dependent boundary terms in the theorem. In the 4D case,

γ1γAA(4)
A

=
1

2
EJγ

0γ1γAγJγA − 1

4
FJKγ

1γAγJKγA + iaAγ
1γA (4.285)

= −1

2
EJγ

0γ1γJγAγA − EJγ
0γ1δAJγA − 1

4
FJKγ

1(γJKγA − 2δJAγK + 2δKAγJ)γA (4.286)

= EJγ
0γ1γJ − EAγ

0γ1γA +
1

2
FIJγ

1γIJ + FAIγ
1γIγA (4.287)

= E1γ
0γ1γ1 + EAγ

0γ1γA − EAγ
0γ1γA + F1Aγ

1γ1γA +
1

2
FABγ

1γAB + FA1γ
1γ1γA

+ FABγ
1γBγA (4.288)

= −E1γ
0 − 1

2
FABγ

1γAB (4.289)

= −E1γ
0 − F23γ

1γ2γ3. (4.290)

Proceeding analogously, in the 5D case I get

γ1γAA(5)
A = −

√
3

2
E1γ

0 −
√
3

4
FABγ

1γAB + i
√
3AAγ

1γA. (4.291)

These are hermitian already, so γ1γAAA + A†
Aγ

Aγ1 = 2γ1γAAA. In theorem 4.2, this matrix
is inbetween ε†k and εk. In the case of the electric field term, that produces E1ε̄kεk as an
integrand. However, the Killing spinor equation implies that Da(ε̄kεk) = 0. Since ε̄kεk is a
scalar (and all derivatives act identically on a scalar), it must be that ε̄kεk is constant. Hence,
ε̄kεk can be pulled out of the integral, leaving a term proportional to

∫
Σt,∞

E1dA = 4πqe and

thus the claimed result. □

Corollary 4.19.1. If the extrinsic curvature, KIJ , of Σt is o(e
−r) near Σt,∞, then

Q(ε) =
3

2

∫
Σt,∞

e−rpM ε̄kγ
Mεk

√
det(f(0)αβ) d

n−2x− 8πqeε̄kεk ≥ 0 (4.292)

in the 4D theory, while in the 5D theory

Q(ε) = 2

∫
Σt,∞

e−rpM ε̄kγ
Mεk

√
det(f(0)αβ) d

n−2x− 4π
√
3qeε̄kεk ≥ 0. (4.293)

Proof. The objective here is to show the magnetic and gauge field integrals in the theorem
cancel. By construction, the t coordinate is chosen such that the boundary has f(0)0α = 0.

Therefore, to leading order, e µ
I = δµie

(σ)i
I , where σ is the metric on Σt. Thus,

FJK → e
(σ)j
J e

(σ)k
K Fjk = e

(σ)j
J e

(σ)k
K (∂jAk − ∂kAj) → D

(σ)
J AK −D

(σ)
K AJ . (4.294)

The decay conditions assumed mean only the leading order contributions survive the integral8.
Let QI ≡ ∂r be the normal to constant r surfaces. Then,

1

2

∫
Σt,∞

QIFJKε
†
kγ

IJKεkdA =

∫
Σt,∞

QID
(σ)
J (AK)ε

†
kγ

IJKεkdA (4.295)

=

∫
Σt,∞

QID
(σ)
J (AKε

†
kγ

IJKεk)dA

−
∫
Σt,∞

QIAK

(
D

(σ)
J (εk)

†γIJKεk + ε†kγ
IJKD

(σ)
J εk

)
dA. (4.296)

8One could relax the decay rate assumed on FIJ if more information is known about f(k)0α for k > 0.
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The first term in equation 4.296 vanishes by applying Stokes’ theorem in the same way as
lemma 3.3. As for the other two terms, the Levi-Civita connection of Σt and M are related by

D
(σ)
I εk = DIεk +

1

2
KIJγ

Jγ0εk (4.297)

when acting on spinors. Since KIJ is assumed to decay quicker than O(e−r), D
(σ)
I εk → DIεk

to leading order. Then, since the metric also approaches the background to leading order,
D

(σ)
I εk → − i

2
γIεk. Hence, equation 4.296 reduces to

1

2

∫
Σt,∞

QIFJKε
†
kγ

IJKεkdA =
i

2

∫
Σt,∞

QIAK

(
ε†kγJγ

IJKεk + ε†kγ
IJKγJεk

)
dA (4.298)

= i(n− 3)

∫
Σt,∞

AAε
†
kγ

1γAεkdA, (4.299)

which means the magnetic and gauge field integrals do indeed cancel. □

The most subtle point in the previous proofs is the implicit assumption that F = dA
everywhere in an open neighbourhood of Σt,∞ in corollary 4.19.1. If Σt,∞ has a topology where
H2

dR is trivial, then this assumption is fine. However, there are many examples - including the
most standard example of the S2 cross-section - where this is not true. As such, it becomes
problematic to incorporate magnetic charge into the discussion.

Even if F wasn’t assumed exact, magnetic charge doesn’t arise as naturally from the equa-
tions as it does when Λ = 0. In the 4D Einstein-Maxwell theory [51], one still gets a term,

−2

∫
Σt,∞

F23ε
†
kγ

1γ2γ3εkdA, (4.300)

in the analogue of Q(ε). However, in that case εk is just a constant, meaning ε†kγ
1γ2γ3εk

can be pulled out of the integral, leaving the standard magnetic charge integral. But, in the
present situation, ε†kγ

1γ2γ3εk is non-constant. Furthermore, it grows as er. Hence, a convergent
integral requires F23 to decay as O(e−3r), which is faster than the O(e−2r) decay required to
get non-zero magnetic charge. To some extent, this reflects the breakdown in electric-magnetic
duality when Λ ̸= 0.

Subtleties of F ’s exactness also arise tacitly when solving the Dirac equation, γI∇Iε = 0.
The connection, ∇a, is constructed to be gauge covariant; in particular, under Aa → Aa+Daλ,
if ε→ eiλε, then ∇aε→ eiλ∇aε. However, on a manifold, changing from one coordinate patch
to another also transforms Aa in a formally identical way. Thus, ε must also transform by a
phase to keep ∇a covariant. Hence, in principle one could get merely a spinc structure, rather
than a spin structure9. This appears to be incompatible with Witten’s method though because
γI∇Iε = 0 is solved subject to the boundary condition, ε→ εk, in which εk is a true spinor, not
a section of a non-trivial spinc bundle. Therefore, imposing the required boundary condition
breaks the gauge covariance. If F were exact though, the issue is avoided. It remains open
whether Witten’s method can be adjusted in any way to accommodate spinc structures.

9The Spinc group is defined to be (Spin × U(1))/Z2, where Spin is the spin group of the appropriate
signature, Z2 = {(I, 1), (−I,−1)} and I is the identity element of the spin group. A spinc structure on a
manifold is tantamount to the existence of a principal bundle with structure group, Spinc. In particular,
because of the Z2 quotienting, the cocycle condition for the transition functions can fail in each of the Spin
and U(1) factors individually, but hold overall as long as the discrepancy is only a -1 factor in each of Spin and
U(1). Furthermore, this means every manifold with a spin structure also has a spinc structure - by tensoring
with a line bundle. However, the converse is not true.
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The only previous work on classical BPS inequalities in these two gauged supergravity
theories appears to be in [80, 76, 123, 95]. [80] doesn’t consider magnetic fields in their positive
energy theorem at all, so the issues discussed don’t arise.

Meanwhile, my result disagrees with [76], who explicitly have magnetic charge in their
equation 27. However, as explained in [88], this is likely due to some error relating to the fact
their analogue of ∇a - see their equation 24 - omits the iAaI term and is therefore not gauge
covariant. Furthermore, my results are consistent with subsequent work in [19, 67], where the
BPS limit is explicitly required to have zero magnetic charge. Another subtlety explained by
[67] is that the 4D minimal, gauged supergravity has two distinct vacuum states, one of which
has a non-zero magnetic charge determined by the cosmological constant.

[123] uses the same connection as [76] and studies it in much greater detail. Despite using
the same connection, their main result - their theorem 1.1 - differs from the main result of [76]
- their equation 27. Since iAaI is omitted, the analogue of M found in [123] is only non-negative
definite when a modified dominant energy condition holds - their equation 1.2. However, their
condition is very unnatural; for example, it can be seen from the constraint equations that in a
purely electrovacuum spacetime with non-zero magnetic field, their modified dominant energy
condition never holds.

The closest paper to my thesis is [95] - see their section 3.1 in particular. They have
the same connection as me and make similar observations about the decay rates in equation
4.300. However, their main result - their equation 22 - does not include the fourth term in
lemma 4.19 because they relied on [76] to get their result. A heuristic argument is given
describing corrections to [76], leading to the same conclusions as corollary 4.19.1 (for S2 cross-
section topology) and equation 4.311 below, but the precise steps required - including the Dirac
equation analysis in chapter 3 - are not given in [95].

Anyhow, bearing in mind all these subtleties, since the boundary geometries considered
in section 4.3 are time symmetric, they all satisfy the extra assumptions in corollary 4.19.1.
Hence, borrowing from the work there, the following results hold.

Theorem 4.20. In an asymptotically AdS spacetime (i.e. with round sphere cross-section),

EI − iPIγ
I +

i

2
JIJγ

0γIJ +KIγ
0γI − qeγ

0 (4.301)

is a non-negative definite matrix in the 4D theory and

EI − iPIγ
I +

i

2
JIJγ

0γIJ +KIγ
0γI −

√
3

2
qeγ

0 (4.302)

is a non-negative definite matrix in the 5D theory.

Proof. With the εk chosen in section 4.3.3,

ε̄kεk = ε̄′kε
′
k (4.303)

=
1

1− ρ2
ε†0e

−iγ0t/2(I − ixIγ
I)γ0(I − ixJγ

J)eiγ
0t/2ε0 (4.304)

=
1

1− ρ2
ε†0e

−iγ0t/2γ0(I + ixIγ
I)(I − ixJγ

J)eiγ
0t/2ε0 (4.305)

=
1

1− ρ2
ε†0e

−iγ0t/2γ0(I + xIxJγ
IγJ)eiγ

0t/2ε0 (4.306)

=
1

1− ρ2
ε†0e

−iγ0t/2γ0(I − ρ2I)eiγ
0t/2ε0 (4.307)

= ε†0γ
0ε0. (4.308)
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Meanwhile, the first term in corollary 4.19.1 was already calculated in theorem 4.12. Borrowing
from the calculation there, corollary 4.19.1 says

0 ≤ 8πε†0e
−iγ0t/2

(
EI − iPIγ

I +KIγ
0γI +

i

2
JIJγ

0γIJ − qeγ
0

)
eiγ

0t/2ε0 in 4D and (4.309)

0 ≤ 8πε†0e
−iγ0t/2

(
EI − iPIγ

I +KIγ
0γI +

i

2
JIJγ

0γIJ −
√
3

2
qeγ

0

)
eiγ

0t/2ε0 in 5D. (4.310)

Since t is constant on Σt,∞ and ε0 is an arbitrary constant spinor, the conclusion follows. □

Like theorem 4.12, the matrix in theorem 4.20 doesn’t have closed form eigenvalues in
general. Again, something more concrete can be said in specific cases. For example, if n = 4
and KI = PI = 0, the eigenvalues are E ± qe ± |J | and E ± qe ∓ |J |, leading to the BPS
inequality,

E ≥ |qe|+ |J |. (4.311)

Likewise, suppose n = 5 and KI = PI = 0. Like in the derivation of equation 4.139, suppose
the independent rotations are in the 1-2 and 3-4 planes. Then, from the eigenvalues of
EI + iJ1γ

0γ1γ2 + iJ2γ
0γ3γ4 −

√
3
2
qeγ

0, it follows that

E −
√
3

2
qe ≥ |J1 + J2| and E +

√
3

2
qe ≥ |J1 − J2|. (4.312)

The Chern-Simons term means the equations of motion are not invariant under F → −F in
the 5D theory and this example illustrates that one must in fact keep track of the relative signs
between the charge and angular momentum. Inequalities 4.312 agree with the BPS relations
derived using the supersymmetry algebra in section 3 of [34]10. Furthermore, these inequalities
are saturated by the supersymmetric solutions in [55, 24] and [75] respectively.

For a different type of example, suppose n = 4, KI = 0 and JIJ = 0; then the eigenvalues
are E ±

√
PIP I + q2e , which implies

√
E2 − P 2 ≥ |qe|.

Theorem 4.21. For spacetimes asymptotically AdS with L(p, 1) cross-section,

E ≥ −
√
3

2
qe +

√
J2
2 + J2

3 + J2
4 (4.313)

Proof. εk can be chosen identically to section 4.3.4, namely

εk = er/2P−
1

(
eiγ

0t/2 − ie−iγ0t/2
)
εh +

1

2
e−r/2P+

1

(
eiγ

0t/2 + ie−iγ0t/2
)
εh, (4.314)

with εh =
1

2

[
ε̂
(−)
h

−ε̂(−)
h

]
and ε̂

(−)
h = e−iθσ2/4e−i(ϕ1−ϕ2)σ1/2ε̂0. (4.315)

Then, from the proof of theorem 4.17, it follows the first term in corollary 4.19.1 is

4πε̂†0(EI + J2σ1 + J3σ2 + J4σ3)ε̂0. (4.316)

10Also note that inequalities 4.312 are not equivalent to the E ≥ |J1| + |J2| +
√
3
2 |qe| that [55] claim results

from modifying the results of [80]; in fact, the intended modification would produce exactly inequalities 4.312.

Moreover, E ≥ |J1| + |J2| +
√
3
2 |qe| can only be concluded from a matrix with eight eigenvalues (to cover all

possible combinations of ±), which is impossible to achieve using the 4×4 gamma matrices in Witten’s method
when n = 5.

83



Meanwhile, direct evaluation shows εkεk = −ε̂0ε̂0 for the present Killing spinor. Hence, corol-
lary 4.19.1 reduces to saying

0 ≤ 4πε̂†0

(
EI + J2σ1 + J3σ2 + J4σ3 +

√
3

2
qeI

)
ε̂0. (4.317)

As in theorem 4.17, the eigenvalues of the matrix in between ε̂†0 and ε̂0 prove the theorem. □

It turns out an explicit locally supersymmetric solution is known to 5D minimal gauged
supergravity with R×L(p, 1) conformal infinity - see section 2.3.1 of [41] or appendix B of [83].
However, that solution satisfies a different BPS-like equation, namely

E =

√
3

2
qe + J1. (4.318)

The solution evades theorem 4.21 in much the same way as the AdS soliton evaded theorem
4.10. It turns out for even p, the spin structure required is the opposite to the spin structure
required for the Killing spinors in theorem 4.21. Meanwhile for odd p, the solution turns out
to have no spin structure at all, but merely a spinc structure.

Finally, the only other relevant boundary considered in section 4.3 is the torus. In this
case, theorem 4.10 is unchanged by the electromagnetic fields in either theory because ε̄kεk is
simply zero for the required εk.

4.5 Example metrics

So far, the discussion has been quite abstract. In this section I’ll illustrate some of the main
ideas of this chapter and compute some of main geometric quantities for a pair of particularly
simple, concrete metrics.

These examples are black hole metrics, contrary to the assumption I made at the start of
chapter 3. However, the following argument from [50, 59] allows Σt to have a marginally outer
trapped inner boundary. In particular, if Σt has an inner boundary, then I need to choose
boundary conditions for the Dirac equation, γI∇Iε = 0, on that inner boundary. By choosing
the one direction in the vielbein to be an inward-pointing, unit normal to ∂innerΣt and the
boundary condition, γ0γ1ε = ε on ∂innerΣt, it turns out that the Lichnerowicz identity yields
the boundary terms,∫

∂innerΣt

ε†ε θl dA−
∫
∂innerΣt

ε†
(
γ1γAAA +A†

Aγ
Aγ1
)
ε dA. (4.319)

In this expression l = 1√
2
(e0+e1) and θl is the expansion, l

aHa (where H
a is the mean curvature

vector of ∂innerΣt). But, on a marginally outer trapped surface θl = 0. Hence, that term makes
no contribution to the results. The vanishing of the second term must be checked on a case by
case. The trivial case is just Aa = 0, which is all I’ll need for the first example in this section.
Meanwhile, for the second example I will consider, Aa is defined by equation 4.224. It can be
checked in that case that if γ0γ1ε = ε, then ε†(γ1γAAA +A†

Aγ
Aγ1)ε is just zero.

Having established the validity of the relevant theorems, it’s now time to consider the
concrete examples. First, I’ll study the 5D, equal angular momenta Myers-Perry solution
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(with cosmological constant). Following [78], this solution can be expressed as

g = −S2dt⊗ dt+ f 2dR⊗ dR +
1

4
h2(dψ + cos(θ)dϕ− Ωdt)⊗ (dψ + cos(θ)dϕ− Ωdt)

+
1

4
R2(dθ ⊗ dθ + sin2(θ)dϕ⊗ dϕ), (4.320)

where
1

f 2
= 1 +R2 − 2MZ

R2
+

2Ma2

R4
, h2 = R2

(
1 +

2Ma2

R4

)
, Ω =

4Ma

R2h2
,

Z = 1− a2, S =
R

fh
and M and a are constants with − 1 < a < 1. (4.321)

For my purposes, it will be more convenient to swap (ψ, ϕ) for (ϕ1, ϕ2), where

ϕ1 =
1

2
(ψ + ϕ) and ϕ2 =

1

2
(ψ − ϕ). (4.322)

Then t is a “time coordinate” taking values in R, ϕ1, ϕ2 ∈ [0, 2π], R ≥ R0 where R0 is the event
horizon radius,

dψ + cos(θ)dϕ = (1 + cos(θ))dϕ1 + (1− cos(θ))dϕ2 (4.323)

and spacelike coordinates would parameterise R4 as

x1 = R cos(θ/2) cos(ϕ1), x2 = R cos(θ/2) sin(ϕ1),

x3 = R sin(θ/2) cos(ϕ2) & x4 = R sin(θ/2) sin(ϕ2). (4.324)

To calculate the various geometric quantities, I need to start by writing equation 4.320 in
Fefferman-Graham form for an asymptotically AdS space11. Since the f 2dR⊗ dR in equation
4.320 depends only on R and R → ∞ heuristically looks like the asymptotic end, it is natural
to try r ≡ r(R) as the Fefferman-Graham coordinate. Therefore, try

dr

dR
= f ⇐⇒ r =

∫
1√

1 +R2 − 2MZ
R2 + 2Ma2

R4

dR. (4.325)

This integral cannot be done explicitly. However, it only needs to be done perturbatively to
generate a Fefferman-Graham expansion. For AdS, the square root in the expression above
would have just 1 +R2, so it makes sense to perturb around that. Thus, to leading order,

r =

∫
1√

1 +R2

1√
1− 2MZ

R2(1+R2)
+ 2Ma2

R4(1+R2)

dR (4.326)

→
∫ (

1√
1 +R2

+
MZ

R5

)
dR (4.327)

= ln(R +
√
1 +R2)− MZ

4R4
+ C (4.328)

=⇒ er → C(R +
√
1 +R2)e−MZ/4R4 → C(R +

√
1 +R2)

(
1− MZ

4R4

)
. (4.329)

To match the AdS solution asymptotically, where M = 0, I should choose C = 1
2
, yielding

er → 1

2
(R +

√
1 +R2)

(
1− MZ

4R4

)
. (4.330)

11Note that being able to do so is proof the metric is indeed asymptotically AdS.
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To leading order, the AdS metric implies R2 = e2r
(
1− 1

4
e−2r

)2
. The corrections to this come

from tracking the terms involving M . Hence,

e2r
(
1− 1

4
e−2r

)2

→ 1

4
(R +

√
1 +R2)2

(
1− MZ

2R4

)
×
(
1− 1

(R +
√
1 +R2)2

(
1 +

MZ

2R4

))2

. (4.331)

→ R2 − MZ

2R2
. (4.332)

Since R = er to leading order, I also immediately get

R2 = e2r

((
1− 1

4
e−2r

)2

+
MZ

2
e−4r

)
= e2r

((
1− 1

4
e−2r

)2

+
M(1− a2)

2
e−4r

)
. (4.333)

Next, consider the various functions in equation 4.320 perturbatively. To leading order

S2 = R2

(
1 +R2 − 2MZ

R2
+

2Ma2

R4

)
1

R2(1 + 2Ma2/R4)
(4.334)

→
(
1 +R2 − 2M

R2

)
(4.335)

→ e2r

((
1 +

1

4
e−2r

)2

− M(a2 + 3)

2
e−4r

)
, (4.336)

h2 = R2

(
1 +

2Ma2

R4

)
→ e2r

((
1− 1

4
e−2r

)2

+
M(1 + 3a2)

2
e−4r

)
and (4.337)

h2Ω =
4Ma

R2
→ 4Mae−2r (4.338)

Substituting these expressions back into equation 4.320 yields

g = dr ⊗ dr + e2r
(
−

((
1 +

1

4
e−2r

)2

− M(a2 + 3)

2
e−4r

)
dt⊗ dt

+
1

4

((
1− 1

4
e−2r

)2

+
M(1 + 3a2)

2
e−4r

)
(dψ + cos(θ)dϕ)⊗ (dψ + cos(θ)dϕ)

−Mae−4r(dt⊗ (dψ + cos(θ)dϕ) + (dψ + cos(θ)dϕ)⊗ dt)

+
1

4

((
1− 1

4
e−2r

)2

+
M(1− a2)

2
e−4r

)
(dθ ⊗ dθ + sin2(θ)dϕ⊗ ϕ) +O(e−6r)

)
. (4.339)

Therefore, the metric is indeed in the form of definition 2.11. Choosing AdS as the background
metric, one can immediately read off

f(0) = f̄(0) = −dt⊗ dt+
1

4
(dψ + cos(θ)dϕ)⊗ (dψ + cos(θ)dϕ)

+
1

4
(dθ ⊗ dθ + sin2(θ)dϕ⊗ dϕ) and (4.340)

f(4) − f̄(4) =
M(a3 + 3)

2
dt⊗ dt+

M(1 + 3a2)

8
(dψ + cos(θ)dϕ)⊗ (dψ + cos(θ)dϕ)

−Ma(dt⊗ (dψ + cos(θ)dϕ) + (dψ + cos(θ)dϕ)⊗ dt)

+
M(1− a2)

8
(dθ ⊗ dθ + sin2(θ)dϕ⊗ dϕ). (4.341)
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The f(0) expression also implies Pm
(0) ≡ δm0 and

fmn(0) ∂m ⊗ ∂n = −∂t ⊗ ∂t + 4∂ψ ⊗ ∂ψ + 4∂θ ⊗ ∂θ

+
4

sin2(θ)
(− cos(θ)∂ψ + ∂ϕ)⊗ (− cos(θ)∂ψ + ∂ϕ). (4.342)

A direct calclation now yields

E =
4

16π

∫
S3

f̂mn(0) (f(4)mn − f̄(4)mn)d(gS3) =
πM(a2 + 3)

4
, (4.343)

which matches the result quoted in [78], but calculated via a different method. Similarly,

PI =
4

16π

∫
S3

f̂mn(0) (f(4)mn − f̄(4)mn)x̂Id(gS3) = 0. (4.344)

When calculating KI and JIJ , the
∂θα

∂xI
terms in definition 4.11 are more easily calculated when

using the (θ, ϕ1, ϕ2) coordinates on S
3, as opposed to the (ψ, θ, ϕ) coordinates used to calculate

E and PI . For both KI and JIJ , I need to first calculate f(4)0α
∂θα

∂xI
|ρ=1. From equation 4.341,

f(4)0αdx
α = −Ma(dψ + cos(θ)dϕ) (4.345)

= −Ma((1 + cos(θ))dϕ1 + (1− cos(θ))dϕ2). (4.346)

Using ϕ1 = tan−1(x2/x1) and ϕ2 = tan−1(x4/x3). one finds that on the unit three sphere

∂ϕ1

∂x1
= − sin(ϕ1)

cos(θ/2)
,
∂ϕ1

∂x2
=

cos(ϕ1)

cos(θ/2)
,
∂ϕ1

∂x3
=
∂ϕ1

∂x4
= 0, (4.347)

∂ϕ2

∂x1
=
∂ϕ2

∂x2
= 0,

∂ϕ2

∂x3
= − sin(ϕ2)

sin(θ/2)
and

∂ϕ2

∂x4
=

cos(ϕ2)

sin(θ/2)
. (4.348)

Then, it can immediately be calculated that

KI =
4

16π

∫
S3

f(4)0α
∂θα

∂xJ

∣∣∣∣
ρ=1

(
δJI − x̂J x̂I

)
d(gS3) = 0 and (4.349)

JIJ =
4

16π

∫
Sn−2

f(4)0α

(
x̂I
∂θα

∂xJ

∣∣∣∣
ρ=1

− x̂J
∂θα

∂xI

∣∣∣∣
ρ=1

)
d(gS3) ≡ πMa

2


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 . (4.350)

This result justifies interpreting the original metric - equation 4.320 - as containing two equal,
independent angular momenta, πMa/2. If one measures angular momenta with respect to ∂

∂ψ

and ∂
∂ϕ

instead, then since ∂
∂ψ

= 1
2
( ∂
∂ϕ1

+ ∂
∂ϕ2

) and ∂
∂ϕ

= 1
2
( ∂
∂ϕ1

− ∂
∂ϕ2

), the angular momenta

would be πMa/2 and 0 respectively - matching the result in [78] up to a factor of two, which
is only a matter of conventions.

From equation 4.139, the positive energy theorem reduces to saying

E ≥ |J12|+ |J34| ⇐⇒ πM(a2 + 3)

4
≥ πMa ⇐⇒ (a− 1)(a− 3) ≥ 0. (4.351)

Therefore, a supersymmetric limit is reached by taking a → 1−. The supersymmetric limit is
singular, as observed in [33], but this is because of the lack of any further matter fields; for
example, even minimal gauged supergravity has a Maxwell-Chern-Simons field in 5D.
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There is also a charged version of the equal angular momentum Myers-Perry solution and
it can be used to illustrate some of the results in section 4.4. In the form presented in [84, 77],

g = −R
2W

4b2
dt⊗ dt+

1

W
dR⊗ dR +

1

4
R2(dθ ⊗ dθ + sin2(θ)dϕ⊗ dϕ)

+ b2(dψ + cos(θ)dϕ+ fdt)⊗ (dψ + cos(θ)dϕ+ fdt) (4.352)

and A = −Q
√
3

2R2

(
dt− j

2
(dψ + cos(θ)dϕ)

)
, (4.353)

where W = 1 + 4b2 − 2P − 2Q

R2
+
Q2 + 2Pj2

R4
, (4.354)

f = − j

2b2

(
2P −Q

R2
− Q2

R4

)
, (4.355)

b2 =
1

4
R2

(
1 +

2j2P

R4
− j2Q2

R6

)
(4.356)

and P , Q & j are constants. For the Fefferman-Graham coordinate, 1
W

plays the same role
here as f 2 in the previous example.

W = 1 +R2

(
1 +

2j2P

R4
− j2Q2

R6

)
− 2P − 2Q

R2
+
Q2 + 2Pj2

R4
(4.357)

= 1 +R2 +
2((j2 − 1)P +Q)

R2
+

(1− j2)Q+ 2j2P

R4
. (4.358)

Comparing with the previous example, the analogue of MZ in equation 4.325 is (1− j2)P −Q.
Hence, from that analysis, I immediately get

er → 1

2
(R +

√
1 +R2)

(
1− (1− j2)P −Q

4R4

)
and (4.359)

R2 → e2r

((
1− 1

4
e−2r

)2

+
1

2

(
(1− j2)P −Q

)
e−4r

)
. (4.360)

These expansions fully determine the other coefficients in the metric. In particular, I find

b2 → 1

4
e2r

((
1− 1

4
e−2r

)2

+
1

2

(
(1 + 3j2)P −Q

)
e−4r

)
, (4.361)

R2W

4b2
→ e2r

((
1 +

1

4
e−2r

)2

+
1

2

(
3Q− (j2 + 3)P

)
e−4r

)
and (4.362)

b2f = −j
2

(
2P −Q

R2
− Q2

R4

)
→ −j(2P −Q)

2
e−2r. (4.363)

Substituting these into equation 4.352 gives

g = e2r

(
−
(
1 +

1

4
e−2r

)2

dt⊗ dt+
1

4

(
1− 1

4
e−2r

)2 (
dθ ⊗ dθ + sin2(θ)dϕ⊗ dϕ

+ (dψ + cos(θ)dϕ)⊗ (dψ + cos(θ)dϕ)
)

+ e−4r

(
− 1

2
(3Q− (J2 + 3)P )dt⊗ dt+

1

8
((1− j2)P −Q)(dθ ⊗ dθ + sin2(θ)dϕ⊗ dϕ)

+
1

8
((1 + 3j2)P −Q)(dψ + cos(θ)dϕ)⊗ (dψ + cos(θ)dϕ)

− 1

2
j(2P −Q)(dt⊗ (dψ + cos(θ)dϕ) + (dψ + cos(θ)dϕ)⊗ dt)

))
+ dr ⊗ dr. (4.364)

88



Therefore the metric is indeed asymptotically AdS; it has

f(0) = f̄(0) = −dt⊗ dt+
1

4
(dψ + cos(θ)dϕ)⊗ (dψ + cos(θ)dϕ)

+
1

4
(dθ ⊗ dθ + sin2(θ)dϕ⊗ dϕ) and (4.365)

f(4) − f̄(4) = −1

2
(3Q− (J2 + 3)P )dt⊗ dt+

1

8
((1− j2)P −Q)(dθ ⊗ dθ + sin2(θ)dϕ⊗ dϕ)

+
1

8
((1 + 3j2)P −Q)(dψ + cos(θ)dϕ)⊗ (dψ + cos(θ)dϕ)

− 1

2
j(2P −Q)(dt⊗ (dψ + cos(θ)dϕ) + (dψ + cos(θ)dϕ)⊗ dt). (4.366)

These are the same form as equations 4.340 and 4.341. Analysing them the same way yields

E =
π

4
((j2 + 3)P − 3Q), PI = K1 = 0 and (4.367)

JIJ ≡ πj(2P −Q)

4


0 −1 0 0
1 0 0 0
0 0 0 −1
0 0 1 0

 . (4.368)

My result for E matches the result calculated in [77] using the completely different methods
of [4], while the angular momentum matches up to a convention-dependent factor of -2. The
only remaining quantity in equation 4.302 is the electric charge. For that,

F = dA =
Q
√
3

R3
dR ∧

(
dt− j

2
(dψ + cos(θ)dϕ)

)
− jQ

√
3

4R2
sin(θ)dθ ∧ dϕ (4.369)

→ Q
√
3e−2rdr ∧

(
dt− j

2
(dψ + cos(θ)dϕ)

)
− jQ

√
3

4
e−2r sin(θ)dθ ∧ dϕ (4.370)

=⇒ E1 = F10 = Q
√
3e−3r and therefore (4.371)

qe =
1

4π

∫
S3
∞

E1dA =
πQ

√
3

2
. (4.372)

Substituting all these quantities into equation 4.302 implies

π

4
((j2 + 3)P − 3Q)I +

iπj(2P −Q)

4
γ0
(
γ2γ1 + γ4γ3

)
− 3πQ

4
γ0 (4.373)

is non-negative definite. The eigenvalues of this matrix are

π

4
((j2 + 3)P − 3Q) +

3πQ

4
,
π

4
((j2 + 3)P − 3Q)− 3πQ

4
+
πj(2P −Q)

2

and
π

4
((j2 + 3)P − 3Q)− 3πQ

4
− πj(2P −Q)

2
. (4.374)

Which of these is the lowest eigenvalue depends on the choices of j, P and Q. Nonetheless,
they all have to be non-negative. Therefore,

π

4
((j2 + 3)P − 3Q) +

3πQ

4
≥ 0 ⇐⇒ P ≥ 0, (4.375)

π

4
((j2 + 3)P − 3Q)− 3πQ

4
+
πj(2P −Q)

2
≥ 0 ⇐⇒ P ≥ 2Q

j + 1
and (4.376)

π

4
((j2 + 3)P − 3Q)− 3πQ

4
− πj(2P −Q)

2
≥ 0 ⇐⇒ P ≥ − 2Q

j − 1
. (4.377)
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From [84], each inequality is saturated by a known supersymmetric solution. In particular,
P = 0 is the Klemm-Sabra solution [75] and P = ± 2Q

j±1
are the Gutowski-Reall solutions [55]

with their ϵ = ∓1 respectively.
As an extension to this example, consider a Zp quotient of each constant t and R sphere

so that the asymptotic end becomes R2 × L(p, 1) instead of R2 × S3. Note that the metric
components have no explicit dependence on ψ and hence this quotient is well-defined from
that point of view12. Furthermore, since Σt only extends up to the event horizon, any orbifold
singularities or other issues which may arise from the quotient are shielded. Therefore, theorem
4.21 should apply.

From equations 4.182 to 4.191, 4.181 & 4.368, definitions 4.11 & 4.16 and the fact the
components in equations 4.365 & 4.366 don’t depend on ψ or ϕ, the angular momenta on the
lens space are related to the angular momenta on the sphere by

J
L(p,1)
1 =

1

p

(
JS

3

12 + JS
3

34

)
= −πj(2P −Q)

2p
, J

L(p,1)
2 =

1

p

(
JS

3

12 − JS
3

34

)
= 0,

J
L(p,1)
3 =

1

p

(
JS

3

24 + JS
3

13

)
= 0 and J

L(p,1)
4 =

1

p

(
JS

3

14 − JS
3

23

)
= 0. (4.378)

Hence, theorem 4.21 reduces to saying

π

4p
((j2 + 3)P − 3Q) +

3πQ

4p
+ 0 ≥ 0 ⇐⇒ P ≥ 0. (4.379)

This time, saturating the theorem only yields the (quotiented) Klemm-Sabra solution, even
though both the Klemm-Sabra and Gutowski-Reall solutions have well-defined metrics on the
domains of outer communication after the quotient. The obstruction instead comes from the
Killing spinors, i.e. the solutions to ∇aε = 0, not surviving the quotient. This is much the
same as lemma 4.15, where the quotient removed half the Killing spinors on the sphere.

From equations 5.2 and 4.2 of [75], the Killing spinors for the Klemm-Sabra solution are
independent of ψ and are therefore unaffected by the quotient. Thus, the Zp quotient of
the Klemm-Sabra solution remains a supersymmetric solution - this time with L(p, 1) cross-
sections - as shown by the application of theorem 4.21 above. On the other hand, setting a = b
in equation A.12 of [18] gives the Killing spinors of the Gutowski-Reall solution. Since these
Killing spinors have an overall eiψ/2 factor, they do not survive the quotient. Hence, although
the metric is well-defined after the quotient, it is no longer supersymmetric.

12From equations 4.322 and 4.177, the Zp quotient acts by ψ ∼ ψ + 4π
p in these coordinates. A tensor or

spinor must be invariant under this identification to survive the quotient.
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Chapter 5

Quasilocal mass for spacetimes with
negative cosmological constant

“Roads?” Where we’re going, we don’t need “roads.”
- Dr. Emmett Brown in Back to the Future

In this chapter, I leave behind the well-driven road of asymptotics and global definitions of
energy to embark on a journey towards quasilocal mass. The main result of this chapter will be
a new definition of quasilocal mass for spacetimes with negative cosmological constant based on
the Dougan-Mason definition for Λ = 0. I will subsequently prove that my definition satisfies
a number of physically desirable properties. Aa is set to zero throughout this chapter.

5.1 New quasilocal mass and its positivity

The set-up for this chapter is the same as section 2.3.2 and figure 2.1. In particular, let S be a
compact, closed, 2D spacelike surface in a 4D spacetime with negative cosmological constant.
Let {P,Q,X, Y } be orthonormal with X & Y tangent to S, P being a future-directed, timelike
normal to S and Q a spacelike normal to S. Let Σ denote a 3D, spacelike region bounded by
S with Q tangent to Σ. Given this set-up and the use of spinors, it will be very natural to use
the GHP formalism adapted to S, as reviewed in section 2.1. The main task in this chapter is
to define a geometric invariant, m(S), which quantifies the mass within S.

A key element of the construction to follow will be Dirac spinors, Φ = (φα, ξ̄
α̇)T , satisfying

ma∇aΦ = 0 on S. A basis for the solution space will be denoted {ΦA = (φAα , ξ̄
Aα̇)T} and

A,B, ... will be indices on this space1.

Lemma 5.1. Applying the GHP formalism and NP coefficients, ma∇aΦ = 0 is equivalent to

0 = ð̄φo + µφι − ik
√
2 ξo, (5.1)

0 = ð̄ξι − ρξo − ik
√
2φι, (5.2)

0 = ð̄φι − σ̄φo and (5.3)

0 = ð̄ξo + λξι. (5.4)

Proof. In terms of two component spinors,

ma∇aΦ =

[
maDaφα
maDaξ̄

α̇

]
+ ikma

[
0 (σa)αα̇

(σ̃a)
α̇α 0

] [
φα
ξ̄α̇

]
=

[
δ̄φα − ik

√
2 ξooα

δ̄ξ̄α̇ − ik
√
2φιῑ

α̇

]
. (5.5)

1Note that A,B, ... are not vielbein indices running 2, 3 in this context. More fundamentally, this labeling
implicitly assumes the solution space has countable dimension. As I will explain later, this is expected to be
the case for generic S.
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Contracting the top half with oα, applying the NP coefficients from appendix B and equations
2.65 & 2.66 yields

0 = oα
(
δ̄φα − ik

√
2 ξooα

)
(5.6)

= oα
(
δ̄ (φooα + φιια)− ik

√
2 ξooα

)
(5.7)

= 0 + φoo
αδ̄oα −

√
2δ̄φι + φιo

αδ̄ια − 0 (5.8)

=
√
2σ̄φo −

√
2δ̄φι +

√
2φιβ̄ (5.9)

=
√
2
(
σ̄φo − ð̄φι

)
, (5.10)

which proves equation 5.3. Similarly,

0 = ια
(
δ̄φα − ik

√
2 ξooα

)
=

√
2
(
ð̄φo + µφι − ik

√
2 ξo

)
, (5.11)

0 = ōα̇

(
δ̄ξ̄α̇ − ik

√
2φιῑ

α̇
)
=

√
2
(
ð̄ξι − ρξo − ik

√
2φι

)
and (5.12)

0 = ῑα̇

(
δ̄ξ̄α̇ − ik

√
2φιῑ

α̇
)
= −

√
2
(
ð̄ξo + λξι

)
(5.13)

prove the remaining three equations. □

Definition 5.2 (QAB). Define the hermitian matrix, QAB, by

QAB = 4

∫
S

(
ρφAo φ

B
o + µξAι ξ

B

ι − ρξAo ξ
B

o − µφAι φ
B
ι

+ ik
√
2
(
ξAι φ

B
o − φAo ξ

B

ι − ξAo φ
B
ι + φAι ξ

B

o

))
dA. (5.14)

Theorem 5.3. If the dominant energy condition holds on Σ and the null expansions on S
satisfy θl > 0, θn < 0 & θlθn < −8k2, then QAB is a non-negative definite matrix.

Proof. From lemma 3.4,

Q(Φ) = 4

∫
S

(
φιðφo + φιð̄φo − ξoðξι − ξoð̄ξι + ρ|φo|2 + µ|φι|2 + ρ|ξo|2 + µ|ξι|2

+ ik
√
2
(
φoξι + φιξo − φoξι − φιξo

))
dA. (5.15)

From equations 5.1 and 5.2, this reduces to

Q(Φ) = 4

∫
S

(
ρ|φo|2 − µ|φι|2 − ρ|ξo|2 + µ|ξι|2 + ik

√
2
(
φoξι − ξoφι − φoξι + ξoφι

))
dA. (5.16)

Let Z = (ϕα, ζ̄
α̇)T be any Dirac spinor on Σ with sufficient regularity so that γI∇IZ ∈ L2.

Furthermore, choose Z to have ϕo = φo and ζι = ξι on S. Therefore, by theorem 3.12, ∃Ψ′ ∈ H
such that D(Ψ′) = −γI∇IZ. Thus Ψ = Ψ′ + Z satisfies γI∇IΨ = 0 and by corollary 3.2.1,

Q(Ψ) =

∫
Σ

(
∇I(Ψ)†∇IΨ− 4πT 0aΨγaΨ

)
dV ≥ 0, (5.17)

where the first term is manifestly non-negative and the second term is non-negative by the
dominant energy condition. Furthermore, since every element, Ψ′ ∈ H, has ψ′

o = χ′
ι = 0 on S

by construction, it follows that Ψ has ψo = φo and χι = ξι on S.

92



Therefore, by lemma 3.4 and the fact all the derivatives in the lemma are tangent to S,
Q(Ψ) can also be written as

Q(Ψ) = 4

∫
S

(
ψιðφo + ψιð̄φo − χoðξι − χoð̄ξι + ρ|φo|2 + µ|ψι|2 + ρ|χo|2 + µ|ξι|2

+ ik
√
2
(
φoξι + ψιχo − φoξι − ψιχo

))
dA. (5.18)

Then, from equations 5.1 and 5.2,

Q(Ψ) = 4

∫
S

(
µ
(
− ψιφι − ψιφι + |ψι|2 + |ξι|2

)
+ ρ
(
− χoξo − χoξo + |φo|2 + |χo|2

)
+ ik

√
2
(
− ψιξo + ψιξo + χoφι − χoφι + φoξι + ψιχo − φoξι − ψιχo

))
dA. (5.19)

Therefore re-writing equation 5.16 in terms of Q(Ψ) yields

Q(Φ) = 4

∫
S

(
− µ

(
|φι|2 − ψιφι − ψιφι + |ψι|2

)
− ρ
(
|ξo|2 − χoξo − χoξo + |χo|2

)
− ik

√
2
(
− ψιξo + ψιξo + χoφι − χoφι

+ ψιχo − ψιχo + ξoφι − ξoφι
))

dA+Q(Ψ) (5.20)

= 4

∫
S

(
− ik

√
2
(
(ξo − χo)(φι − ψι)− (ξo − χo)(φι − ψι)

)
− µ|φι − ψι|2 − ρ|ξo − χo|2

)
dA+Q(Ψ). (5.21)

As done previously in section 3.2, let µ′ = µ/|z|2, ρ′ = |z|2ρ, ξ′o = ξo/z, χ
′
o = χo/z, φ

′
ι = zφι

and ψ′
ι = zψι. Again, choose z = 4

√
µ/ρ so that µ′ = ρ′ = −√

µρ = −1
2

√
−θlθn < −k

√
2.

Hence,

Q(Φ) = 4

∫
S

(
− ik

√
2
(
(ξ′o − χ′

o)(φ
′
ι − ψ′

ι)− (ξ
′
o − χ′

o)(φ
′
ι − ψ

′
ι)
)

− µ′|φ′
ι − ψ′

ι|2 − ρ′|ξ′o − χ′
o|2
)
dA+Q(Ψ) (5.22)

= 4

∫
S

(√
2k|ξ′o − χ′

o + iφ′
ι − iψ

′
ι|2

− (µ′ +
√
2k)|φ′

ι − ψ′
ι|2 − (ρ′ +

√
2k)|ξ′o − χ′

o|2
)
dA+Q(Ψ) (5.23)

≥ 0. (5.24)

Since {ΦA} is a basis for the solution space to ma∇aΦ = 0, I can let Φ = cAΦ
A for any

constants, cA. Hence, φo = cAφ
A
o , φι = cAφ

A
ι , ξo = cAξ

A

o and ξι = cAξ
A

ι . Finally, definition 5.2,
equation 5.16 and equation 5.24 imply

0 ≤ Q(Φ) = c̄AQ
ABcB. (5.25)

Since cA are arbitrary, it must be that QAB is non-negative definite. □

While this theorem achieves a manifestly non-negative object, some auxiliary constructions
are still required to extract a mass from QAB.

Definition 5.4 (TAB). Define the matrix, TAB, by

TAB = εαβφAαφ
B
β − εα̇β̇ ξ̄Aα̇ ξ̄

B
β̇
=

√
2
(
φAo φ

B
ι − φBo φ

A
ι + ξ

B

o ξ
A

ι − ξ
A

o ξ
B

ι

)
. (5.26)
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The notion of a surface, S, being “generic” can now finally be stated precisely.

Definition 5.5 (Generic - TAB form). The surface, S, is said to be generic if and only if TAB

is invertible.

Definition 5.6 (Generic - ΦA form). The surface, S, is said to be generic if and only if the
solution space to ma∇aΦ = 0 on S is four (complex) dimensional and the basis, {ΦA}4A=1, is
pointwise linearly independent at least at one point of S.

I will show later that the ΦA version of generic implies the TAB version, although only the
TAB version will be needed for defining m(S). More importantly though, surfaces generic in
name should be generic in practice too. For the TAB form, it could be argued that since the
set of singular n× n matrices are measure zero in the set of all n× n matrices, this is indeed
a valid notion of generic. However, it’s not obvious the solution space is finite dimensional
and this argument doesn’t consider the possibility there is something specific to this situation
precluding TAB’s invertibility. Furthermore, the examples considered in sections 5.2 and 5.3
either satisfy both notions of generic or neither notion of generic. Hence, it’s unclear whether
m(S) constructed on a surface satisfying the TAB form, but not the ΦA form, of generic has
physical meaning beyond simple mathematical validity. Finally, from a practical point of view,
one would like to know what size of matrix to expect for TAB - and for that matter, QAB. As
defined so far, they could be of arbitrarily large size, maybe even infinitely large. Fortunately,
at least for topologically spherical S, there are reasons to believe the ΦA form is also a valid
notion of generic, implying TAB is only a 4× 4 matrix.

It is known - e.g. from section 8.2.2 of [112] - that δ̄ is an elliptic operator and the com-
pactness of S then guarantees δ̄ has finite dimensional kernel. Then, it is also known [112] that
δ̄’s index (dimension of kernel minus dimension of cokernel) is 4(1 − g) when S has genus, g.
The difference between ma∇a - the actual operator of interest - and δ̄ is ikmaγa, which is a
compact operator since S is compact and ikmaγa is just a smooth, 4× 4 matrix2. Therefore by
Fredholm theory, index(ma∇a) = index(δ̄) = 4(1− g). Thus, if S is diffeomorphic to a sphere,
then ma∇aΦ = 0 must have at least four linearly independent solutions.

In the spherical examples of sections 5.2.1 and 5.3, there happen to be precisely four linearly
independent solutions. From a similar situation, Penrose then argues [99] as long as S is not
too far from “canonical” situations - such as the examples to be considered - there would still
remain precisely four linearly independent solutions. At least for spherical S, this justifies
the first half of the generic definition in ΦA form. For non-spherical S, the situation is far less
constrained and I can’t immediately say whether either definition of generic is actually realistic.
In section 5.2.2 I study two examples with toroidal S. In the first, it will be shown ma∇aΦ = 0
has two linearly independent solutions and the corresponding TAB is just zero, while in the
second, ma∇aΦ = 0 won’t even have a single non-zero solution. Hence both definitions of
generic fail. However, the wider implications of those examples are unclear to me.

The second half of definition 5.6 is motivated by a possibility that occurs in the Dougan-
Mason definition, where one needs to solve the analogous equation, δ̄φα = 0. It turns out
there exist “exceptional” surfaces - bifurcate Killing surfaces are one example - where there
are two solutions to δ̄φα = 0 (the number expected and desired in that context) which are
linearly independent as functions despite being pointwise linearly dependent at every point of
S. The Dougan-Mason mass cannot be defined on such surfaces because the analogue of TAB

just becomes zero. However, based on considerations of holomorphic spin bundles, Dougan
and Mason argue such surfaces really are exceptional and not generic. Similarly, definition 5.6
insists {ΦA}4A=1 are pointwise linearly independent at least at one point of S for S to be called
generic in the ΦA sense.

2Compactness is again essentially due to the Rellich-Kondrachov theorem, as explained in the proof of
theorem 3.12 in the non-compact case.
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Lemma 5.7. TAB is antisymmetric and constant on S. Furthermore, the notion of generic in
definition 5.6 implies the notion of generic in definition 5.5.

Proof. Antisymmetry follows directly from the definition. Next, observe that by equation 5.5,

δ̄TAB = εαβ δ̄(φAα )φ
B
β + εαβφAα δ̄φ

B
β − εα̇β̇ δ̄(ξ̄Aα̇ )ξ̄

B
β̇
− εα̇β̇ ξ̄Aα̇ δ̄ξ̄

B
β̇

(5.27)

= εαβik
√
2ξ̄Ao oαφ

B
β + εαβφAα ik

√
2ξ̄Bo oβ − εα̇β̇ik

√
2φAι ῑα̇ξ̄

B
β̇
− εα̇β̇ ξ̄Aα̇ ik

√
2φBι ῑβ̇ (5.28)

= 2ik
(
ξ
A

o φ
B
ι − ξ

B

o φ
A
ι + φAι ξ

B

o − φBι ξ
A

o

)
(5.29)

= 0. (5.30)

Therefore for each A and B, TAB is a holomorphic function on S. Then, since S is compact,
Liouville’s theorem implies TAB is constant on S.

To prove invertibility, it’s easier to work in Dirac spinor notation. With the charge conju-
gation matrix given in appendix A, observe that

(ΦA)TC−1ΦB =
[
φAα ξ̄Aα̇

] [εαβ 0
0 εα̇β̇

] [
φBβ
ξ̄Bβ̇

]
= φAαε

αβφBβ + ξ̄Aα̇εα̇β̇ ξ̄
Bβ̇ = TAB. (5.31)

Let vA be a vector in the nullspace of TAB, i.e. TABvB = 0. Let Z = vAΦ
A. Then,

TABvB = 0 ⇐⇒ (ΦA)TC−1Z = 0 ⇐⇒ wA(Φ
A)TC−1Z = 0 (5.32)

for any vector, wA. Definition 5.6 says there are four different ΦA and they are pointwise
linearly independent at least at one point, say p, on S. Since Dirac spinors also have four
components, {ΦA}4A=1 must form a pointwise basis at p. Hence, wAΦ

A can be any Dirac spinor
at p, which then implies C−1Z|p = 0. But C−1 is invertible, so it must be that Z|p = 0.
However, then vA = 0 by the linear independence of {ΦA}4A=1 at p, which is equivalent to TAB

having trivial nullspace. □

Before TAB can be put to use in extracting information from QAB, one more auxiliary result
is required.

Lemma 5.8. For any non-negative definite, hermitian matrix, H, and antisymmetric matrix,
A, tr(HAHĀ) is real and tr(HAHĀ) ≤ 0.

Proof. In this proof I will write all indices downstairs and all summations explicitly. Then,

tr(HAHĀ) =
∑

A,B,C,D

HABABCHCDĀDA = −
∑

A,B,C,D

HABABCHCDĀAD (5.33)

is non-positive because H is non-negative definite, HAB acts like a metric on the first index of
A and HCD acts like a metric on the second of A, i.e. the expression is just the (negative of
the) norm of A with respect to the metric, H. The result is real because the cyclic property of

the trace implies tr(HAHĀ) = tr(HĀHA) = tr(HAHĀ).
As an alternative proof, first note that every hermitian matrix is orthogonally diagonalisable

and has real eigenvalues. Therefore, ∃ vectors, {v(A)}, such that v†(A)v(B) = δAB, Hv(A) = λAv(A)
for some λA ∈ R and UAB = v(B)A is the change of basis matrix that leads to diagonalisation.
Then, it can be checked that

tr(HAHĀ) = −
∑
A,B

λAλB|v†(A)Av̄(B)|2, (5.34)

which is manifestly real and non-positive. □
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Definition 5.9 (Quasilocal mass). Suppose the dominant energy condition holds on Σ, the
null expansions on S satisfy θl > 0, θn < 0 & θlθn < −8k2 and S is generic (either definition).
Then, construct QAB and TAB by definitions 5.2 & 5.4 and define the quasilocal mass, m(S),
to be

m(S) =
1

16π

√
−tr(QT−1QT−1). (5.35)

Theorem 5.3, lemma 5.7 and lemma 5.8 ensure m(S) is well-defined and manifestly non-
negative. Furthermore, m(S) is independent of the choice of basis, {ΦA}, as follows. Define
Φ′A = BA

BΦ
B for a constant, invertible matrix, B. Then, by definitions 5.2 and 5.4,

Q′AB = B̄A
CQ

CDBB
D ⇐⇒ Q′ = B̄QBT and (5.36)

T ′AB = BA
CT

CDBB
D ⇐⇒ T ′ = BTBT . (5.37)

Thus, the object in m(S) transforms as

tr(Q′(T ′)−1Q′(T ′)−1) = tr(B̄QBTB−TT−1B−1BQB̄T B̄−TT−1B̄−1) = tr(QT−1QT−1). (5.38)

Lemma 5.10. m(S) = 0 for every surface, S, in AdS that is generic in the ΦA sense.

Proof. With this notion of generic ∃ exactly four linearly independent solutions to ma∇aΦ = 0.
However, AdS already has a four dimensional space of Killing spinors, i.e. solutions to∇aεk = 0.
Therefore, since ∇aεk = 0 is a stronger condition, one can use the Killing spinors of AdS as
{ΦA}4A=1. Then, Φ = εk and ∇aεk = 0 =⇒ Eab(Φ) = 0 =⇒ Q(Φ) = 0 =⇒ m(S) = 0. □

It’s natural to consider the converse, i.e. study the implications of m(S) = 0. This problem
is considerably harder even in the context of an asymptotic end - see [61, 60, 62] for recent
progress - and I will not consider it in this thesis.

My new definition of quasilocal mass is perhaps closest in spirit to Penrose’s definition,
albeit there is no need for twistors. In particular, QAB is analogous to Penrose’s “kinematical
twistor” - see the material around equation 23 in [99] - while TAB is analogous to his surface
“infinity twistor” - see the discussion between equations 25 and 26 in [99]. Meanwhile, my
definition is also closely related to the Dougan-Mason mass. When Λ = 0, the left-handed
and right-handed sectors of all the equations decouple, meaning it suffices to simply set the
right-handed sector to zero. Then, A,B, · · · only run 1, 2. Thus, TAB can be normalised to
εAB and one can use it to manipulate two-component spinors with QAB now viewed as P ȦA, a
4-momentum converted to two-component spinors. Then, my definition reduces to

−256π2m(S)2 = tr(QT−1QT−1) = QABTBCQ
CDTDA ≡ P ȦAεABP

BḂεḂȦ, (5.39)

which is the Dougan-Mason mass (up to normalisation). However, since Dougan and Mason

have a full energy-momentum vector, P ȦA, they are able to further decompose m(S) into a
quasilocal energy and quasilocal linear momentum. This decomposition is lost in my definition
- as it is in Penrose’s definition when S is away from I. While the technical reason is simply that
A,B, · · · run over four indices, instead of two, a more physical reason could be the difference
between the Casimir operators of o(3, 2) and iso(3, 1), as I will discuss further at the end of
section 5.3.

5.2 Highly symmetric examples

For an arbitrary surface, S, the quasilocal mass of definition 5.9 will likely be very difficult,
if not impossible, to calculate analytically. However, if the surface has a high degree of sym-
metry, then more progress can be made. In section 5.2.1 I will focus on spherically symmetric
spacetimes, where I will show definition 5.9 reduces to the Misner-Sharp mass3 [89] of such

3The Misner-Sharp mass is usually taken as the standard mass for spherically symmetric spacetimes [112].
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spacetimes4. Likewise, section 5.2.2 explores two examples with toroidal symmetry, where it
will turn out that a number of assumptions required for definition 5.9 don’t hold. The canon-
ical examples of spacetimes with such high symmetry are the Schwarzschild spacetime and its
variations, described by the metric,

g = −
(
c− 2M

r
+ 4k2r2

)
dt⊗ dt+

dr ⊗ dr

c− 2M/r + 4k2r2
+ r2g(c), (5.40)

where c = 1, 0 or −1 and g(c) is the standard metric on the round 2-sphere, the 2-torus or a
compactified 2D hyperbolic space respectively.

5.2.1 Spherical symmetry

Given there is a heavy reliance on null normals in the NP and GHP formalisms, it will be be
easiest to study a general, spherically symmetric spacetime by deploying double null coordi-
nates. In particular, for any spherically symmetric spacetime, let r be the area-radius function
and let u & v be null coordinates normal to the symmetry spheres, S2

r . Then, in such “double
null” coordinates, spherical symmetry dictates the metric is

g = −Ω(u, v)2(du⊗ dv + dv ⊗ du) + r(u, v)2gS2 , (5.41)

for some function, Ω(u, v). Without loss of generality assume u is outgoing and v is ingoing,
i.e. ∂ur > 0 and ∂vr < 0.

For any S2
r in this spacetime, a natural NP tetrad is

l =
1

Ω

∂

∂u
, n =

1

Ω

∂

∂v
and m =

1

r
√
2

(
∂

∂θ
+

i

sin(θ)

∂

∂ϕ

)
. (5.42)

For this tetrad, it can be checked by directly evaluating any necessary Christoffel symbols that

σ = λ = 0, ρ = −∂ur
Ωr

, µ =
∂vr

Ωr
and β = −α =

1

2
√
2r

cot(θ). (5.43)

Theorem 5.11. The general solution to ma∇aΦ on S2
r is

φo = −
(√

2

Ω
∂v(r)c3 + 2ikrc2

)(
1/2Y1/2,−1/2

)
−
(√

2

Ω
∂v(r)c4 − 2ikrc1

)(
1/2Y1/2,1/2

)
, (5.44)

ξι =

(√
2

Ω
∂u(r)c̄1 + 2ikrc̄4

)(
−1/2Y1/2,−1/2

)
+

(√
2

Ω
∂u(r)c̄2 − 2ikrc̄3

)(
−1/2Y1/2,1/2

)
, (5.45)

ξo = c̄1
(
1/2Y1/2,−1/2

)
+ c̄2

(
1/2Y1/2,1/2

)
and (5.46)

φι = c3
(
−1/2Y1/2,−1/2

)
+ c4

(
−1/2Y1/2,1/2

)
, (5.47)

where cA are arbitrary constants and (sYjm) are spin-weighted spherical harmonics5.

Proof. Let ðs and ð̄s be differential operators that act on functions on the sphere, F , by

ðsF = s cot(θ)F −
(
∂

∂θ
+

i

sin(θ)

∂

∂ϕ

)
F and (5.48)

ð̄sF = −s cot(θ)F −
(
∂

∂θ
− i

sin(θ)

∂

∂ϕ

)
F. (5.49)

4While this could appear to be merely a sanity check, in fact it is non-trivial. For example, the Brown-York
mass [15] does not agree with the Misner-Sharp mass and in fact produces m(S2

r ) = r(1−
√
1− 2M/r) in the

Schwarzschild spacetime (with Λ = 0) despite being physically very well-motivated.
5The exact expressions for the four spin-weighted spherical harmonics used are listed in appendix A.
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Then, since φo & ξo are type-(0,−1) and φι & ξι are type-(0, 1) in the GHP formalism, the
chosen tetrad and the NP coefficients in equation 5.43 imply the equations of lemma 5.1 can
be written as (after multiplying by −r

√
2)

0 = ð̄1/2φo −
√
2

Ω
∂v(r)φι + 2irkξo, (5.50)

0 = ð−1/2ξι −
√
2

Ω
∂u(r)ξo − 2irkφι, (5.51)

0 = ð̄−1/2φι and (5.52)

0 = ð1/2ξo. (5.53)

The spin-weighted spherical harmonics, (sYjm), are known [100] to be eigenfunctions of ðs and
ð̄s; in particular

ðs (sYjm) =
√

(j − s)(j + s+ 1) (s+1Yjm) , (5.54)

ð̄s (sYjm) = −
√

(j + s)(j − s+ 1) (s−1Yjm) and (5.55)

(sYjm) = (−1)s+m
(
−sYj(−m)

)
. (5.56)

Furthermore, they form a complete basis for expanding functions on the round sphere. Hence,
it immediately follows that the solutions to equations 5.52 and 5.53 are

φι = c3
(
−1/2Y1/2,−1/2

)
+ c4

(
−1/2Y1/2,1/2

)
and (5.57)

ξo = c̄1
(
1/2Y1/2,−1/2

)
+ c̄2

(
1/2Y1/2,1/2

)
(5.58)

for some constants, c1, c2, c3 and c4.
Substituting these into equations 5.50 and 5.51 then says

ð̄1/2φo =

(√
2

Ω
∂v(r)c3 + 2ikrc2

)(
−1/2Y1/2,−1/2

)
+

(√
2

Ω
∂v(r)c4 − 2ikrc1

)(
−1/2Y1/2,1/2

)
and (5.59)

ð−1/2ξι =

(√
2

Ω
∂u(r)c̄1 + 2ikrc̄4

)(
1/2Y1/2,−1/2

)
+

(√
2

Ω
∂u(r)c̄2 − 2ikrc̄3

)(
1/2Y1/2,1/2

)
. (5.60)

The claimed expressions for φo and ξι then follow by once again applying the completeness and
eigenfunction properties (under ðs and ð̄s) of spin-weighted spherical harmonics. □

The mass definition 5.9 will be compared against is the Misner-Sharp mass, as given in
equation 2.170.

Definition 5.12 (Misner-Sharp mass). Including a cosmological constant, the Misner-Sharp
mass for spherically symmetric spacetimes is defined to be

mMS(S
2
r ) =

r

2

(
1 + 4k2r2 − (gab − βab)Da(r)Db(r)

)
, (5.61)

where βab is the induced metric on each S2
r .

Theorem 5.13. m(S2
r ) agrees with the Misner-Sharp mass (with cosmological constant) for

spherically symmetric spacetimes.
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Proof. Taking the four cA to be the coefficients multiplying the four linearly independent
solutions, it follows from theorem 5.11 that

QAB ≡ 4r(2∂u(r)∂v(r) + Ω2(1 + 4k2r2))

Ω3


∂ur 0 0 −ikΩr

√
2

0 ∂ur ikΩr
√
2 0

0 −ikΩr
√
2 −∂vr 0

ikΩr
√
2 0 0 −∂vr

 , (5.62)

TAB ≡ 1

πΩ


0 −∂ur −ikΩr

√
2 0

∂ur 0 0 −ikΩr
√
2

ikΩr
√
2 0 0 −∂vr

0 ikΩr
√
2 ∂vr 0

 and hence (5.63)

T−1 =
πΩ

∂u(r)∂v(r) + 2k2Ω2r2


0 ∂vr −ikΩr

√
2 0

−∂vr 0 0 −ikΩr
√
2

ikΩr
√
2 0 0 ∂ur

0 ikΩr
√
2 −∂ur 0

 . (5.64)

Then, one finds

m(S2
r ) =

1

16π

√
−tr(QT−1QT−1) =

r

2

(
2

Ω2
∂u(r)∂v(r) + 1 + 4k2r2

)
, (5.65)

which is the Misner-Sharp mass in double null coordinates (note the Misner-Sharp mass is
manifestly coordinate independent). □

Corollary 5.13.1. For the Schwarzschild-AdS spacetime, m(S2
r ) coincides with the mass pa-

rameter, M , in the metric.

Proof. The Misner-Sharp mass for Schwarzschild-AdS is most easily calculated in the standard
(t, r, θ, ϕ) coordinates instead of double null coordinates. Hence,

m(S2
r ) =

r

2

(
1 + 4k2r2 +

1

1 + 4k2r2 − 2M/r
∂t(r)

2 − (1 + 4k2r2 − 2M/r)∂r(r)
2

)
=M (5.66)

as expected. □

In theorem 5.3 it was assumed that θlθn < −8k2. However, that assumption never came
up in the preceding spherical symmetry discussion. In the standard (t, r, θ, ϕ) coordinates, the
most natural tetrad to choose is

l =
1√
2

(
1

f

∂

∂t
+ f

∂

∂r

)
, n =

1√
2

(
1

f

∂

∂t
− f

∂

∂r

)
and m =

1

r
√
2

(
∂

∂θ
+

i

sin(θ)

∂

∂ϕ

)
, (5.67)

where f =
√
1− 2M/r + 4k2r2. Then, one finds

ρ = µ = − f

r
√
2

and hence θlθn = −2f 2

r2
= − 2

r2
+

4M

r3
− 8k2. (5.68)

Therefore θlθn < −8k2 ⇐⇒ r > 2M . This result is quite mysterious to me because r = 2M is
no longer a special radius when a cosmological constant is added to the Schwarzschild metric.
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5.2.2 Toroidal symmetry

In this section, the round spheres in section 5.2.1 are replaced with tori. Because the torus is
flat, it serves as the simplest - and most practically tractable - example where the constructions
of section 5.1 can be studied on a non-spherical surface, S. Since index(ma∇a) = 4(1− g) for
a genus, g, surface from earlier, there might not be any solutions to ma∇aΦ = 0 in general.
Furthermore, it’s possible the number of solutions varies with sufficient deformations of the
torus in question. The aim of this section is to illustrate these possibilities via counterexamples
to the assumptions underpinning definition 5.9. First consider the c = 0 case in equation 5.40.
To summarise, the domain of outer communication of the toroidal Schwarzschild-AdS spacetime
is R × ((M/2k2)1/3,∞)× T2 with the metric,

g = −f(r)2dt⊗ dt+
dr ⊗ dr

f(r)2
+ r2(dθ ⊗ dθ + dϕ⊗ dϕ), (5.69)

where f(r) =

√
−2M

r
+ 4k2r2 (5.70)

and (θ, ϕ) are coordinates on each T2 = S1 × S1.
Then, one can follow the same steps as section 5.2.1. In particular, with

l =
1√
2

(
1

f

∂

∂t
+ f

∂

∂r

)
, n =

1√
2

(
1

f

∂

∂t
− f

∂

∂r

)
and m =

1

r
√
2

(
∂

∂θ
+ i

∂

∂ϕ

)
(5.71)

as a NP tetrad for T2
r, one finds

σ = λ = α = β = 0 and ρ = µ = − f

r
√
2
. (5.72)

Consequently ma∇aΦ = 0 is equivalent to

0 = 2∂z̄φo − fφι − 2ikrξo, (5.73)

0 = 2∂zξι + fξo + 2ikrφι, (5.74)

0 = ∂z̄φι and (5.75)

0 = ∂zξo, (5.76)

where z = θ − iϕ. Note that ∂z is globally well defined even if θ and ϕ are not.
Liouville’s theorem immediately implies φι and ξo are constants, say c3 and c̄4. Substituting

these into the other two equations says

∂z̄φo =
1

2
(fc3 + 2ic4kr) and ∂zξι = −1

2
(f c̄4 + 2ic̄3kr). (5.77)

Since r is also just a constant on T2
r, the equations can be immediately integrated to

φo =
1

2
(fc3 + 2ic4kr)z̄ + c1(z) and ξι = −1

2
(f c̄4 + 2ic̄3kr)z + c̄2(z̄) (5.78)

for some holomorphic functions, c1 and c2. However, by Liouville’s theorem, c1 and c2 must
actually be constants. Furthermore, T2

r has 2π periodicity in the θ and ϕ coordinates which
neither (fc3 + 2ic4kr)z̄ nor (f c̄4 + 2ic̄3kr)z do. Hence, φo and ξι can only be well-defined if
c3 = c4 = 0. In summary,

φo = c1, ξo = 0, φι = 0 and ξι = c̄2 (5.79)
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for constants, c1 and c2. Note that the ΦA form of generic immediately fails because there are
only two linearly independent solutions, not four. Furthermore, θlθn < −8k2 fails to hold at
any radius. By taking c1 and c2 to parameterise the two linearly independent solutions, direct
calculation shows

QAB = 8
√
2π2r

[
−f −2ikr
2ikr −f

]
and TAB = 0. (5.80)

Hence, the TAB form of generic also fails and m(T2
r) cannot be formed via definition 5.9.

Furthermore, even QAB is not non-negative definite - an effect of the θl,n conditions failing.
It’s unclear to me exactly what conclusions can be drawn more generally from this example.

The failure of the ΦA form of generic is unsurprising given the earlier discussion of index(ma∇a).
However, the failure of the TAB form of generic could potentially be explained by the high
degree of symmetry and flatness of the chosen surface. While deforming T2

r slightly is unlikely
to change the number of solutions to ma∇aΦ = 0, it may yet result in an invertible TAB and
a well-defined m(S). It’s also unclear to me whether there is any relation between the θl,n
conditions and the generic conditions.

As the next example shows though, optimism needs to be tempered because the situation
can in fact be even worse. Consider an “AdS solition,” constructed from equation 5.69 via
the procedure in [64]. In particular, define new coordinates, τ = iθ and ω = it. Analytically
continue the coordinates so that τ & ω are real and the metric is

g = −r2dτ ⊗ dτ +
dr ⊗ dr

f(r)2
+ f(r)2dω ⊗ dω + r2dϕ⊗ dϕ. (5.81)

Unwrap the τ coordinate so τ ∈ R and compactify the ω coordinate so that (ω, ϕ) are coordi-
nates on a torus. Avoiding a conical singularity as r → r0 = (M/2k2)1/3 forces the periodicity,

ω ∼ ω +
π

3k2r0
, (5.82)

although the period won’t actually matter for what follows.
Once again consider constant-r tori, T2

r. With the NP tetrad,

l =
1√
2

(
1

r

∂

∂τ
+ f

∂

∂r

)
, n =

1√
2

(
1

r

∂

∂τ
− f

∂

∂r

)
and m =

1√
2

(
1

f

∂

∂ω
+

i

r

∂

∂ϕ

)
, (5.83)

one finds

α = β = 0, σ = λ = − 3M

2
√
2r2f

and ρ = µ = −8k2r3 −M

2
√
2r2f

= −f
2 + 12k2r2

4
√
2rf

. (5.84)

Package the GHP components of Φ into a vector, v = (φo, φι, ξ̄o, ξ̄ι)
T . Then, with these NP

coefficients, the equations of lemma 5.1 become mµ∂µv = Av, where

A =


0 −µ ik

√
2 0

σ̄ 0 0 0
0 0 0 −λ
0 ik

√
2 ρ 0

 =
1

2
√
2r2f


0 8k2r3 −M 4ikr2f 0

−3M 0 0 0
0 0 0 3M
0 4ikr2f −(8k2r3 −M) 0

 (5.85)

is effectively a constant matrix on T2
r.

{m,m} induces a complex structure on T2
r. Choose a corresponding complex coordinate on

the torus, z = 1√
2
(fω − irϕ), so that mµ∂µ = ∂z and m

µ∂µ = ∂z̄ on T2
r. Then, the equation to

solve is ∂z̄v = Av. Integrating immediately yields

v = ez̄Ac(z) (5.86)
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for some holomorphic vector, c(z). However, by Liouville’s theorem, c(z) must be a constant
vector, c. But, then v would be a globally defined, non-constant, antiholomorphic vector on
the compact space, T2

r, contradicting Liouville’s theorem. The only way around this is to have
c ∈ nullspace(A), so that the z̄ dependence falls out6 in v = ez̄Ac. However, it turns out

det(A) = (µ2 − 2k2)λ2. (5.87)

Hence, by µ = ρ and lemma 2.6, A is invertible whenever the θlθn < −8k2 assumption holds.
In this example, this inequality always holds since

µ2 > 2k2 ⇐⇒ (f 2 + 12k2r2)2 > 64k2r2f 2 (5.88)

⇐⇒ f 4 + 144k4r4 > 40k2r2f 2 (5.89)

⇐⇒ 64k2rM +
4M2

r2
> 0. (5.90)

Therefore, the only solution is v = 0 and ma∇aΦ = 0 has no non-trivial solutions.
As explained in section 4.3.5, the AdS soliton famously has negative energy [64] and avoids

spinorial positive energy theorems because the torus has two inequivalent spin structures and
the soliton’s spin structure is incompatible with the one required to apply Witten’s method.
It’s unclear to me if any of these properties is linked to ma∇aΦ = 0 having only trivial solution.

5.3 Asymptotic limit

The next property of m(S) I’ll study is the large sphere limit. In this section, it will once again
be convenient to set the AdS length scale to 1, i.e. choose units such that Λ = −3 and k = 1/2,
like I did in chapter 4. The length scales can always be restored on dimensional grounds. My
main aim here is to connect the quasilocal mass defined in this chapter with the asymptotically
AdS analysis in section 4.3.3.

Theorem 5.14. If S = S2
∞, i.e. the sphere at infinity in an asymptotically AdS spacetime,

then Q(Φ) = Q(εk), where εk is a Killing spinor of AdS.

Proof. First note the ΦA form of generic holds in this instance because S2
r becomes increasingly

round as r → ∞ and spherically symmetric spacetimes are known to satisfy this notion of
generic from section 5.2. AdS itself has four globally defined, linearly independent solutions
to ∇aΦ = 0, namely the the 4D space of Killing spinors, εk. Therefore in AdS, the space
of solutions to ma∇aΦ = 0 on any generic surface can be spanned by simply restricting the
Killing spinors to the surface.

By definition 2.11, the difference between g and gAdS is O(e−3r). Hence, in the asymptotic
region of (M, g), Φ = εk + Z for some Z that is O(e−3r) below leading order. From theorem
4.4, εk is O(er/2) and thus Z must be O(e−5r/2).

In vierbein indices Pa = −δa0 and Qa = δa1 ≡ dr. Therefore,

Q(Φ) =

∫
S2
∞

E01(Φ)dA (5.91)

= Q(εk) +

∫
S2
∞

(
Z†γ1γA∇Aεk + ε†kγ

1γA∇AZ + Z†γ1γA∇AZ +∇A(εk)
†γAγ1Z

+∇A(Z)†γAγ1εk +∇A(Z)†γAγ1Z
)
dA. (5.92)

6In fact, the toroidal Schwarzschild-AdS example earlier can be analysed in exactly this way. Since σ = λ = 0
in that example, the analogue of A has two rows of zeroes, which then yield a 2D nullspace and the two constant
solutions in equation 5.79.
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From equation 2.76, dA is O(e2r). Consequently, Z†γ1γA∇A(Z)dA and ∇A(Z)†γAγ1ZdA
are both O(e−3r) and go to zero as r → ∞. Meanwhile, from equations 3.116, 3.115, 3.129
and 3.135, ∇Aεk is also O(e−5r/2) in the asymptotic region, implying Z†γ1γA∇A(εk)dA and
∇A(εk)

†γAγ1ZdA also go to zero. That leaves

Q(Φ) = Q(εk) +

∫
S2
∞

(
ε†kγ

1γA∇AZ +∇A(Z)†γAγ1εk
)
dA. (5.93)

The 2nd term is the complex conjugate of the first so it suffices to prove the 1st term integrates
to zero. This term can be re-written as

ε†kγ
1γA∇AZ = ε†kγ

1γADAZ +
i

2
ε†kγ

1γAγAZ (5.94)

= DA(ε
†
kγ

1γAZ)−DA(εk)
†γ1γAZ − iε†kγ

1Z (5.95)

= DA(ε
†
kγ

1γAZ)−∇A(εk)
†γ1γAZ −

(
− i

2
γAεk

)†

γ1γAZ − iε†kγ
1Z (5.96)

= DA(ε
†
kγ

1γAZ)−∇A(εk)
†γ1γAZ +

i

2
ε†kγAγ

1γAZ − iε†kγ
1Z (5.97)

= DA(ε
†
kγ

1γAZ)−∇A(εk)
†γ1γAZ. (5.98)

From above, ∇A(εk)
†γ1γAZ contributes nothing to the integral, leaving∫

S2
∞

ε†kγ
1γA∇A(Z)dA =

∫
S2
∞

DA(ε
†
kγ

1γAZ)dA. (5.99)

Let D
(S)
A be the intrinsic Levi-Civita connection of S, let KIJ be the extrinsic curvature of Σ

in M and let cAB be the extrinsic curvature of S in Σ. Then,

DA(ε
†
kγ

1γAZ) =

(
D

(S)
A εk −

1

2
KAIγ

Iγ0εk −
1

2
cABγ

Bγ1εk

)†

γ1γAZ

+ ε†kγ
1γA

(
D

(S)
A Z − 1

2
KAIγ

Iγ0Z − 1

2
cABγ

Bγ1Z
)

(5.100)

= D
(S)
A (ε†kγ

1γAZ) +
1

2
KAI(ε

†
kγ

0γIγ1γAZ − ε†kγ
1γAγIγ0Z)

− 1

2
cAB(ε

†
kγ

1γBγ1γAZ + ε†kγ
1γAγBγ1Z) (5.101)

= D
(S)
A (ε†kγ

1γAZ) +
1

2
KAI(ε

†
kγ

0γIγ1γAZ − ε†kγ
1γAγIγ0Z) + 0. (5.102)

The measure, dA, is O(e2r) while the εk-Z products are already O(e−2r). Since AdS is time-
symmetric, KIJ = 0 to leading order, meaning the second term contributes nothing to the
integral. That leaves ∫

S2
∞

ε†kγ
1γA∇A(Z)dA =

∫
S2
∞

D
(S)
A (ε†kγ

1γAZ)dA = 0 (5.103)

by Stokes’ theorem. Equation 5.93 then implies Q(Φ) = Q(εk). □

Corollary 5.14.1. When S = S2
∞, m(S) =

√
E2 − ||P ||2 + ||J ||2 − ||K||2.

Proof. From theorem 4.12,

Q(εk) = 8πε†0e
−iγ0t/2

(
EI − iPIγ

I +KIγ
0γI +

i

2
JIJγ

0γIJ
)
eiγ

0t/2ε0. (5.104)
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The four components of the constant spinor, ε0, can be used to parameterise the four linearly
independent solutions, ΦA. Hence, as a matrix,

QAB ≡ 8πe−iγ0t/2

(
EI − iPIγ

I +KIγ
0γI +

i

2
JIJγ

0γIJ
)
eiγ

0t/2. (5.105)

The other matrix required for m(S2
∞) is TAB. In the present context, it will be easiest to use

the alternative expression, TAB = (ΦA)TC−1ΦB, of equation 5.31. In the conventions chosen,
(γa)

T = −C−1γaC. Therefore,

TAB = (εAk )
TC−1εBk (5.106)

=
1

1− ρ2
(εA0 )

T
(
eiγ

0t/2
)T (

I − ixI(γ
I)T
)
C−1

(
I − ixJγ

J
)
eiγ

0t/2εB0 (5.107)

=
1

1− ρ2
(εA0 )

TC−1e−iγ0t/2C
(
I + ixIC

−1γIC
)
C−1

(
I − ixJγ

J
)
eiγ

0t/2εB0 (5.108)

=
1

1− ρ2
(εA0 )

TC−1e−iγ0t/2
(
I + ixIγ

I
) (
I − ixJγ

J
)
eiγ

0t/2εB0 (5.109)

=
1

1− ρ2
(εA0 )

TC−1e−iγ0t/2
(
I + xIxJγ

IγJ
)
eiγ

0t/2εB0 (5.110)

=
1

1− ρ2
(εA0 )

TC−1e−iγ0t/2(1− ρ2)Ieiγ
0t/2εB0 (5.111)

= (C−1)AB. (5.112)

Finally, with the QAB and TAB derived, definition 5.9 reduces to

m(S2
∞) =

1

16π

√
−tr(QT−1QT−1) =

√
E2 − PIP I + JIJ I −KIKI , (5.113)

where JI =
1
2
εIJKJ

JK . □

The question naturally arises whether
√
E2 − ||P ||2 + ||J ||2 − ||K||2 is an appropriate no-

tion of mass in asymptotically AdS spacetimes. For example, from special relativity, one thinks
of mass as just

√
E2 − ||P ||2, without any contributions from angular momenta, JIJ , or boost

charges, KI . However, I argue this is an artefact of Minkowski space’s symmetry group, namely
the Poincaré group. As in quantum field theory, one could define m2 to be proportional to a
quadratic Casimir operator of (the Lie algebra of) the symmetry group [17] in an irreducible
complex representation. Therefore, in the AdS context, one should seek a quadratic Casimir
for o(3, 2).

Choose generators, {JMN = −JNM}5M,N=1, for o(3, 2) such that the defining Lie bracket is7[
JMN , JPQ

]
= i
(
ηMPJNQ − ηMQJNP − ηNPJMQ + ηNQJMP

)
, (5.114)

where ηMN ≡ diag(−1, 1, 1, 1,−1) and allM,N, · · · indices are raised/lowered by η−1/η. Then,
it immediately follows that C = 1

2
JMNJMN is a quadratic Casimir8 for o(3, 2), i.e. [C, JMN ] = 0.

Interpret J5a as a 4-momentum generator, Pa, J0I as boost generators, KI , and J IJ as angu-
lar momentum generators, JI = 1

2
εIJKJ

JK , in line with [30] and the heuristics accompanying
definition 4.11. Then,

C = J5aJ5a +
1

2
J IJJIJ + J0IJ0I = P0P0 − PIPI + JIJI − KIKI , (5.115)

suggesting that the limit in corollary 5.14.1 is physically reasonable.

7The fact such a basis exists can be seen immediately by following the analogous steps in [124] for o(3, 1).
8Assume we are working with a faithful matrix representation of the Lie algebra so that multiplying two Lie

algebra elements is well-defined.
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5.4 Linearised gravity

This section concerns perturbations of AdS sourced by a matter field. In particular, the metric
is assumed to be

gab = Bab + ηhab, (5.116)

where B = gAdS is the background metric, h is the perturbation and η is assumed to be an
infinitesimal parameter. Furthermore, the energy-momentum tensor, Tab, is assumed to be
O(η). The aim is to show that definition 5.9 captures a mass associated with Tab. Throughout
this section, the coordinates and tetrad will be the same as in equations 4.109 to 4.115. It will
once again be convenient to set the AdS length scale to one, i.e. choose units where Λ = −3
and k = 1/2.

A natural way to construct physical quantities, like mass, out of the energy-momentum
tensor is to contract Tab with the Killing vectors of the background metric. It can be checked
that the Killing vectors of AdS are spanned by

τ = ∂t, (5.117)

jIJ = xI∂J − xJ∂I , (5.118)

pI =
2xI

1 + ρ2
cos(t)∂t +

1

2

(
(1 + ρ2)δJI − 2xJxI

)
sin(t)∂J and (5.119)

kI = − 2xI
1 + ρ2

sin(t)∂t +
1

2

(
(1 + ρ2)δJI − 2xJxI

)
cos(t)∂J . (5.120)

In analogy with definition 4.11, define the following “matter charges.”

Definition 5.15 (Matter charges). Let matter charges on Σ be defined as

E =

∫
Σ

T0aτ
adV, PI =

∫
Σ

T0ap
a
IdV, JIJ =

∫
Σ

T0aj
a
IJdV and KI =

∫
Σ

T0ak
a
IdV. (5.121)

Theorem 5.16. For gravity linearised about AdS, if S is generic in the ΦA sense, then

m(S) =
√
E2 − ||P ||2 + ||J ||2 − ||K||2. (5.122)

This expression is formally identical to corollary 5.14.1 and therefore the result can once again
be thought of as a Casimir mass, but this time for Tab.

Proof. AdS already has four linearly independent Killing spinors, i.e. global solutions to
∇(B)
a εk = 0. Hence, in AdS, if S is generic in the ΦA sense, then solutions to ma∇aΦ = 0

can be spanned by simply restricting εk to S. Since gab = Bab+ ηhab though, one can therefore
let Φ = εk + ηZ for some Dirac spinor, Z.

Extend Z’s definition off S in an arbitrary, but sufficiently regular, way so that Φ = εk+ηZ
is defined on all of Σ. Then, by corollary 3.2.1,

Q(Φ) = 2

∫
Σ

(
∇I(Φ)

†∇IΦ− 4πT 0aΦγaΦ− (γI∇IΦ)
†γJ∇JΦ

)
dV. (5.123)

∇(B)
a εk = 0 implies ∇aΦ = O(η) and thus the first and third terms in equation 5.123 are both

O(η2). Meanwhile, since Tab is assumed to be O(η), the second term is −4πT 0aε̄kγaεk+O(η2).
In summary, the linearised limit yields,

Q(Φ) → 8π

∫
Σ

T0aε̄kγ
aεkdV. (5.124)
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Equations 4.126 and 4.130 say

ε̄kγ
0εk =

1

1− ρ2
ε†0e

−iγ0t/2((1 + ρ2)I − 2ixIγ
I)eiγ

0t/2ε0 and (5.125)

ε̄kγ
Iεk =

1

1− ρ2
ε†0e

−iγ0t/2((1 + ρ2)γ0γI − 2ixJγ
0γIJ − 2xIxJγ

0γJ)eiγ
0t/2ε0. (5.126)

Substituting back into equation 5.124, applying definition 5.15 and converting to vierbein
indices where required then gives

Q(Φ) → 8πε†0

(∫
Σ

1 + ρ2

1− ρ2
T00dV I − 2i

∫
Σ

xI
1− ρ2

T00e
−iγ0tdV γI − 2i

∫
Σ

xJ
1− ρ2

T0IdV γ0γIJ

+

∫
Σ

1

1− ρ2
T0I
(
(1 + ρ2)δIJ − 2xIxJ

)
e−iγ0tdV γ0γJ

)
ε0 (5.127)

= 8πε†0

(∫
Σ

1 + ρ2

1− ρ2
T00dV I + i

∫
Σ

1

1− ρ2
(xIT0J − xJT0I)dV γ0γIJ

− i

∫
Σ

(
2xI cos(t)

1− ρ2
T00 +

sin(t)

1− ρ2
T0I
(
(1 + ρ2)δIJ − 2xIxJ

))
dV γI

+

∫
Σ

(
−2xI sin(t)

1− ρ2
T00 +

cos(t)

1− ρ2
T0I
(
(1 + ρ2)δIJ − 2xIxJ

))
dV γ0γI

)
ε0 (5.128)

= 8πε†0

(
EI +

i

2
JIJγ

0γIJ − iPIγ
I +KIγ

0γI
)
ε0. (5.129)

Taking the four components of the constant spinor, ε0, to parameterise the four linearly inde-
pendent solutions, ΦA, then gives

QAB → 8π

(
EI +

i

2
JIJγ

0γIJ − iPIγ
I +KIγ

0γI
)
. (5.130)

Since this QAB is already O(η), for the linearised limit it suffices to take TAB to O(1) in
definition 5.9. Thus, TAB → (εAk )

TC−1εBk = (C−1)AB, borrowing the calculation from the
proof of corollary 5.14.1.

Finally, evaluating m(S) for this QAB and TAB results in

m(S) =
1

16π

√
−tr(QT−1QT−1) →

√
E2 + JIJ I − PIP I −KIKI , (5.131)

where JI =
1
2
εIJKJ

JK . □

To better understand the matter charges in this section, an instructive example to consider
is a collection of point particle test masses moving in an AdS background.

Let {Mα}α be a set of point particles moving along arbitrary (timelike) trajectories, xµα(s).
For each particle, introduce its proper time by

dτα =

√
−gµν(xα(s))

dxµα(s)

ds

dxνα(s)

ds
ds. (5.132)

Given the matter action of the point particles is

Sm = −
∑
α

Mα

∫ √
−gµν(xα(s))

dxµα(s)

ds

dxνα(s)

ds
ds = −

∑
α

Mα

∫
dτα, (5.133)
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the energy-momentum tensor is well-known to be

T µν(x) =
1√

−g(x)

∑
α

Mα

∫
dxµα(τα)

dτα

dxνα(τα)

dτα
δ4(x− xα(τα))dτα. (5.134)

Introduce a “3+1 split” adapted to Σ so that

g = −N2dt⊗ dt+ hij(dx
i +N idt)⊗ (dxj +N jdt). (5.135)

Then, Pµ ≡ −Ndt,
√
−g = N

√
h and dV =

√
h d3x. This implies that for any vector, vµ,∫

Σ

T0av
adV (5.136)

= −
∫
Σ

T µνPµvνdV

= −
∑
α

Mα

∫
Σ

∫
1

N
√
h

dxµα(τα)

dτα

dxνα(τα)

dτα
δ4(x− xα(τα))(−Nδν0)vµ

√
h d3x dτα (5.137)

=
∑
α

Mα

∫
Σ

∫
dxµα(τα)

dτα
δ3(x− xα(τα))δ(t− tα)vµd

3x dtα (5.138)

=
∑
α∈Σ

Mα
dxµ(τα)

dτα
vµ. (5.139)

As a special case, if xµα(τα) is a geodesic and vµ is a Killing vector (like τ , pI , jIJ or kI in

definition 5.15), then dxµ(τα)
dτα

vµ is exactly the conserved quantity associated to vµ along the
geodesic. Meanwhile, if Σ contains a single particle (travelling along an arbitrary timelike
curve, xµ(τ)), then equation 5.139 says

m(S) =M

√
dxµ(τ)

dτ

dxν(τ)

dτ

(
τµτν − pIµpIν +

1

2
jIJµjIJν − kIµkIν

)
. (5.140)

It can be checked that in fact

τµτν − pIµp
I
ν +

1

2
jIJµj

IJ
ν − kIµk

I
ν = −(gAdS)µν . (5.141)

Since τ is proper time, it follows that m(S) = M , i.e. the quasilocal mass exactly captures
the mass of the particle contained within the surface. However, if there was more than one
particle within Σ, thenm(S) would be some complicated function of the differentMα. This is as
expected though, because even in special relativity, P µ = P µ

1 +P
µ
2 does not meanM =M1+M2.

5.5 Kerr-AdS horizon

As a more complicated example where the new quasilocal mass can be calculated, I will consider
the horizon of the Kerr-AdS spacetime. This calculation will be analogous to the Λ = 0
calculation for the Dougan-Mason quasilocal mass in [11]. In Kerr coordinates, the Kerr-AdS
metric is [20]

g = −∆ − ϑa2 sin2 θ

Σ
dv ⊗ dv + dv ⊗ dr + dr ⊗ dv +

Σ

ϑ
dθ ⊗ dθ

+
a sin2(θ)(∆ − ϑ(r2 + a2))

ΣZ
(dv ⊗ dχ+ dχ⊗ dv)− a sin2(θ)

Z
(dr ⊗ dχ+ dχ⊗ dr)

+
sin2(θ)(ϑ(r2 + a2)− ∆a2 sin2(θ))

ΣZ2
dχ⊗ dχ, (5.142)
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where (θ, χ) are angular coordinates on a sphere, a2 < |Λ|
3

is a constant rotation parameter and
the various functions are

∆ = (r2 + a2)

(
1− Λr2

3

)
− 2Mr for a constant, M, (5.143)

Σ = r2 + a2 cos2(θ), (5.144)

Z = 1 +
Λa2

3
and (5.145)

ϑ = 1 +
Λa2

3
cos2(θ). (5.146)

The event horizon is the constant r surface where ∆ = 0. The most natural NP tetrad to use
is the Kinnersley tetrad,

lK = 2(r2 + a2)∂v + ∆∂r + 2Za∂χ, (5.147)

nK = − 1

2Σ
∂r and (5.148)

mK =
1√

2ϑ(r + ia cos(θ))

(
ia sin(θ)∂v + ϑ∂θ +

iZ
sin(θ)

∂χ

)
, (5.149)

because lK and nK are the principal null vectors. In this tetrad, it can be checked that the
relevant NP coefficients are

κ = λ = ν = σ = 0, ρ = − ∆
r − ia cos(θ)

, µ = − 1

2Σ(r − ia cos(θ))
, π =

ia sin(θ)

(r − ia cos(θ))2

√
ϑ

2
,

ε =
1

2

d∆
dr
, α =

r cos(θ)(Z − 2ϑ) + ia(sin2(θ) + ϑ)

2
√
2ϑ(r − ia cos(θ))2 sin(θ)

and β =
(2ϑ−Z) cot(θ)

2
√
2ϑ(r + ia cos(θ))

. (5.150)

However, since µ and ρ are not real, by lemma 2.7, this tetrad is not surface forming.
Finding the NP coefficients for a general surface-forming tetrad is very difficult for this

spacetime. However, in this section I am only interested in one surface, Sv,r0 , i.e. a constant v
and r surface where r = r0 =⇒ ∆ = 0. Therefore, I only need µ and ρ to be real on this one
surface for lemma 2.7 to guarantee the tetrad is admissible for the calculation.

Following [11], perform what Chandrasekhar defines as a “type-I” tetrad transformation
[21]. In particular, for a function, F ,

l = lK , (5.151)

n = nK + |F |2lK + F̄mK + FmK and (5.152)

m = mK + FlK . (5.153)

ma is tangent to Sv,r0 if and only if ma ∈ span({∂θ, ∂χ}). Therefore, one must choose

F = − ia sin(θ)

2
√
2ϑ(r2 + a2)(r + ia cos(θ))

. (5.154)

Under this transformation the new NP coefficients (denoted with primes) are related to the
old ones by [21]

ρ′ = ρ+ κF̄ , (5.155)

µ′ = µ+ 2βF̄ + πF + 2ε|F |2 + κ|F |2F̄ + σF̄ 2 + δF̄ + FDF̄ , (5.156)

σ′ = σ + κF, (5.157)

λ′ = λ+ (2α + π)F̄ + (2ε+ ρ)F̄ 2 + κF̄ 3 + δ̄F̄ + F̄DF̄ , (5.158)

α′ = α+ (ρ+ ε)F̄ + κF̄ 2 and (5.159)

β′ = β + εF + σF̄ + κ|F |2. (5.160)
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Since ∆ = 0 on the horizon and κ = 0, ρ′ = 0 on the horizon. Luckily, while µ′ is very
complicated, it nonetheless turns out to be manifestly real when ∆ = 0. Hence, {l, n,m,m} is
a valid tetrad for defining the quasilocal mass, m(Sv,r0).

Like ρ′, σ′ remains zero after the transformation. However, λ′ is no longer zero. Hence,
dropping primes from hereon, the ma∇aΦ = 0 equations to solve are

0 = ð̄φo + µφι − ik
√
2 ξo, (5.161)

0 = ð̄ξι − ik
√
2φι, (5.162)

0 = ð̄φι and (5.163)

0 = ð̄ξo + λξι. (5.164)

Conveniently, the third equation has only one variable. Therefore, one might hope to solve the
third equation for φι, use that to solve the second equation for ξι, use that to solve the fourth
equation for ξo and then finally solve the first equation for φ0. At each stage, the equation to
solve is a first order linear PDE in one variable. Therefore, it is natural to look for solutions
by separation of variables.

The simplest solution to ð̄φι = 0 is φι = 0. Hence, the next equation to solve is ð̄ξι = 0.
With the separated variable ansatz,

ξι = B̄ξ(θ)
˜̄Bξ(χ), (5.165)

the PDE becomes

1
˜̄Bξ(χ)

d ˜̄Bξ(χ)

dχ
=

1

m3

(
α−m2 1

B̄ξ(θ)

dB̄ξ(θ)

dθ

)
. (5.166)

Since the LHS depends only on χ and the RHS depends only on θ, both sides must be constants.
The LHS is then immediately integrable, meaning

ξι = B̄ξ(θ)e
isχ (5.167)

for some constant, s. For ξι to be a well-defined spinor component, it must be that s ∈ 1
2
Z.

Then, the ODE for B̄ξ(θ) immediately integrates to

B̄ξ = exp

(∫
1

m2
(α− ism3)dθ

)
. (5.168)

Miraculously, there is a closed-form expression for the RHS. While the actual expression is a
mess, it schematically takes the form of sin−s−1/2(θ/2) coss−1/2(θ/2) multiplied by something
manifestly regular.

However, since sin−s−1/2(θ/2) coss−1/2(θ/2) is not regular on the sphere for any value of s,
it must be that in fact ξι = 0 too.

Thus, the next equation becomes ð̄ξo = 0. This time a separated variables ansatz implies

ξo = Āξ(θ)e
isχ for Āξ = exp

(∫
1

m2
(α + ism3)dθ

)
. (5.169)

This is the same integral, but with s → −s. Hence, the integral is sin1/2−s(θ/2) cos1/2+s(θ/2)
multiplied by something manifestly regular.

Thus, Āξ is regular across the sphere if and only if s = ±1
2
. A separated variable ansatz for

the remaining variable, φo, is therefore only possible if

φo = Aφ(θ)e
±iχ/2. (5.170)
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ð̄φo − ik
√
2ξ̄o = 0 then reduces to a first order, linear ODE for Aφ(θ), which can immediately

be solved using an integrating factor. In particular,

Aφ = ik
√
2 exp

(
−
∫

1

m2
(β̄ + ism3)dθ

)∫
exp

(∫
1

m2
(β̄ + ism3)dθ

)
1

m2
Āξ dθ (5.171)

and exp

(
−
∫

1

m2
(β̄ + ism3)dθ

)
∝ 1

sin1/2+s(θ/2) cos1/2−s(θ/2)
. (5.172)

The bounds of the integral involving Āξ must then be chosen so that the singularities in
1

sin(θ/2)
and 1

cos(θ/2)
respectively are canceled out. In summary, I have found two solutions to

ma∇aΦ = 0 so far. They have

φ1
ι = φ2

ι = ξ1ι = ξ2ι = 0, (5.173)

ξ̄1o = eiχ/2Ā1
ξ(θ), ξ̄

2
o = e−iχ/2Ā2

ξ(θ), (5.174)

Ā1
ξ = exp

(∫
1

m2
(α + im3/2)dθ

)
, (5.175)

Ā2
ξ = exp

(∫
1

m2
(α− im3/2)dθ

)
, (5.176)

φ1
o = ik

√
2 exp

(
−
∫

1

m2

(
β̄ +

im3

2

)
dθ

)
×
∫ θ

0

exp

(∫
1

m2(θ′)

(
β̄(θ′) +

im3(θ′)

2

)
dθ′
)

1

m2(θ′)
Ā1
ξ(θ

′) dθ′ eiχ/2 and (5.177)

φ2
o = −ik

√
2 exp

(
−
∫

1

m2

(
β̄ − im3

2

)
dθ

)
×
∫ π

θ

exp

(∫
1

m2(θ′)

(
β̄(θ′)− im3(θ′)

2

)
dθ′
)

1

m2(θ′)
Ā2
ξ(θ

′) dθ′ e−iχ/2. (5.178)

Serendipitously, it turns out that

exp

(∫
1

m2

(
β̄ +

im3

2

)
dθ

)
Ā1
ξ(θ)

m2(θ)
, exp

(∫
1

m2

(
β̄ − im3

2

)
dθ

)
Ā2
ξ(θ)

m2(θ)
∝ sin(θ), (5.179)

with the proportionality constant determined by the integration constant in the indefinite
integral. Hence, with the appropriate choice of integration constants,

φ1
o = 2ik

√
2 exp

(
−
∫

1

m2

(
β̄ +

im3

2

)
dθ

)
sin2(θ/2)eiχ/2 and (5.180)

φ2
o = 2ik

√
2 exp

(
−
∫

1

m2

(
β̄ − im3

2

)
dθ

)
cos2(θ/2)e−iχ/2. (5.181)

Moreover, the removal of the 1
sin(θ/2)

and 1
cos(θ/2)

singularities is now manifest.
Next, suppose that φι was not initially zero. Proceeding completely analogously, this time

the separated variable solution is

φι = Bφ(θ)e
isχ for Bφ = exp

(∫
1

m2
(β̄ − ism3)dθ

)
, (5.182)

exp

(∫
1

m2
(β̄ − ism3)dθ

)
∝ sin1/2−s(θ/2) cos1/2+s(θ/2) (5.183)
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and the proportionality function being manifestly regular. Therefore, φι is regular if and only
if s = ±1

2
. With this solution, I can separate variables and integrate the ð̄ξι equation to get

ξι = eisχB̄ξ(θ) for (5.184)

B̄ξ(θ) = ik
√
2 exp

(∫
1

m2

(
α− ism3

)
dθ

)
×
∫

exp

(
−
∫

1

m2(θ′)

(
α(θ′)− ism3(θ′)

)
dθ′
)

1

m2(θ′)
Bφ(θ

′) dθ′. (5.185)

Again, the bounds of the dθ′ integral must be chosen to be
∫ θ
0
or −

∫ π
θ

to cancel the 1
sin(θ/2)

or 1
cos(θ/2)

singularity respectively coming from the leading factor. Again, it turns out the

integrand of the dθ′ integral is just sin(θ), up to a proportionality constant determined by the
integration constant in the indefinite integral.

Having determined B̄ξ(θ), one could then continue analogously to earlier to determine ξo
and φo. In summary, I find the following two additional solutions to ma∇aΦ = 0.

φ3
o = A3

φ(θ)e
iχ/2, φ3

ι = B3
φ(θ)e

iχ/2, ξ
3

o = Ā3
φ(θ)e

iχ/2, ξ
3

ι = B̄3
ξ (θ)e

iχ/2 and (5.186)

φ4
o = A4

φ(θ)e
−iχ/2, φ4

ι = B4
φ(θ)e

−iχ/2, ξ
4

o = Ā4
φ(θ)e

−iχ/2, ξ
4

ι = B̄4
ξ (θ)e

−iχ/2, where (5.187)

B3
φ(θ) = exp

(∫
1

m2

(
β̄ − im3

2

)
dθ

)
, (5.188)

B̄3
ξ (θ) = 2ik

√
2 exp

(∫
1

m2

(
α− im3

2

)
dθ

)
sin2(θ/2), (5.189)

Ā3
ξ(θ) = −exp

(
−
∫

1

m2

(
α +

im3

2

)
dθ

)
×
∫ θ

0

exp

(∫
1

m2(θ′)

(
α(θ′) +

im3(θ′)

2

)
dθ′
)

λ(θ′)

m2(θ′)
B̄3
ξ (θ

′)dθ′, (5.190)

A3
φ(θ) = exp

(
−
∫

1

m2

(
β̄ +

im3

2

)
dθ

)
×
∫ θ

0

exp

(∫
1

m2(θ′)

(
β̄(θ′) +

im3(θ′)

2

)
dθ′
)

ik
√
2Ā3

ξ(θ
′)− µ(θ′)B3

φ(θ
′)

m2(θ′)
dθ′, (5.191)

B4
φ(θ) = exp

(∫
1

m2

(
β̄ +

im3

2

)
dθ

)
, (5.192)

B̄4
ξ (θ) = 2ik

√
2 exp

(∫
1

m2

(
α +

im3

2

)
dθ

)
cos2(θ/2), (5.193)

Ā4
ξ(θ) = exp

(
−
∫

1

m2

(
α− im3

2

)
dθ

)
×
∫ π

θ

exp

(∫
1

m2(θ′)

(
α(θ′)− im3(θ′)

2

)
dθ′
)

λ(θ′)

m2(θ′)
B̄4
ξ (θ

′)dθ′ and (5.194)

A4
φ(θ) = −exp

(
−
∫

1

m2

(
β̄ − im3

2

)
dθ

)
×
∫ π

θ

exp

(∫
1

m2(θ′)

(
β̄(θ′)− im3(θ′)

2

)
dθ′
)

ik
√
2Ā4

ξ(θ
′)− µ(θ′)B4

φ(θ
′)

m2(θ′)
dθ′. (5.195)

If Sv,r0 is generic, then these four solutions form a basis for the solution space of ma∇aΦ = 0.
It remains only to calculate the quasilocal mass using definitions 5.9, 5.2 and 5.4. Since
ρ = φ1

ι = ξ1ι = φ2
ι = ξ2ι = 0 and all the χ integrals are trivial (namely

∫ 2π

0
eisχdχ = 2πδs,0), it
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can be seen that the only non-zero components in QAB are

Q33 = 8π

∫ π

0

(
µ(|B3

ξ |2 − |B3
φ|2) + ik

√
2(B3

ξA
3
φ − Ā3

φB̄
3
ξ − A3

ξB
3
φ + B̄3

φĀ
3
ξ)
)√

β dθ, (5.196)

Q44 = 8π

∫ π

0

(
µ(|B4

ξ |2 − |B4
φ|2) + ik

√
2(B4

ξA
4
φ − Ā4

φB̄
4
ξ − A4

ξB
4
φ + B̄4

φĀ
4
ξ)
)√

β dθ, (5.197)

Q13 = Q31 = −8πik
√
2

∫ π

0

(
Ā1
φB̄

3
ξ + A1

ξB
3
φ

)√
β dθ and (5.198)

Q24 = Q42 = −8πik
√
2

∫ π

0

(
Ā2
φB̄

4
ξ + A2

ξB
4
φ

)√
β dθ, where (5.199)√

β =
√

det(βαβ) =
(r20 + a2) sin(θ)

Z
. (5.200)

Meanwhile, since TAB is constant, it can be evaluated by setting θ = χ = 0. Then, since
φ1
ι = φ2

ι = φ4
ι = φ1

o = ξ1ι = ξ2ι = ξ3ι = ξ2o = ξ3o = 0 at θ = 0 by construction, it follows that the
only non-zero components are

T 14 = −T 41 = −
√
2Ā1

ξ(0)B̄
4
ξ (0), (5.201)

T 23 = −T 32 =
√
2A2

φ(0)B
3
φ(0) and (5.202)

T 34 = −T 43 = −
√
2B3

φ(0)A
4
φ(0). (5.203)

Now, all that remains is to evaluate the quasilocal mass,

m(Sv,r0)
2 = − 1

256π2
tr(QT−1QT−1), (5.204)

by numerically integrating the relevant quantities. The result is the pink graph in figure 5.1.
The most striking feature of the graph is that m(Sv,r0)

2 < 0 for large values of (r0, a). This
is not a contradiction of previous results because θl = 0 on the horizon. Therefore, the technical
condition, θlθn <

2Λ
3
, is not purely a limitation of proof technique, but instead a non-trivial

physical restriction. It’s not clear whether the restriction is sharp though.
When Λ = 0, the new quasilocal mass reduces to the Dougan-Mason definition, which only

requires θn ≤ 0 to be non-negative. The Λ dependent terms that turn the Kerr metric into
the Kerr-AdS metric are proportional to Λr2, Λa2 or Λra, in terms of dimensionless quantities.
Thus, whenever r20, a

2, r0a ≪ 1
Λ
, the quasilocal mass, m(Sv,r0), will be only a small correction

to the Dougan-Mason quasilocal mass of the Kerr horizon. This is why m(Sv,r0)
2 only becomes

negative in figure 5.1 for large values of horizon radius or rotation parameter. Furthermore,
even for large r0, if Λa

2 ≪ 1, the quasilocal mass remains positive because the metric is only
slightly perturbed from spherical symmetry, where positivity is guaranteed by section 5.2.1.

It should also be mentioned that m2 < 0 is not unprecedented in AdS. In particular,
from sections 5.3 and 5.4, m(S) appears to be a Casimir type mass and it’s known from the
representation theory of o(3, 2) that m2 can appear negative [13, 47]. However, unlike [13, 47],
figure 5.1 strongly suggests that m(S2

v,r0
)2 is unbounded below.

More broadly, it’s unclear what the “right” answer should be for the quasilocal mass of
the horizon. I have provided a few alternatives in figure 5.1. The simplest is just the mass
parameter, M , in green. The next simplest is the Hawking quasilocal mass of the horizon,

mH(Sv,r0) =

√
A(Sv,r0)

16π

(
1− ΛA(Sv,r0)

12π
+

1

2π

∫
Sv,r0

ρµ dA

)
(5.205)

=

√
r20 + a2

4Z

(
1− Λ(r20 + a2)

3Z

)
, (5.206)
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Figure 5.1: The new quasilocal mass defined in this chapter is evaluated on the horizon of Kerr-
AdS for various values of the horizon radius, r0, and rotation parameter, a. Both parameters
are in units where Λ = −3. Points where r0 and a are simultaneously large are not plotted
for numerical stability reasons. For comparison, the mass at infinity, m∞, the Hawking mass,
mH(Sv,r0) and the mass parameter,M , are also plotted. To avoid huge numbers on the vertical
axis, instead of a quasilocal mass, mQLM , the vertical axis instead plots (m2

QLM)1/3. This allows
m(Sv,r0)

2 to be negative for the new quasilocal mass. The pink mesh is created by interpolating
between the m(Sv,r0)

2/3 values for 118 evenly chosen points in the (r0, a) domain.

in blue. Finally, I’ve also plotted m∞, the mass measured at infinity, in orange. From [54], the
global energy and angular momentum of the Kerr-AdS spacetime should be

E =
M

Z2
and J =

Ma

Z2
. (5.207)

Therefore, based on the discussion in section 5.3, the mass measured at infinity (in Λ = −3
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units) is9

m∞ =
√
E2 + J2 =

M

Z2

√
1 + a2. (5.208)

It’s clear from figure 5.1 that the new quasilocal mass behaves very differently to all three
alternatives considered.

9The E and J appearing in section 5.3 are the energy and angular momentum defined using Fefferman-
Graham expansions in chapter 4. In principle, these could be different to the energy and angular momentum
defined using the prescription in [54]. However, from [78], the energy and angular momentum I derived for the
equal angular momentum, 5D Myers-Perry black hole in section 4.3 agrees with the 5D discussion in [54]. For
this reason, I am assuming my definition will also agree with [54] in 4D. As this is all purely for a qualitative
comparison, it doesn’t really matter if there is in fact a discrepancy.
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Chapter 6

Outlook

Deep in the human unconsciousness is a pervasive need for a logical universe that makes sense.
But the real universe is always one step beyond logic.

- Muad’Dib’ in Dune by Frank Herbert

In this thesis, I have applied spinor methods to study energy in general relativity. The main
results have been new positive energy theorems & BPS inequalities for asymptotically, locally
AdS spacetimes and the development of a new quasilocal mass for generic surfaces in space-
times with negative cosmological constant. Some avenues of further research are immediately
apparent at this juncture.

The over-arching constraint in this thesis is the use of spinors. As explained in chapter
2, not every manifold admits a spin structure and a given manifold may admit multiple spin
structures. As I’ve seen in section 4.3.5, at times this can be a serious limitation on the positive
energy theorems derived. There is hence a pressing need in this field for further development
of non-spinorial methods in studying energy in asymptotically, locally AdS spacetimes.

Most of the natural research directions suggested by this thesis are at the quasilocal level
though. In terms of physical properties, one scenario I didn’t study in chapter 5 is the small-
sphere limit, i.e. property VI in section 2.3.2. This limit has been studied in the Λ = 0 case
for both the Dougan-Mason and Penrose quasilocal masses [37, 73]. It would be interesting to
study this limit for the quasilocal mass I defined in chapter 5 and see if it too leads to a kind
of Casimir mass like the large sphere and linearised gravity limits.

Even for the definition of quasilocal mass itself, some improvements could be made. Two
different definitions of generic were given in chapter 5 and it may be interesting to study
further how the two definitions relate. It would be particularly desirable to find an example
with toroidal S where the quasilocal mass construction can be carried out in full, unlike the
examples in section 5.2.2. Then, perhaps a more concrete conclusion can be made about
whether either definition is generic in practice or physically relevant for higher genus surfaces.

Likewise, there is the assumption of θlθn < −8k2. As I found in section 5.5, this assumption
is not purely technical, but instead has some physical meaning, albeit meaning that isn’t fully
understood. At a heuristic level, it can be understood as the surface being slightly more curved
than the ground state, AdS, which has θlθn = −8k2 on every S2

r . But, this doesn’t really mean
anything concretely. Given the spherical symmetry calculation worked in section 5.2.1 even
when this assumption failed, it needs to be further investigated how sharp this assumption is.

Another possible extension would be to consider spacetimes with Λ > 0 instead. Not only
is the Λ > 0 case potentially most relevant to the real world, it is arguably also a pressing need
for mathematical general relativity. Many familiar properties of conformal infinity break down
when Λ > 0 [3] and this precludes defining anything directly analogous to the ADM [2] or
Wang [121] masses. Nonetheless, a number of energy-momentum definitions have been devised
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in this context - see [114] for a review. Particularly relevant to this thesis are extensions based
on spinor methods [71, 113]. Ultimately though, these successes still have to work around
the global challenges imposed by Λ > 0 - e.g. compact Cauchy surfaces, spacelike I+ or
cosmological horizons. It may be that quasilocal mass is a viable alternative for avoiding these
issues. In fact, an analogue of Penrose’s quasilocal mass can be defined for asymptotically de
Sitter spacetimes, albeit it no longer retains some key properties, such as positivity [113, 115].
In the next section, based on the work in chapter 5, I’ll collect some calculations that may go
into a spinorial definition of quasilocal mass for spacetimes with positive cosmological constant.

6.1 Towards quasilocal mass for spacetimes with posi-

tive cosmological constant

The foundational principle of Witten’s method is the Lichnerowicz identity. With Λ > 0, the
modified connection should now be

∇aΨ = DaΨ+ kγaΨ, (6.1)

where k =
√

Λ/12 now. In terms of the modified connection, the Witten-Nester two-form is
formally identical, namely

Eab(Ψ) = Ψγabc∇cΨ−∇c(Ψ)γabcΨ. (6.2)

Indeed, these were the same connection and two-form used in [113, 71]. A curious fact, whose
implications are not fully known to me, is that

Eab(Ψ) = Ψγabc∇cΨ−∇c(Ψ)γabcΨ (6.3)

= ΨγabcDcΨ+ kΨγabcγcΨ−Dc(Ψ)γabcΨ− kΨγcγ
abcΨ (6.4)

= ΨγabcDcΨ−Dc(Ψ)γabcΨ, (6.5)

i.e. the Witten-Nester two-form is the same as it would be if there was no cosmological constant
at all. Following the proof of theorem 3.2, this time the Lichnerowicz identity says

PaDbE
ba(Ψ) = 2(∇I(Ψ)†∇IΨ− (γI∇IΨ)†γJ∇JΨ+ 4πT0aΨγ

aΨ

+ 2kΨ†γI∇IΨ+ 2k(γI∇IΨ)†Ψ), (6.6)

This differs from the Λ ≤ 0 case in that there are now cross-terms between Ψ and ∇IΨ.
Nonetheless, if γI∇IΨ = 0, then PaDbE

ba(Ψ) ≥ 0.
If I follow the same idea as chapter 5 to extend the Dougan-Mason definition, then it makes

sense to start with a spinor, Φ = (φα, ξ̄
α̇)T , which solves ma∇aΦ = 0 on S. Following the same

steps as lemma 5.1,

ma∇aΦ = 0 ⇐⇒ 0 = ð̄φo + µφι − k
√
2 ξo, (6.7)

0 = ð̄ξι − ρξo − k
√
2φι, (6.8)

0 = ð̄φι − σ̄φo and (6.9)

0 = ð̄ξo + λξι (6.10)

on S. Then, the arguments in the Λ < 0 case regarding the number of solutions to this system
of equations is unchanged. Likewise,

TAB = εαβφAαφ
B
β − εα̇β̇ξ

A

α̇ξ
B

β̇ =
√
2
(
φAo φ

B
ι − φBo φ

A
ι + ξ

B

o ξ
A

ι − ξ
A

o ξ
B

ι

)
(6.11)
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remains constant on S by the ma∇aΦ = 0 equations and Liouville’s theorem. Hence, a natural
candidate for quasilocal mass is once again

m(S)2 = − 1

256π2
tr(QT−1QT

−1
), (6.12)

like in the Λ ≤ 0 case. Note that in light of equations 6.5, 6.7 & 6.8 and lemma 3.4, this time

Q(Φ) = 4

∫
S

(
φιðφo + φιð̄φo − ξoðξι − ξoð̄ξι + ρ|φo|2 + µ|φι|2 + ρ|ξo|2 + µ|ξι|2

)
dA (6.13)

= 4

∫
S

(
φι(−µφι +

√
2kξo) + φι(−µφι +

√
2kξo)− ξo(ρξo +

√
2kφι)

− ξo(ρξo +
√
2kφι) + ρ|φo|2 + µ|φι|2 + ρ|ξo|2 + µ|ξι|2

)
dA (6.14)

= 4

∫
S

(
ρ|φo|2 − µ|φι|2 − ρ|ξo|2 + µ|ξι|2

)
dA. (6.15)

However, problems start to arise from here. First, imitating the positivity proof in the Λ < 0
case would suggest that I start with a Dirac spinor, Ψ = (ψα, χ

α̇)T , such that γI∇IΨ = 0 on
Σ and ψo = φo & χι = ξι on S. Then, from equations 6.15 & 6.5 and lemma 3.4,

Q(Ψ) = 4

∫
S

(
ψιðψo + ψιð̄ψo − χoðχι − χoð̄χι + ρ|ψo|2 + µ|ψι|2 + ρ|χo|2 + µ|χι|2

)
dA (6.16)

= 4

∫
S

(
ψι(−µφι +

√
2kξo) + ψι(−µφι +

√
2kξo)− χo(ρξo +

√
2kφι)

− χo(ρξo +
√
2kφι) + ρ|φo|2 + µ|ψι|2 + ρ|χo|2 + µ|ξι|2

)
dA (6.17)

= Q(Φ) + 4

∫
S

(
µ|ψι − φι|2 + ρ|χo − ξo|2 +

√
2k(ψιξo + ψιξo − χoφι − χoφι)

)
dA, (6.18)

from which I can’t see any obvious positivity property for Q(Φ). Incidentally, loss of positivity
is a feature of Tod’s generalisation of the Penrose quasilocal mass to spacetimes with Λ > 0
[115], so perhaps it is not surprising if the present prescription were to also suffer from the
same affliction.

When Λ < 0, McSharry and Reall [88] show that producing a positive geometric invariant is
easier when choosing Φ to solve an equation from ma∇aΦ = 0 and an equation from ma∇aΦ =
0. Briefly suppose once again that Λ < 0. Then,

ma∇aΦ = 0 ⇐⇒ 0 = ðφι − ρφo + ik
√
2 ξι, (6.19)

0 = ðξo + µξι + ik
√
2φι, (6.20)

0 = ðφo + λ̄φι and (6.21)

0 = ðξo − σξo. (6.22)

Suppose Φ solves

ð̄φo + µφι − i
√
2kξo = 0 and ðξo + µξι + i

√
2kφo = 0 (6.23)

on S, i.e. one equation from the ma∇aΦ = 0 set and one equation from the ma∇aΦ = 0 set.
Then, [88] show

Q(Φ) = Q(Ψ)− 4

∫
S

µ
(
|ψι − φι|2 + |χι − ξι|2

)
dA, (6.24)
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which implies Q(Φ) ≥ 0 whenever θn ≤ 0, which is a much weaker condition than I needed in
theorem 5.3. McSharry and Reall [88] were interested in the third law of black hole mechanics,
rather than quasilocal mass, which meant that wider applicability of a non-negativity result
was more desirable to them than the other properties which I studied in chapter 5.

Nonetheless, if I am seeking a non-negative geometric invariant when Λ > 0, it’s worth also
trying their approach. Hence, suppose

ð̄φo + µφι −
√
2kξo = 0 and ðξo + µξι +

√
2kφo = 0 (6.25)

on S. Then,

Q(Φ) = 4

∫
S

(
ρ|φo|2 + ρ|ξo|2 − µ|φι|2 − µ|ξι|2 +

√
2k(φιξo − φoξι + φιξo − φoξι)

)
dA. (6.26)

Again, suppose γI∇IΨ = 0 on Σ and ψo = φo & χι = ξι on S. Then, this time the result is

Q(Φ) = Q(Ψ)− 4

∫
S

(
µ|ψι − φι|2 + µ|ξι − χι|2

+
√
2k(ξo(ψι − φι) + φo(ξι − χι) + ξo(ψι − φι) + φo(ξι − χι))

)
dA, (6.27)

which again doesn’t seem to me to have any obvious positivity property.
Continuing again with my ma∇aΦ = 0 prescription and equation 6.12, one might hope that

although positivity might fail, the other desirable properties may still hold. Alas, I will show
this is not the case.

The simplest property to study is the behaviour of the candidate quasilocal mass in spherical
symmetry. Once again, I will use double null coordinates, where

g = −Ω(u, v)2(du⊗ dv + dv ⊗ du) + r(u, v)2gS2 , (6.28)

∂ur > 0 and ∂vr < 0. Once again, the natural NP tetrad for any S2
r is

l =
1

Ω

∂

∂u
, n =

1

Ω

∂

∂v
and m =

1

r
√
2

(
∂

∂θ
+

i

sin(θ)

∂

∂ϕ

)
. (6.29)

Then, following the same steps as section 5.2.1,

σ = λ = 0, ρ = −∂ur
Ωr

, µ =
∂vr

Ωr
, β = −α =

1

2
√
2r

cot(θ), (6.30)

ξo = c̄1
(
1/2Y1/2,−1/2

)
+ c̄2

(
1/2Y1/2,1/2

)
, (6.31)

φι = c3
(
−1/2Y1/2,−1/2

)
+ c4

(
−1/2Y1/2,1/2

)
, (6.32)

φo = −
(√

2

Ω
∂v(r)c3 + 2krc2

)(
1/2Y1/2,−1/2

)
−
(√

2

Ω
∂v(r)c4 − 2krc1

)(
1/2Y1/2,1/2

)
, (6.33)

ξι =

(√
2

Ω
∂u(r)c̄1 − 2krc̄4

)(
−1/2Y1/2,−1/2

)
+

(√
2

Ω
∂u(r)c̄2 + 2krc̄3

)(
−1/2Y1/2,1/2

)
, (6.34)

TAB ≡ 1

πΩ


0 −∂u(r) −

√
2Ωkr 0

∂u(r) 0 0 −
√
2Ωkr√

2Ωkr 0 0 −∂v(r)
0

√
2Ωkr ∂v(r) 0

 , (6.35)

QAB ≡ 4r(2∂u(r)∂v(r) + Ω2(1− 4k2r2))

Ω3


∂u(r) 0 0 0
0 ∂u(r) 0 0
0 0 −∂v(r) 0
0 0 0 −∂v(r)

 and (6.36)

m(S2
r )

2 =

(
1 +

2Ω2k2r2

∂u(r)∂v(r)− 2Ω2k2r2

)
mMS(S

2
r )

2, (6.37)
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where mMS(S
2
r ) is the Misner-Sharp mass for Λ > 0. Hence, there is never agreement with the

Misner-Sharp mass.
While this result is not encouraging, it is not necessarily terminal for this definition of

quasilocal mass. In the standard Schwarzschild spacetime (i.e. where Λ = 0), one recognises
the parameter, M , as the mass by taking the Newtonian limit. However, when Λ > 0, there
is typically no such weak, far field regime. Therefore, it is not necessarily clear whether the
paramater, M , in the Schwarzschild-dS metric represents mass. Hence, disagreement with the
Misner-Sharp mass (which yields M for every S2

r in Schwarzschild-dS) is not guaranteed to be
a result of any deficiency in the candidate quasilocal mass definition.

Another test which may help navigate these rocky shores is the analogue of section 5.4, i.e.
gravity linearised about dS due to some infinitesimal energy-momentum tensor, Tab. dS has
the full set of solutions to ∇aεk = 0. In particular, in cosmological coordinates (which are the
simplest coordinates for dS, albeit they are not global coordinates) and k = 1/2 units,

gdS = −dt⊗ dt+ e2t(dx⊗ dx+ dy ⊗ dy + dz ⊗ dz) (6.38)

leads to the natural frame,

e0 = dt, e1 = etdx e2 = etdy, e3 = etdz and subsequently (6.39)

εk = et/2P+
0 ε+ −

(
et/2xIγ

I − e−t/2I
)
P−
0 ε− (6.40)

for P±
0 = 1

2
(I±γ0) and constant spinors, ε±. Note however that unlike Λ ≤ 0, this time ε̄kγ

aεk
is only a conformal Killing vector. Let

g = gdS + ηh (6.41)

for η infinitesimal. Assume Tab is O(η). Then, the arguments in the Λ ≤ 0 case go through to
imply Φ = εk + ηZ. However, this time, when Q(Φ) is converted from an integral over S into
an integral over Σ using the Lichnerowicz identity of equation 6.6,

Q(Φ) = 2

∫
Σ

(
∇I(Φ)

†∇IΦ− (γI∇IΦ)
†γJ∇JΦ + 4πT0aΦγ

aΦ

+ Φ†γI∇IΦ + (γI∇IΦ)
†Φ
)
dV (6.42)

= 2

∫
Σ

(
4πT0aε̄kγ

aεk + ηε†kγ
I∇IZ + η(γI∇IZ)†εk +O(η2)

)
dV. (6.43)

Hence, unlike equation 5.124, it appears that even calculating the lineared limit requires some
knowledge about how Φ is extended inside Σ; the result is not constructed only out of Tab and
special vectors of the background like when Λ ≤ 0. This issue can only be avoided if ∇IΦ itself
was O(η2), instead of O(η).

When Σ is non-compact - e.g. as in chapter 4 - an essential part of Witten’s method is a
spinor, ε, which solves γI∇Iε = 0 on Σ. However, in the Dougan-Mason approach, a spinor,
Ψ, solving γI∇IΨ = 0 is a mere tool in proving Q(Φ) ≥ 0, but serves no actual purpose in
defining the quasilocal mass itself. Perhaps this is unsurprising. After all, in chapter 4, Q(ε)
could be evaluated on Σt,∞ solely on the basis that ε→ εk, without any reference to γI∇Iε = 0
on Σ. Alternatively, perhaps solutions of the Dirac equation should be more directly exploited
in defining a spinorial quasilocal energy.

It’s possible the linearised gravity issue and the positivity issue for quasilocal mass with
Λ > 0 can both be solved by working with just Ψ (the spinor solving γI∇IΨ = 0 in Σ with
appropriate boundary conditions on ∂Σ = S) instead of Φ (the spinor solving ma∇aΦ = 0
on S). Instead of a 4D space of solutions to ma∇aΦ = 0 on S, one would have to find an
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appropriate boundary condition that fixes two out of four components of Ψ on S (with the
other two components being fixed by enforcing γI∇IΨ = 0 on Σ). Then, there would a 2D
space of freedom. This boundary condition would have to be chosen such that the PDE problem
is well-posed and such that there exists an analogue of TAB (which could then be normalised
as εAB since the matrix is now only 2 × 2). Then, perhaps one could proceed analogously to
Dougan-Mason and even define a quasilocal energy-momentum vector.

It would be very interesting in future to pursue this and the other lines of research suggested
in this chapter. For now, the quest to find a truly satisfactory definition of quasilocal mass
remains unfulfilled.
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Appendix A

Conventions

And may I say - not in a shy way
Oh no, oh no, not me
I did it my way

- From My way, as popularised by Frank Sinatra

My conventions are based largely off [17]; the main points are listed below.

The metric signature is (−1,+1, · · · ,+1).

The following symbols are frequently used.

• M : The full spacetime

• n: The dimension of M

• g: The Lorentzian metric on M

• Σ: (n− 1)D, spacelike hypersurface

• S: (n− 2)D, spacelike surface

• I: Conformal infinity

• Σt: A spacelike hypersurface with constant t coordinate in an open neighbourhood of I

• Σt,∞ = Σt ∩ I

• Λ: A negative cosmological constant, often normalised to −1
2
(n− 1)(n− 2)

• k =
√

− Λ
2(n−1)(n−2)

• f(l): The O(e
2re−lr) tensor in a Fefferman-Graham expansion

• C∞
c : The space of smooth Dirac spinors on Σ subject to the conditions in definition 3.5.

• H: The completion of C∞
c under the inner product in lemma 3.6 or lemma 3.7.

• Ψ = Ψ†γ0 for a Dirac spinor, Ψ

• I: The identity matrix or operator

• Da: The Levi-Civita connection of g
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• ∇aΨ = DaΨ + ikγaΨ + AaΨ for a Dirac spinor, Ψ, and a spinor endomorphism-valued
one-form, Aa

• ∇aΨ = DaΨ− ikΨγa +Ψγ0A†
aγ

0 = (∇aΨ)†γ0

• D: Dirac operator from H → L2 defined by Ψ 7→ γI∇IΨ

• {oα, ια}: A GHP spinor dyad

• δ = maDa in the context of the NP formalism

• δ̄ = maDa in the context of the NP formalism

• D = laDa in the context of the NP formalism

• ∆ = naDa in the context of the NP formalism

Many different types of indices are used, as given below. Unless otherwise stated, they carry
the following meaning.

• a, b, c, · · · are vielbein indices running 0, 1, · · · , n− 1. However, in most equations it will
be apparent that these could equally well denote abstract indices.

• µ, ν, ρ, · · · are coordinate indices running 0, 1, · · · , n− 1.

• I, J,K, · · · are vielbein indices running 1, 2, · · · , n− 1.

• Depending on context, α, β, γ, · · · are either two-component spinor indices for the (1/2, 0)
representation (left-handed Weyl spinors) running 1, 2 or coordinate indices running
2, 3, · · · , n− 1.

• α̇, β̇, γ̇, · · · are two-component spinor indices for the (0, 1/2) representation (right-handed
Weyl spinors) and run 1̇, 2̇.

• Depending on context, A,B,C, · · · are either vielbein indices running 2, 3, · · · , n − 1 or
indices for the linearly independent solutions to ma∇aΦ = 0.

• m,n, p, q, · · · are coordinate indices running 0, 2, 3, · · · , n− 1.

• M,N,P,Q, · · · are vielbein indices running 0, 2, 3, · · · , n − 1. However, in section 5.3
only, they run 0, 1, 2, 3, 4 and index the embedding Cartesian coordinates when AdS is
viewed as a surface in R3,2.

The Riemann tensor is defined such that [Da, Db]V
c = Rc

dabV
d.

Complex conjugation of an object - unless it is a Dirac spinor - will be denoted by a bar
over the object, e.g. z̄.

Levi-Civita symbols are normalised by ε12 = −1, ε12 = 1, ε1̇2̇ = −1, ε1̇2̇ = 1, ε0123 = −1
and ε0123 = 1. Then, εαγεγβ = δαβ and likewise for the dotted indices.

Two-component spinors are raised and lowered from the left, i.e. ψα = εαβψ
β and ψα = εαβψβ.

The extended Pauli matrices are

(σa)αα̇ ≡ (I, σ1, σ2, σ3) and (A.1)

(σ̃a)
α̇α = εαβεα̇β̇(σa)ββ̇ ≡ (I,−σ1,−σ2,−σ3), (A.2)
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with σ1,2,3 being the standard Pauli matrices.

The conversion between vierbein indices and two-component spinor indices is by Vαα̇ = (σa)αα̇V
a

and Va = −1
2
(σ̃a)

α̇αVαα̇.

In 4D, Dirac spinors are decomposed into two-component spinors by Ψ = (ψα, χ̄
α̇)T .

The gamma matrices are chosen so that γaγb + γbγa = −2gabI, (γ0)† = γ0 and (γI)† = −γI .

In 4D, the gamma matrices are in the Weyl representation, i.e.

γa =

[
0 (σa)αα̇

(σ̃a)
α̇α 0

]
. (A.3)

The Dirac conjuage is defined to be Ψ = Ψ†γ0. In 4D that becomes Ψ = (−χα,−ψα̇).

The antisymmetric product, γ[a1 · · · γan], is denoted by γa1···an .

Antisymmetric combinations of the Pauli matrices are sometimes written in terms of

(σab)
β
α = −1

4
((σa)αα̇(σ̃b)

α̇β − (σb)αα̇(σ̃a)
α̇β) ≡ 1

2


0 σ1 σ2 σ3

−σ1 0 iσ3 −iσ2
−σ2 −iσ3 0 iσ1
−σ3 iσ2 −iσ1 0

 (A.4)

and (σ̃ab)
α̇
β̇
= −1

4
((σ̃a)

α̇α(σb)αβ̇ − (σ̃b)
α̇α(σa)αβ̇) ≡

1

2


0 −σ1 −σ2 −σ3
σ1 0 iσ3 −iσ2
σ2 −iσ3 0 iσ1
σ3 iσ2 −iσ1 0

 . (A.5)

The charge conjugation matrix is

C =

[
εαβ 0

0 εα̇β̇

]
⇐⇒ C−1 =

[
εαβ 0
0 εα̇β̇

]
. (A.6)

The NP coefficients are defined as follows.

κ = −maDla (A.7)

τ = −ma∆la (A.8)

σ = −maδla (A.9)

ρ = −maδ̄la (A.10)

π = maDna (A.11)

ν = ma∆na (A.12)

µ = maδna (A.13)

λ = maδ̄na (A.14)

2ε = maDma − naDla (A.15)

2γ = ma∆ma − na∆la (A.16)

2β = maδma − naδla (A.17)

2α = maδ̄ma − naδ̄la (A.18)
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The spin-weighted spherical harmonics used in section 5.2 are

(
1/2Y1/2,1/2

)
=

i√
2π

sin

(
θ

2

)
eiϕ/2,

(
1/2Y1/2,−1/2

)
= − i√

2π
cos

(
θ

2

)
e−iϕ/2,

(
−1/2Y1/2,1/2

)
=

i√
2π

cos

(
θ

2

)
eiϕ/2 and

(
−1/2Y1/2,−1/2

)
=

i√
2π

sin

(
θ

2

)
e−iϕ/2. (A.19)

In some parts of chapter 4 it will be necessary to consider both Dirac spinors on an (n − 2)-
dimensional surface and Dirac spinors on the full spacetime. In these cases, the spacetime
spinor space is viewed as a direct sum of the (n − 2)-dimensional surface’s spinor space with
itself. Furthermore, the gamma matrices for the spacetime are then chosen as

γ0 =

[
I 0
0 −I

]
, γ1 =

[
0 −I
I 0

]
and γA =

[
0 γ̂A

γ̂A 0

]
, (A.20)

where {γ̂A} are the gamma matrices (in any representation) of the (n−2)-dimensional surface.
In this context, hats will be placed on all quantities intrinsic to the surface.

A.1 Comparison to Penrose-Rindler conventions

The monogrpahs of Penrose and Rindler [100, 101] (PR) are popular references for two-
component spinors. However, their conventions differ significantly at times from mine; the
key differences are listed below.

• I use a mostly plus metric while PR use a mostly minus metric.

• I use lowercase letters from the start of the Greek alphabet for two-component spinor
indices while PR use uppercase Latin letters.

• For two-component spinors, my undotted indices correspond to their primed indices and
my dotted indices correspond to their unprimed indices.

• I take two-component spinor indices to run over the values 1 and 2, whereas PR take
them to run over 0 and 1.

• My spinor index conversion is Vαα̇ = (σa)αα̇V
a, while PR define VA′A = 1√

2
(σa)A′AV

a.

• The
√
2 difference when converting to spinor indices means ιαoα = ῑα̇ōα̇ =

√
2 here while

PR have ιA
′
oA′ = ιAoA = 1.

• For any spinor, ψα, the ψo and ψι in equation 2.60 would be 1√
2
ψ1′ and− 1√

2
ψ0′ respectively

in their notation. Likewise, ψo and ψι are
1√
2
ψ1 and − 1√

2
ψ0 respectively.

• Dirac spinors are Ψ = (ψα, χ
α̇)T for me while PR would write (χA, ψA′)T , i.e. the left

and right handed components are written in the opposite order.

• I raise and lower indices from the left, i.e. ψα = εαβψβ and ψα = εαβψ
β, while PR raise

from the left, but lower from the right, i.e. ψA = εABψB but ψA = ψBεBA. This difference
means ε12 = 1 =⇒ ε12 = −1 for me. Furthermore, it means εαγεγβ = δαβ for me while
they have εACεCB = −δAB .
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Appendix B

Frequently used spinor identities

Part of the art of bowling spin is to make the batsman think something special is happening
when it isn’t.

- Shane Warne

In this appendix I seek to de-mystify the practical application of spin by collecting some
identities I use liberally throughout this thesis.

I deploy the following gamma matrix identities regularly.

γaγb + γbγa = −2gabI (B.1)

γa1···akγak = −(n− k − 1)γa1···ak−1 (B.2)

γabγc = γcγ
ab − 2δbcγ

a + 2δacγ
b (B.3)

γabγc = γabc − δbcγ
a + δacγ

b (B.4)

γaγ
bc = γ bc

a − δbaγ
c + δcaγ

b (B.5)

γabcγde = γabcde − 6γ
[ab

[eδ
c]
d] + 6γ[aδb[eδ

c]
d] (B.6)

γabγcd = γabcd + δacγ
bγc − δadγ

bγc − δbcγ
aγd + δbdγ

aγc + δacδ
b
dI − δadδ

b
cI (B.7)

γaγ
bcd = γ bcd

a − δbaγ
cd + δcaγ

bd − δdaγ
bc (B.8)

The following two component spinor identities are indispensable.

V αα̇Wαα̇ = −2V aWa (B.9)

(ψα) = ψα̇ (B.10)

ψαχ
α = −ψαχα (B.11)

ψαψ
α = 0 (B.12)

(σa)αα̇(σ̃b)
α̇β + (σb)αα̇(σ̃a)

α̇β = −2gabδ
β

α (B.13)

(σ̃a)
α̇α(σb)αβ̇ + (σ̃b)

α̇α(σa)αβ̇ = −2gabδ
α̇
β̇

(B.14)

(σa)αα̇(σ̃b)
α̇α = −2gab (B.15)

(σa)αα̇(σ̃a)
β̇β = −2δβαδ

β̇
α̇ (B.16)

(σa)αβ̇(σ̃b)
β̇β(σc)βα̇ = gca(σb)αα̇ − gbc(σa)αα̇ − gab(σc)αα̇ + iεabcd(σ

d)αα̇ (B.17)

(σ̃a)
α̇β(σb)ββ̇(σ̃c)

β̇α = gca(σ̃b)
α̇α − gbc(σ̃a)

α̇α − gab(σ̃c)
α̇α − iεabcd(σ̃

d)α̇α (B.18)

εαβε
γδ = −

(
δγαδ

δ
β − δδαδ

γ
β

)
(B.19)
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Finally, the following NP coefficients are needed in terms of GHP variables.

√
2µ =

√
2maδna = ῑα̇δῑα̇ (B.20)

√
2ρ = −

√
2maδ̄la = ōα̇δ̄ōα̇ (B.21)

√
2α =

1√
2

(
maδ̄ma − naδ̄la

)
= ῑα̇δ̄ōα̇ (B.22)

√
2β =

1√
2
(maδma − naδla) = ῑα̇δōα̇ (B.23)

√
2σ = −

√
2maδla = ōα̇δōα̇ (B.24)

√
2λ =

√
2maδ̄na = ῑα̇δ̄ῑα̇ (B.25)
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