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Lay summary

Albert Einstein’s general theory of relativity is our best known theory of gravity. Having
been experimentally verified now for over a century, it stands alongside the standard model
of particle physics as the most successful theory of a physical phenomenon that humanity has
ever devised.

Within the study of general relativity, this thesis is dedicated to quantifying the energy
contained in the gravitational field. In our everyday experience, this is not a difficult task.
Using Newton’s theory of gravitation, we can very precisely calculate the energy required to
lift a brick, or even send one to the Moon.

However, for a variety of technical reasons, it turns out gravitational energy is far more
subtle in general relativity. One of the theory’s many striking consequences is that it is im-
possible to measure the gravitational field’s energy at any single, given point; instead, energy
must be measured over some extended region.

In this thesis, I study energy in two such contexts - “global” and “quasilocal.” In the former,
one tries to quantify the energy of the entire spacetime, effectively the entire Universe, or at
least the energy of an isolated system measured from very far away. In the latter context, one
instead tries to ascertain the energy of some smaller region of interest.

Another one of general relativity’s striking features is an undetermined free parameter
known as the cosmological constant. In fact, a positive cosmological constant is one possible
explanation for what is colloquially known as “dark energy.” Most of the results I prove in this
thesis are about the case when the cosmological constant is negative. As I find in this thesis,
gravitational energy has some unique mathematical properties in such Universes.

The main tools I use to prove these properties are known as “spinor” methods. Spinors are
peculiar objects in abstract algebra which are difficult to visualise in any simple terms. One
of their characteristic features is that a rotation of 360 degrees does not leave them invariant.
Instead, a full two rotations are required to return them to their original state. Spinors don’t
naturally have anything to do with general relativity, but an astonishing piece of work by
Edward Witten in 1981 developed a method that proved otherwise. It is primarily Witten’s
method that I deploy in this thesis.

v



Abstract

In this thesis, I apply spinorial techniques to develop new positive energy theorems in general
relativity, both at the global and quasilocal levels. The new results are mainly in the context of
spacetimes with negative cosmological constant. At the global level, I focus on asymptotically,
locally AdS spacetimes and give particular attention to spacetimes where conformal infinity
has compact, Einstein cross-sections admitting real Killing or parallel spinors. A new positive
energy theorem is derived for such spacetimes in terms of geometric data intrinsic to the cross-
section. This is followed by the first complete proofs of the BPS inequalities in (the bosonic
sectors of) 4D and 5D minimal, gauged supergravity, including with magnetic fields, provided
the Maxwell field is exact. The BPS inequalities are proven for asymptotically AdS spacetimes,
but also generalised to the aforementioned class of asymptotically, locally AdS spacetimes.
Meanwhile, at the quasilocal level, I develop a new notion of quasilocal mass for generic,
compact, two dimensional, spacelike surfaces in four dimensional spacetimes with negative
cosmological constant. The definition is spinorial and based on work for vanishing cosmological
constant by Penrose and Dougan & Mason. Furthermore, this mass is non-negative, equal to
the Misner-Sharp mass in spherical symmetry, equal to zero for every generic surface in AdS,
has an appropriate form for gravity linearised about AdS and has an appropriate limit for large
spheres in asymptotically AdS spacetimes. I finish the thesis with some remarks on natural
questions and extensions raised by the results and the methods used to derive them.
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Chapter 1

Introduction

Madness, as you know, is like gravity; all it takes is a little push.
- The Joker in the The Dark Knight

Albert Einstein’s general theory of relativity is our best known theory of gravity. Having
been experimentally verified now for over a century, it stands alongside the standard model
of particle physics as the most successful theory of a physical phenomenon that humanity has
ever devised.

General relativity is a famously technically challenging theory which brings together deep
geometric ideas to explain gravitation and the response of objects to the gravitational field. In
particular, spacetime - the grand arena in which physical phenomenon occurs - is a Lorentzian
manifold, (M, g), where the gravitational field is encoded in the metric, g, and is required to
satisfy the Einstein equation,

1
Rab — §Rgab + Agab = 87TTab. (11)

The left hand side is built out of purely geometric quantities - the Ricci tensor, R, the
Ricci scalar, R, the metric itself and an undetermined constant, A, known as the cosmological
constant. In contrast, the right hand side is proportional to the energy-momentum tensor,
T, a tensor determined by the matter content in the spacetime. As Wheeler famously re-
marked, “spacetime tells matter how to move; matter tells spacetime how to curve.” Hence,
understanding gravitational dynamics requires a detailed study of geometry.

This has led to the flourishing research field of mathematical relativity - a program of apply-
ing techniques from differential geometry, geometric analysis and theoretical physics to answer
questions about gravitation. Partly because of these technical challenges of general relativity,
there are several fundamental aspects of the theory which remain under active research despite
the theory being well over a hundred years old.

One such aspect is the study of gravitational energy, which is the overriding theme of this
thesis. It has long been known that energy is a very subtle concept in general relativity. Firstly,
Wheeler’s famous remark is only half-true. Since the left hand side of the Einstein equation is
highly non-linear, the metric can be highly non-trivial even when 7, = 0; spacetime can curve
even without matter telling it how. Therefore gravitational energy is not simply quantified
by T,,. Besides any implications of the Einstein equation, an additional source of difficulty
is the equivalence principle, another foundational tenet of general relativity. In it’s simplest
expression, the equivalence principle is the assertion that freely falling particles follow causal
geodesics of the spacetime [I16]. In particular, since all bodies fall precisely the same way
in a gravitational field and the gravitational field must be determined by nothing more than
the spacetime structure, (M, g), it is impossible to detect the gravitational field through an



experiment localised to any one given point in the spacetime. Therefore, energy in general
relativity must be measured over some extended region.

Faced with this situation, the typical method to define energy is to work with geometric
invariants measured at infinity, thereby capturing some notion of the total energy of the entire
spacetime. This approach has lead to commonly accepted definitions such as the ADM [2] and
Bondi [12] energies in asymptotically flat spacetimes. These global energies are different from
our everyday experience in that under some reasonable assumptions, they are always positive
- in contrast, Newton’s gravitational potential energy is typically negative. This remarkable
positive energy theorem was proven by Schoen & Yau [107, [108] and Witten [125] independently
in the early 1980s through very different means. These seminal results have gone on to shape
much of the research in the field in the subsequent decades, including this thesis.

But one may be inclined to launch a vociferous protest at this state of affairs. After all, the
real Universe has regions of substructure. Can we truly not quantify the energy contained in
a smaller region of physical interest, instead of the entire spacetime? Answering this question
has lead to the study of “quasilocal mass” - a desire to quantify the total energy bounded by
some closed, compact, 2D surface such as a sphere. In this thesis I will study energy at both
the global and quasilocal levels.

Another major theme of this thesis will be the cosmological constant, A, whose value is left
undetermined by the postulates of general relativity. While A = 0 can be assumed for most
practical purposes, its sign is critical on the largest length scales. This thesis is an in-depth
study of the A < 0 case. My motivation is mainly mathematical interest and a desire for
completeness in considering all possible cases of A. However, I am also partly motivated by
the intense interest being received in physics by the AdS/CFT correspondence, which critically
relies on A < 0.

In performing this study, I will follow Witten’s original positive energy theorem proof [125].
Witten’s proof is astonishing in its simplicity and its surprising use of spinors, which a priori
have nothing to do with the problems at hand. But, as with Witten’s pioneering work, spinor
methods will be the primary tool with which I proceed.

In recounting this tale, I will start afresh in chapter [2| with a survey of the technical back-
ground required for the later chapters and a review of the relevant literature to contextualise my
work. The crux of the thesis then begins in chapter 3] where I establish various identities and
results in analysis which underpin the main methods deployed in this thesis. Then, I'm finally
ready in chapter [4] to prove the first tranche of new results, namely a series of positive energy
theorems and BPS inequalities for a certain class of asymptotically, locally AdS spacetimes. In
chapter [f] I turn my attention to the quasilocal level, where I define a new quasilocal mass for
spacetimes with negative cosmological constant and prove that the new definition satisfies a
number of physically desirable properties. Finally, pathways for further research are discussed
in chapter [ Additionally, I provide a pair of appendices. Appendix [A] collates the various
conventions I adhere to in presenting the material while appendix |B| provides a reminder of
some frequently used spinor identities.

1.1 Summary of main results

While theses may be as long as novels, unlike the latter, suspense is rarely a desirable feature
of the former. Thus, I collect here the two main results in this thesis. The first is a series
of positive energy theorems for a certain class of asymptotically, locally AdS spacetimes. The

precise definitions of asymptotically, locally AdS spacetime, energy and “conserved quantities”
will be given later in definitions [2.11], 2.16], and The theorem below is collated from

theorems [4.2] [4.4] [4.7], [4.8] and corollary £.19.1]



Theorem 1.1. Let (M, g) be an nD, asymptotically, locally AdS spacetime solving the Einstein
equation. Suppose conformal infinity, I, is R x S with the metric, —dt ® dt + h, where t is
the coordinate along the R factor in the topology. Assume (S,h) is an Finstein manifold with
Ric(h) = ¢(n — 3)h and ¢ = 0 or ¢ = 1 for each value of t. Let E denote the energy of
the spacetime and let Q;, denote an (appropriately normalised) “conserved quantity” associated
to a Killing vector, k, of (S,h). Let bi‘h) denote the Levi-Civita connection of h and {4}
the (n — 2)D gamma matrices. Suppose ¢ = 0 and there exists a non-zero spinor, 1&, solving
Dfpzﬂ =0 on (S,h). Then, with k4 = —ipt349 the following properties hold.

o If the dominant energy condition holds, then E + Q); > 0.

e If n = 4, the matter content of the spacetime is an exact electromagnetic field and the

~

Mazwell equations hold, then E 4 Q. + c(¢)q. > 0, where q. is the electric charge of the

~

spacetime and c(v) is a constant depending on c(1).

e [fn =5, the matter content of the spacetime is an exact electromagnetic field and the

~ ~

Mazwell-Chern-Simons equations hold, then E + Q;, + c¢(v¥)ge > 0. Note that this c(v))

~

need not equal the c(v) in the previous case.

Instead, suppose that (S, h) is the round sphere and let {~°, 7'} be the nD, Lorentzian gamma
matrices. Then, the following properties hold.

e [f the dominant energy condition holds, then
, i
EI—iPpy" + 51"y + K™y (1.2)

18 a non-negative definite matrixz, where Py, J;; and Ky represent the linear momentum,
angular momentum and centre of mass position of the spacetime.

e If n = 4, the matter content of the spacetime is an exact electromagnetic field and the
Mazwell equations hold, then

) 1
EI —iPy' + §J1J707U + K17y = g.° (1.3)

s a non-negative definite matric.

e [fn =5, the maltter content of the spacetime is an exact electromagnetic field and the
Maxwell-Chern-Simons equations hold, then

, i V3
EI —iPy" + §J1J’YU’7U + K%y - 7‘1@’70 (1.4)

1s a non-negative definite matriz.

Finally, suppose ¢ = 1 but (S,h) is not the round sphere. Let ééi) denote spinors solving
D%)é,(f) = :l:%‘yAéELi) and define k®A = —ié,(f)T’yAégi). Without loss of generality, scale égi)

so that é,(li)Tégi) = 3(1), where §&) = 1 if a mon-trivial égi) ezists and 6 = 0 otherwise.
Suppose at least one of 0F) or 6©7) is non-zero. Then, the following properties hold.
o [f the dominant energy condition holds, then E(5(+) + 5(_)) + Qi +Qp— = 0.

o [fn =4, the matter content of the spacetime is an exact electromagnetic field and the
Mazuwell equations hold, then E(6™) +05)) + Qp) + Qpoy + C(ééi))qe > 0.
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e Ifn =5, the matter content of the spacetime is an exact electromagnetic field and the
Mazwell-Chern-Simons equations hold, then E(6™ +6)) + Q) +Qpy +c(é,(f[))q6 > 0.

The second main result is the development of a new quasilocal mass for 4D spacetimes with
negative cosmological constant and an analysis of the new quasilocal mass’ properties.

Definition 1.2 (Quasilocal mass). Given a generic, 2D, spacelike surface, S, within a 4D
spacetime, (M, g), satisfying the Finstein equation with negative cosmological constant, A, and
matter fields satisfying the dominant energy condition, make the following constructions. Let
{l,n,m,m} be a Newman-Penrose tetrad adapted to S. Assume the null expansions of S satisfy
0, >0, 0, <0 and 0,0, < % Let D, be the Levi-Civita connection of g and let

A
Vol = DoW + iy~ 57,7 (1.5)

for any Dirac spinor, V. Let ® denote a Dirac spinor satisfying m*V,® = 0 on S and let
{®4} be a basis of solutions. Then, define matrices, Q4% and TAB, by

QAP = / Lany (6‘%@“%@3 - VC((I)A)')/“I’C(I)B> dA (1.6)

s
and T8 = (eHTC~1d5, (1.7
where C' = charge conjugation matrix. (1.8)

Finally, define the quasilocal mass as

m(S) = = —tr(QT-1QT1). (1.9)

The precise meaning of “generic” is given in definitions [5.5] and discussed afterwards.
The proof that m(S) is well-defined is the main subject of section and relies crucially on
theorem [5.3]

Theorem 1.3. The quasilocal mass in definition satisfies:
e m(S) > 0.
e m(S) =0 for every generic surface in AdS.

e In a spherically symmetric spacetime, the round spheres have m(S?) = myrs(S?), where
mars @S the Misner-Sharp mass.

o m(S%) =+E?— PPl + JJT — KiKT, where S% is a sphere at infinity in an asymptot-
ically AdS spacetime.

e For generic S in a spacetime where AdS is perturbed by an infinitesimal energy-momentum
tensor, Ty, m(S2) = VE?2 — PP + J;JI — K;K! and E, Py, J; & K; are conserved
quantities built out of Tyy.

The precise definitions of asymptotically AdS spacetime, conserved quantities and Misner-
Sharp mass are given in definitions 2.11], 2.16], [£.11], [5.15| and equation 2.170, The theorem
collates the proof that definition [5.9)is well-defined, lemma theorem [5.13] corollary
and theorem [5.16]




Chapter 2

Background

First learn stand, then learn fly.
- Mr. Miyagi in The Karate Kid

I'll begin the technical chapters of this thesis with a wide-ranging review of the ideas and
existing results which motivate everything else to come. In particular, I will discuss spinors,
their application in general relativity, asymptotically locally AdS spacetimes and various def-
initions of energy in general relativity, before bringing all these concepts together in a sketch
of Witten’s positive energy theorem. I've sought to make the presentation self-contained with-
out being overly excessive. In that vein, certain proofs have been either omitted or given in
complete detail on the basis of instructive-ness, future utility and personal indulgence.

2.1 Spinors and the Geroch-Held-Penrose formalism

Few topics in mathematics are as enigmatic as spinors. Even as frequent a practitioner of spin
geometry as Michael Atiyah is quoted[] to have said that “no one fully understands spinors; their
algebra is formally understood but their general significance is mysterious.” Notwithstanding
such cautionary remarks, in this subsection 1 attempt my own review of spinors, including
their application to general relativity in the Geroch-Held-Penrose (GHP) formalism [4§]. T will
largely adapt the expositions in [43], 17, 35, 116}, O3], 48].

2.1.1 Spinors on Minkowski space

The story begins with the Clifford algebra, which I will discuss from a very “physicist” per-
spective. For now I'll discuss spinors only on Minkowski space, i.e. R™ with the metric,
n = diag(—1,1, --- ,1). More general manifolds and metrics are postponed for now. The nD
Clifford algebra is defined to be the unital, associate algebra generated by n elements, {y%}"5,

satisfying
Y + 4Py = -2, (2.1)

where [ is the multiplicative identity. If one takes a complex, irreducible, matrix representation
of the Clifford algebra, then the generators, 7%, are known as the “gamma matrices.” Indeed, 1
will always consider the Clifford algebra in such a representation. Furthermore, the perspective
I'll take in this thesis is that Dirac spinors are the elements of the representation space, say
S. Therefore, the gamma matrices act as endomorphsims on S. It is well known that there
exists a unique complex, irreducible representation of the Clifford algebra for even n, there

L As far as I can tell, this quote first appeared in Graham Farmelo’s comprehensive biography of Paul Dirac.



exist two inequivalent such representations for odd n related by v* — —~v® and in both cases
dim(S) = 21"/2) [35]. It can also be shown [35] that one can always choose an equivalence class
representative in which (7°)" =% and (y/)T = —+*.

Meanwhile, the spin group, Spin(n — 1, 1), is defined to be the universal covering groupﬂ of
the subgroup of O(n — 1,1) connected to the identity matrix, /. At first sight, there appears
to be no discernible connection between spin groups and spinors.

However, their connection can be unraveled by first descending to the Lie algebra. The
Lorentz algebra, o(n — 1,1), is defined by generators, { My, = —M,, }, satisfying

[Maln Mbc] = _<77achd - 77ad]\4'bc - anMad + nbdMac)' (22)

In particular, the fundamental representation has the matrices,

(Mab)cd = NacTbd — Tadbe- (23)
It can be checked - using the Clifford algebra - that this same Lie algebra is satisfied by
1 1
b= —— Ve ] = —=Vap. 24
Sab = =7 [ W] = =5 Yab (2.4)

Since the spin group and Lorentz group only differ by universal cover, they share a Lie algebra.
This fact allows a representation of the spin group to be generated from representations of the
Lorentz group as follows.

Suppose 7'* = A%~® for A € O(n —1,1). By the definition of O(n — 1, 1), it follows that '
also satisfies the Clifford algebra. However, as I've explained, the algebra’s representation is
unique up to equivalence. Therefore, there exists a matrix, S[A], such thaff]y"* = S[A] 71y S[A].
Suppose that A = e""Mav/2 for some constants, we,. Then, S[A] = e**"S2/2 which is proven
as follows. In general, the study of the adjoint representation shows e"4Be? = ¢“4(B), where
C'4 is the operator, C4(B) = —[A, B]. In this case,

a 1 C a a 1 C a
C ey sa(V") = Zwb [ses 7%] = W™ = Jw "Mea)"s?", (2.5)

which proves that upon exponentiation,
SIA] My S[A] = e M2 (3%) = A% (2.6)

A Dirac spinor, ¥ € S, is then defined to transform as ¥ — S[A]¥. As a consequence, an
object such as the Dirac operator, v¢0,V, is covariant.
From equation [2.6| and Schur’s lemma,

S[AA] T S[A ] = (A1) (A2) )" = (S[A]S[Ao]) Ty S[AL]S[As]
= S[A1Ao] = f(A1, A2)S[A]S[A,] (
for some function, f. Therefore S[A] only provides a projective representation of SOT(n—1
1

This is because S is in fact providing a true representation of the universal cover, Spin(n—
The classic example which demonstrates this is the rotation,

0 0 00
A=e"™ for M = 8 _01 (1) 8 : (2.8)
0 0 00

2This is not a valid definition for Spin(p, q) when both p,q > 2 [43].
3In odd dimensions, there are two inequivalent representations related by sign. However, it can be checked
. An—1

that /¢ = S[A]7!(—~%)S[A] would lead to a contradiction when considering 7 ---4"~! (which must be pro-
portional to I by Schur’s lemma), provided that det(A) = 1.

6



which (in the 4D Weyl representation of the gamma matrices) leads to
ei003/2 0
SO Sl (2.9

A being a 27 rotation therefore does not lead to S[A] being the identity matrix.

Since dim(S) = 2"/2] a Dirac spinor is naturally a 2l"/2)-component object. However,
while S is the representation space for an irreducible representation of the Clifford algebra,
S[A] acting on S is not an irreducible representation of Spin(n — 1,1) when n is even. One
example of a non-trivial, invariant subspace is the space of Weyl spinors, which are defined to be
eigenspinors of 10 - - - 4" ~1. Since (70 - - -2 = (—1)FDO=D2T (40 an=hyiA0 L anml —
and {7y%,7%---7""1} =0, S splits into two eigenspaces of equal dimension, both of which are
invariant under S[A] VA. When n = 4, it is actually particularly convenient to work with these
two-component Weyl spinors instead of the four-component Dirac spinors.

To introduce the formalism of two-component spinors, I'll start by studying the spin group
in four dimensions. From its outset, this discussion will need the extended Pauli matrices,
o, = (I,0;) and 7, = (I, —0;) where o; are the usual Pauli matrices.

Theorem 2.1. Define A : SL(2,C)/Zy — SO'(3,1) by
1
A(A), = —atr(&“AabAT ). (2.10)
Then, A is a group isomorphism.

Note this theorem proves Spin(3,1) = SL(2,C).

Proof. Let V be a Lorentz vector and let H be the space of hermitian 2 x 2 matrices. Observe
that vectors can be put into bijection with H by the map,

R e

V=V, = Vi yo_ s (2.11)
Since tr(¢%oy) = —26%,, it follows that
Ve = —%tr(&“V). (2.12)
Furthermore, this map has the property that
det(V) = (V)2 — (V)2 = (V?)? = (V?)? = =V V. (2.13)

Observe that for any matrix, A € SL(2,C), det(AVAT) = det(V) = —V*V, and AVAT is still
hermitian. Therefore, 3 a map, A : SL(2,C) — O(3,1) such that

AVAT = A(A)*,Vo,. (2.14)
From equation [2.12] it must be that
a 1 ~a t
AA)Y, = —Etr(o Ao, A"). (2.15)
It remains to better analyse the properties of A. Firstly, it’s a group homomorphism since

A(A))* A(A9)4 V00, = Ay (AVAD AT = (A1 A)V(ALAS)T = A(A1A5)% V00, (2.16)
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Next, if A € ker(A), then AVAT = V for every hermitian matrix V. By choosing different
options for V (e.g. even V = I, which would imply A commutes with every hermitian matrix),
it follows that A = £1.

It remains to find the range of A. It can be checked that choosing A = €%i/2 leads to A
being a rotation about the 2’ axis while choosing A = €®7/2 leads to a boost in the ¢t — 2
plane. Since rotations and boosts generate SO'(3,1), the range is at least that big. However,
{04,10,} is a basis for sl(2,C), meaning every element of SL(2,C) can be written as a product

of ¢%71/25 and e971/2s.
Therefore the range is exactly SO'(3,1). Using the first isomorphism theorem, one con-
cludes that A is a group isomorphism between SL(2,C)/Z; and SO'(3,1). O

As T foreshadowed earlier, Weyl spinors will be related to the irreducible representations
of the spin group. Four irreducible representations of SL(2,C) are particularly central to the
study of two-component spinors. Given A_° € SL(2,C), these representations are defined by
the following transformations.

e Fundamental/left-handed Weyl/(1/2,0): ¢/, = A, Pis

e Contragradient: ¢ = ¢/*(A~1),*
e Complex conjugate/right-handed Weyl/(0,1/2): v, = Zdﬁwﬁ-

e Contragradient complex conjugate: ﬁd = Eﬁ(Z’l) Bd

Whether a two-component index is dotted or undotted and whether it’s upstairs or downstairs
therefore uniquely identifies the representation that spinor is in. One can now construct spinors
with many indices by tensor product.

It’s manifest that complex conjugation turns a dotted index into an undotted index and
vice-versa. Furthermore, since &zﬂgAOﬂAﬁ‘s = det(A)eas = €ap, €ap and ¢, j are invariant tensors
and it can be checked that they can be used to raise and lower indices.

Likewise, equation implies

0 = Aoy AT(A(A)H)? (2.17)

a’

which means o, is effectively an invariant tensor carrying one Lorentz index, one undotted
spinor index and one dotted spinor index, i.e. 0, = (04)aa- It can then be checked that
04 = (04)% = Eaﬁsdﬁ(aa)ﬁﬁ-. Hence, equations [2.11| and [2.12) mean any Lorentz index can be
swapped for a pair of dotted & undotted spinor indices and vice versa, i.e. Vs = V(04)aa
and V* = —2(6%)** Vo

I’'m now in a position to complete the loop and return to Dirac spinors. It can be checked
that if

o { 0 ﬂ ’ (2.18)

g

then the Clifford algebra holds, (v°)" = 1%, (/)T = —4! and the collection, {y?}3_,, has no
non-trivial, invariant subspaces. This is called the Weyl representation of the gamma matrices.
Furthermore,

0. 1.2 3 __ II O
VY = {0 _i]} (2.19)

Therefore, the Weyl spinors of each eigenspace are simply the top two and bottom two compo-
nents in this four-component decomposition of the gamma matrices. This allows Dirac spinors



to be written in terms of the SL(2,C) indices as ¥ = (1, ¥*)? as follows. With the chosen
gamma matrices, the spinor representation of 0(3,1) is

1 ow O
Sab = _57(16 = |: Ob 5_ b:| ) (220)
i 0 g1 092 03
1 . . 1|—0o 0 o3 —lo
8 _ = (A N\OB (= \&BY — 1 3 2
where (0a),” = 4((Ua)aa(gb) (0b)aa(a)™) = 2 =0y —ioy 0 ioy (2.21)
_—0’3 10'2 —10'1 0
0 —01 —09 —03
< \a L e ~ \éa _1ljoy 0 log  —ioy
and (7)"; = —7(G) " (@0)s = @) =5 [0 0T o] 222)
_0'3 iO'Q —iO'l 0

Observe that {04} forms a basis for sl(2, C) and 6., = —o!,. Hence, if e*»7*"/2 = A € SL(2,C),
then the spinor representation has

ab
eWabo /2 A
S[A] = Lwab&ab /2} = { AT} . (2.23)

Hence, the lower two components transform under a complex conjugated contragradient rep-
resentation relative to the top two components, which in turn can be taken to transform in the
defining representation of SL(2,C). Therefore, it is indeed valid to decompose a Dirac spinor
in four dimensions into Weyl spinors as ¥ = (1, Y%)?.

I'll finally also mention the Dirac conjugate, ¥ = W% which is the appropriate analogue
of complex conjugation for Dirac spinors to maintain covariance of different equations and
compatibility with (7*)F = 4°49+°. In four dimensions, this leads to ¥ = —(x*, ).

2.1.2 Spinors on curved space

So far, these spinors have only been defined on nD Minkowski space. Additional complications
arise for curved manifolds, (M,g). For a general manifold, the tangent bundle is a vector
bundle with structure group, GL(n,R). The presence of a non-generate, Lorentzian metric, g,
means the structure group can be refined to O(n — 1, 1). This can be viewed as the associated
vector bundle for the principal bundle of orthonormal frames and effectively translates to being
able to consistently choose vielbeins across (M, g). In general relativity it’s always assumed
(M, g) is orientable and time-orientable. These topological assumptions amount to being able
to reduce the structure group further to SOT(n —1,1). A spin structure on a manifold is then
the ability to improve the structure group to Spin(n—1,1), the universal cover of SOT(n—1,1),
which leads to the spin bundle, where the model fibre is S.

This improvement is not always possible though. Dirac spinors were defined to transform
as W — S[A]¥ upon a Lorentz transformation. But, a local Lorentz transformation is exactly
the effect of the transition function when moving from one trivialising patch of the frame
bundle to another, e.g. V& = (Aga(z))%V} for a vector when going from a trivialising patch,
Ua to a trivialising patch, Ug. Therefore, Dirac spinors must also adjust accordingly, e.g.
Up = S[Apa(z)]¥ 4. However, S[A] is really a representation of Spin(n—1,1), not SOT(n—1,1),
and as I've shown with equation , a closed loop in SO'(n — 1,1) need not be a closed loop
in Spin(n — 1,1); it’s possible to start on one sheet of the cover and finish on a different one.
Hence, there is no guarantee that Ag, solving the cocycle condition, AycAcpApa = I, leads
to S[Apa] solving its cocycle condition.



Like orientability, the existence of a spin structure is a topological restriction saying there
exists a trivialisation, {U,}, such that the cocycle condition holds for the Spin(n— 1, 1)-valued
transition functions whilst also having pry,,.,. © A = pr,,, where pr is the base projection
map for a bundle and A : Spin(n — 1,1) — SO'(n — 1,1) is the covering map. In this thesis
I will always assume a spin structure exists. Although not every pseudo-Riemannian manifold
admits a spin structure, when it does, it can be shown [43] there are Hom(m (M), Zy) different
inequivalent spin structuresﬂ

There is also the notion of a Clifford bundle for a manifold. However, I will never write a
gamma matrix or a Pauli matrix with a coordinate indexE| in this thesis, e.g. v*. Hence, for
me ~* are just matrices of constants even in curved space and I don’t need to worry about
uplifting the Clifford algebra.

Having now defined spinors in curved space, I need to also extend the definition of the
covariant derivative to spinors. Given a connection on a principal bundle, the connection on an
associated vector bundle is simply the pushforward of the connection under the representation of
the structure group which is used to define the vector bundle. Since I already know o(n—1,1)’s
action on spinors, I immediately get the following expressions. Given a vielbein, e *, and spin
connection coefficients, wgp., the covariant derivative acts on different types of spinors as below.

e Dirac spinors: D,V = e *0,V — iwbcwbc‘l’

e Dirac conjugate: DU = €,"0,V + twyo U7 = (D, ¥)T7°

Left-handed Weyl: D v, = €,*0,10q + %wbca(a bc)aﬁ¢ﬁ

Right-handed Weyl: Daid = ea‘@#@d + SWhea(57)* 5@6

e Gamma matrix: D,7° =0

Pauli matrix: Dy (0p)aq = 0
e Levi-Civita symbol: D,eqp =0

The last three items in the list are not definitions, but rather derived from the other three, the
spin connection coefficients and various identities of the gamma & Pauli matrices.

It’s now finally time to start applying some of these spinor constructions to general relativity.
The main application I'll discuss is the GHP formalism [48]. However, to do so, I'll first have
to introduce the more fundamental Newman-Penrose formalism [93].

Let ¥ be a 3D, spacelike, compact submanifold with boundary, S, within the spacetime,
(M,g). Let {P,Q,X,Y} be a vierbein with X* & Y tangent to S, @* an outward-pointing
normal to S in ¥ and P? a timelike, future-directed normal to ». See figure for a visual
depiction of this set-up.

Having chosen {P, @, X, Y} as described, an NP tetrad is defined by

1 1 1
*=—(P"+Q%), n*=—(P*"— Q% and m“ = — (X +1iY?). 2.24
\/5( Q") \/5( Q") ﬁ( ) (2.24)
Equivalently, an NP tetrad can be defined as a collection of four vectors, {l,n, m,m}, such
that they locally form a basis for the tangent space, all four vectors are null, [ & n are real, [

4A fact that will repeatedly haunt me through this thesis.
°In this thesis, a, b, - - - will denote vielbein indices running 0, 1,--- ,n— 1, although in most cases they could
equally well represent abstract indices. In contrast, coordinate indices running 0,1,--- ,n — 1 will be p,v,---.
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Figure 2.1: ¥ is a 3D, spacelike, compact hypersurface with boundary, S. X & Y? are
orthonormal tangents to S, P® is a timelike, future-directed, unit normal to > and Q) is the
unit, outward-pointing normal to S that is tangent to >. This set-up will be used for defining
quasilocal mass and for applying the GHP formalism.

& n are normal to 9, [ is future-directed and outgoing, n is future-directed and ingoing, m is

complex, m is tangent to S, [“n, = —1 and m®m, = 1. Then, one could define
PCL 1 (la + a) Qa 1 (la a) Xa 1 ( a + —(1)
= — n®), =—("—n"), =—(m*+m
2 V2 V2

1
and Y = — (m® —m“). 2.25
g (" =) (225)
The idea of the NP formalism is to decompose everything into its components in this well-
chosen tetrad. For example, the covariant derivative, D,, is replaced by the four derivative
operators,

D=1°D,, A=n"D,, § =m"D, and § = m"D,. (2.26)

Similarly the connection coefficients are also decomposed into scalars, e.g. p = —m26l, and
i = m*mng. The full list of NP coefficients, x, 7, o, p, m, v, u, A, €, v, f and « is given in
appendix [A]l The spacetime metric in this tetrad is

Gab = —lany — Naly + MMy + Mgy, (227)
while the metric induced on S is
Bab = MaMp + M. (2.28)

The various components of the Weyl and Ricci tensors are also decomposed into scalars using
the tetrad, allowing the Cartan structure equations and the Einstein equation to be written as
a series of scalar equations. However, I will not need those equations in the NP formalism for
this thesis.

The NP formalism turns out to be a particularly convenient way to study the extrinsic
geometry of S. This is defined in general in much the same way as textbook derivations for
codimension-1 surfaces [104], [116].
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Definition 2.2 (Extrinsic curvature). The extrinsic curvature tensor of a surface (of arbitrary
co-dimension) is defined by

K(X,Y) =—(Dx,Y))", (2.29)

where X €Y are arbitrary vectors and || €& L denote the components parallel € orthogonal to
the surface respectively.

Lemma 2.3. Let S be a spacelike, 2D surface. Choose a NP tetrad adapted to S. Then, the
extrinsic curvature can be written as

Kabc = _ﬁdbﬁec(Dd(ZE)na + Dd(ne)la)- (230)
Furthermore, K%, = K?_,.

Proof. {l,n} forms a basis for the normal bundle of S. Hence, for any vector, X,
X = Xt — X nyl® — X lyn®. (2.31)

Therefore, using 3% ® = 5% n® = 0, the extrinsic curvature is
K(X,Y)* = (Dx,Y))"lyn” + (Dx, Yj) nsl® (2.32)
= B XD (B Y ) yn® + B, X Do (B2 Y €)nyl® (2.33)
= X"Y(8% Da(5)len® + 5% Da( B )nel?) (2.34)
= —X"Y*(8%5°. Da(le)n® + 5% 5. Da(ne)l*), (2.35)

which proves the index expression since X and Y are arbitrary.

Since the extrinsic curvature is invariant under arbitrary choices of how the NP tetrad is
extended off S, [ and n can be taken to be normal to auxiliary null hypersurfaces, >, and Xy.
These hypersurfaces can be taken to be the zero sets of some functions, L and N. Thus,

lo=D,L+ Ll and n, = D,N + Nn/, (2.36)
for some I’ and n’. Hence,
K% = =3%8%(DaDeL + LDyl + . DgL)n® + (DaDeN + N Dgny, + m DgN)I).  (2.37)

On S, where L = N = 0, this reduces to

K% = —B%B% ((DaD.L + 0+ ILl)n® + (DgD.N + 0 + n.ng)l*) (2.38)
= % 8% ((DgD.L + 0)n® + (DgD.N + 0)I%), (2.39)
which is manifestly symmetric in the lower indices. U

Definition 2.4 (Mean curvature). The mean curvature vector is defined to be
H® = B*K?,, = —B"(Dy(I.)n" + Dy(ne)l") = —0n® — 0,1°, (2.40)
where 0, = BD,l, and 0,, = D,y are the expansions along 1* and n® respectively.

Lemma 2.5. For a tensor, T;;.::;BA, tangent to S, the induced Levi-Civita connection is
ai--a d nQa a e1---e
DCTbllmbBA = Cﬁ 161 .- B AeABflbl .. ﬁfBbB Ddell...f§~ (2‘41)
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Proof. When acting on a function, f, on S, lemma implies

DDy f = 53,8% De(8%De f) (2.42)
= 8°,8%DeDaf + 8,8%Dc(5°%) De f (2.43)
= 3%, 8% D .Dyf + 8% (0 +n°D.y+ 0+ 1°D,ng + 0) D, f (2.44)
= 8°,8%DeDaf — KD f (2.45)

is symmetric in a and b. Thus, D, is torsion-free. Likewise, when acting on the induced metric,

Dufbe = 8%’ . Dabes = 0 (2.46)
since every term from expanding (., leads to factors like 3%1° = 3% n® = 0. Therefore, D, is
also metric-compatible. O

Lemma 2.6. The NP coeﬁ?cientﬂ i and p, are real. Furthermore, they are related to the
expansions along the null normals by 6, = —2p and 6,, = 2u.

Proof. Since K%, is symmetric in the lower two indices,

1K mPme = 1,K% mPme <= B% 8% Da(l.)m"m® = % 3¢, Dy(l.)m’m* (2.47)
— mmDy(l.) = m*m°Dy(l.) (2.48)
= —p=—p. (2.49)

Similarly, n,K% . mbtm¢ = n,K% m’m¢ <= mimDy(n.) = mImDy(n.) <= u = ji for p’s

reality. For the expansions, if 3, is the induced metric on S, then
6, = BD,l, and 6, = f°D,ny. (2.50)
Hence, by equation [2.28, 6, = —p— p= —2p and 0,, = p+ 1 = 2p. O

A NP tetrad could be defined without reference to any surface S, i.e. one could merely
impose conditions such as [*n, = —1, [ and n are future-directed etc. In this case, u and p
need not be real. Instead, their reality is a diagnostic for whether the tetrad could be adapted
to some surface, S.

Lemma 2.7. {l,n} is hypersurface orthogonal if and only if both p and p are real.

Proof. By Frobenius’ theorem, [, and n, are hypersurface orthogonal if and only if [ A n A dl
and [ An A dn are both zero [116]. Since {l,n,m,m} forms a pointwise basis and I An Adl &
I An A dn are both 4-forms, they must be proportional to [ An A'm A m (with potentially zero
proportionality function). Hence, it suffices to find the m A m component of dl and dn.

Therefore, IAn ANdl=1AnAdn=0 <= both p and p are real. U

6See appendix [A| for the definitions of all the NP coefficients.
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The main idea of the Geroch-Held-Penrose (GHP) formalism [48] is to further decompose
all the NP quantities into spinorial quantities in a canonical way. Observe that for a null vector,
Ve, equation implies det(V,4) = 0.

Therefore V4 is a 2 X 2, non-zero, rank-1 matrix, meaning the columns of V,, must be
proportional to each other. Hence, du, and v, such that

_ _ |uwivy wvs
Vaag = UaUsy = | _ . 2.55
Then, V,4 is hermitian = u0j, u205; € R and u;05 = u3v,. Combining these two properties,
u10j = Us|v1]* /0y and thus 4y/0, € R, say ¢ (if v1 or vy is zero then I could immediately write
Vaa = vas for some v, with vy or ve being zero).

Similarly, usvs = uj|v2|*/v; => ui/v; = ¢1 € R. So far, that means

2 T
Vi = {C”“' Cl””’?} . (2.56)

02’02171 02|U2|2

Now, covetj = (c1v195) = ¢1 = ¢ and hence V4 = cv,0, for some two-component spinor,
Uq, and some real number, c. Assuming V® # 0, ¢ # 0. Furthermore, if V' is future-directed
and causal, then V;; = VO + V3 > 0 = ¢ > 0. Finally, re-defining \/cv, — v, gives
Vaa = VaUg-

Applying all this to the NP tetrad means do,, t, such that l,, = 0,04 and n.g = Lazdﬂ
Furthermore, —1 = [“n, = —%ladnad = —%00‘6‘5%&[@ = —%|00‘L,l|2 — (0% = V2.

In these definitions I still have the freedom to change o, or ¢, by a phase without changing
lpa OF M. Il use that to fix (®o, = V2.

As a consequence, o, and ¢, are pointwise linearly independent and thus form a pointwise
basis for two-component spinors. Therefore, any two component spinor, ¢, can be decomposed
as Yo = 1,04 + V,1, for some functions, ¢, and ,. These functions are determined by

0%y = 0% (V04 + Yite) =0 — V29, and (2.57)
%0 = 1% (1004 + Uila) = V20, + 0. (2.58)

Once [* and n* are chosen, the choice of m® is fixed uniquely up to an SO(2) rotation. This
freedom matches with the remaining phase freedom left after choosing t“o, = v/2. Indeed, any

choice/guess that works for m, in terms of o, and ¢, is good enough.

For example, choosing m.q = ta04 implies m%m, = —%maamad = —
mm, = —%m“‘mad = —%L”‘éaldoa = 1 as required.

In summary, I can make the following definitions.

1“0%1,04 = 0 and

N[ —=

Definition 2.8 (Spinor dyad, 0y, ta, ©o, 1¥,). When converted to two-component spinors, write
the NP tetrad in terms of a spinor dyad, {o,.}, as

lao’z = 0,04 and Naag = Lol (259)
with 1“0, = /2. Subsequently, decompose any two-component spinor, 1y, as

wa = wooa + wL/fa (260)

= Y, = %L%ﬁa and 9, = —%oa@/)a. (2.61)

"Omicron and iota are supposed to be the closest Greek letters to O and I, which in turn stand for outgoing
and ingoing. Unfortunately, o and ¢ are awful letters to use when writing mathematics. Nonetheless, they have
become the standard choice in the literature. Given this is typed text and it’s possible to distinguish o from 0
and ¢ from i say, I’ve chosen to succumb to conformity and make the standard letter choice.
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Finally, in terms of the spinor dyad, choose
Mag = LaOs and Mag = 0aly. (2.62)

Despite the discussion above, there is still some freedom in this definition. In particular,
the scaling freedom, (I,n) — (fl,n/f) for any non-zero, real function, f, in the NP tetrad still
survives the spinor decomposition and corresponds to the scaling freedom (o,t) — (z0,¢/z2)
for any non-zero, complex, function, z. Rather than a mere curiosity or gauge nuisance, GHP
leverage this to make the following constructions.

Definition 2.9 (GHP type and spin-weighted derivatives). Let z be an arbitrary, non-zero
complez function. Then, a scalar, spinor or tensor, f,,, is called GHP type-(p,q) if and only if
fo.q = 2PZf, 4 when 0% — 20% and i — 1*/z. Given such an objecﬂ define the spin weighted
deriwatives as

Pfoq = Dfpg— Pefpg — € lpa (2.63)
P/fp,q = Afpg =PV pa — OV fpas ( )
0fpq = 0.fpg = PBpa — a0fpq (2.65)
and 8f,, = gfp,q — Pfpq — qgfpm ( )

where €, v, a and 3 are NP coefficients.

It immediately follows that the spinor dyad itself has definite GHP type, namely o® is type-
(0,1) and * is type-(0,—1). Furthermore, since a spinor, v, is defined independently of any
choice of spinor dyad, writing 1, = 1,04 + 1,1, implies 1, is type-(0, —1) and 1, is type-(0, 1).

Lemma 2.10. If D, is the covariant derivative intrinsic to S, then for any functions, f1 € fs,

D.(fifam®) = 0(f1)f2 + f10(f2) + (B — @) fifo. (2.67)
Proof. By equation [2.41
Da(flmea> - BbaﬁacDb(flmec)
- ﬁabDa(ﬁmeb)

= (m*m® + m*m®) (my foDofr + My frDafo + f1 f2Damy)
= fo0fi + 0+ fidfo+ 0+ (8 —a)fifa+0,

which is the claimed result. O

Corollary 2.10.1. Integration by parts holds for @ on S in the sense that

/f—p—l,—q+15(fp,q)d/4 = _/ﬁ(f—p—lv—q-kl)fnq dA. (2.72)
S S

Note that 0 effectively changes the GHP type of a quantity by (1, —1), so if the GHP types
of f and f were not related as in the corollary, then the integrand would be basis dependent
and hence not a truly geometric quantity.

8Note that not everything has a definite GHP type. For example, the NP coefficients, o, 3, v and ¢ are not
type-(p, q) for any p and q.
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Proof. Using the lemma and Stokes’ theorem,

/ ffpflﬁqula(fp,q)dA = / ffpfl,fqﬂ((sfp,q —PB g — 40 fpq)dA (2.73)
S S
— /S (Da(f—p—l,—q+1fp,qma) - 6(f—p—1,—q+1)fp,q - (5 - O_é)f—p—l,—q—i—lfp,q
— (pB+ q@) f-pi1,—qi1fnq)dA (2.74)
=0- / 6(f—p—L—q-&-l)fp,q dA (2.75)
S
as claimed. ]

The corollary means that, in a sense, the natural derivatives to use on a surface, S, are not

§ and &, but 0 and 0 instead.

2.2 Asymptotically locally AdS spacetimes

Definitions of asymptotics form an essential part of the practical study of general relativity.
Without asymptotics, it would be difficult, if not impossible, to define global notions of energy,
define black holes or solve the Einstein equation with appropriate boundary conditions. For
me, one of the main themes of this thesis will be the study of “asymptotically, locally AdS”
spacetimes, which I review now. For the purposes of this section, it will be convenient to choose
units/length scales such that A = —%(n — 1)(n — 2).

Definition 2.11 (Asymptotically, locally AdS). An n-dimensional spacetime, (M, g), is said
to be asymptotically, locally AdS if and only if the following conditions hold. (M, g) must admit
a conformal compactification such that conformal infinity, Z, is a timelike hypersurface. Then,
in an open neighbourhood of I, there must exist coordinates, (r,x™) = (r,t,z*), such that
{r = oo} is T itself and g admits a Fefferman-Graham expansion [{2],

g = e2T <f(0)mn + e_Tf(l)mn T+t e_(n_l)rf(n—l)mn + Te_(n_l)rf(n—l) + - > dz™ ® dz™
+dr @ dr, (2.76)

with fymn and f(k)mn independent of v for any k. The series, foymn + €7 fiymn + -+, will
be denoted fr, (when summed). It will be assumed T is diffeomeorphic to R x S for some
(n—2)D, spacelike, compact manifold, S. t will be chosen as the coordinate along R and z* are
coordinates along S. Without loss of generality, the coordinates are choserﬁ so that f)0a = 0.

The lowest order n terms of fy.,, i.e f), -+, fim—2) and f(n_l), are uniquely determined
by f(oymn and its curvature [42, [36, I10], i.e. specifying f(o) specifies g up to O(e~"=*r). This
is because of a recursive relation that appears when solving the (vacuum, A < 0) Einstein
equation order by order in e™". f(,_1)ms is the first distinguishing term and is often thought
of as a “boundary stress tensor” [I10], although the procedure I will follow will not require
holographic renormalisation like [110].

Typically, fort1ymn = 0 and there are further conditions on the trace and divergence of
J(n—1)mn, but these won’t matter for the present discussion.

9The coordinates will always be ordered so that ¢ is the Oth coordinate, r is the 1st coordinate and z® are
coordinates 2 to n — 1. (¢,2%) together wll be denoted ™ with m,n,--- running 0,2,3,--- ,n — 1. Meanwhile,
the corresponding vielbein indices will be A, B,--- and M, N, ---, which run 2,3,---n—1and 0,2,3,---n —1
respectively.
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A striking feature of this expansion is that f(g) - the metric on Z itself - can be freely chosen.
A major focus of this work will be exploring the effects of this boundary geometry freedom on
positive energy theorems. A formal definition of energy itself in these spacetimes is postponed
until section 2.3

Definition 2.12 (Background metric, g). Any asymptotically, locally AdS metric, g, is said
to be a background metric for g when foymn = fo)ymn-

Hence, g and g can only differ from O(e_(”_‘o’)r) onwards. The most commonly considered
background metric will be AdS itself,

1 ? 1 ?
g=dr®dr+e” (— (1 + 16_27") dt ® dt + (1 — ZG_QT) g5n2> : (2.77)

For global coordinates on AdS, both ¢ and r range over all of R and any coordinates can be
chosen on the spheres of constant ¢ and r. In terms of Fefferman-Graham expansions, this has
S = S"7% cross-section, f,—1) = 0 and f() = —dt ® df + ggn—2 (unless n = 5 in which case

Note that f(o) in an asymptotically, locally AdS spacetime need not be locally isometric to
the fo) = —dt ® dt 4 ggn—2 of AdS; it is truly arbitrary. This is unlike the naming of ALE -
asymptotically, locally Euclidean - in the study of gravitational instantons, where the boundary
geometry is some quotient of Euclidean space. Instead, asymptotically, locally AdS spacetimes
get their name from the property [97] that to leading order, in this case O(e'"),

Rabcd = _(gacgbd - gadgbc)' (278)

Therefore, to leading order the Riemann tensor appears maximally symmetric with negative
curvature constant.

For the purpose of defining energy later, I will also need the following constructions. Let
¥, be any (n — 1)D, spacelike hypersurface intersecting Z such that ¢ is a constant on ¥,
in an open neighbourhood of Z. Then, let },, be a constant r cross-section of ¥, and let
Yoo =24 NI = 8. Coordinate and vielbein indices in this context will be denoted ¢, j, - - - and
I, J,--- respectively, both running 1,2,--- ,n — 1. Furthermore, throughout this thesis, fzt’oo

should be interpreted as lim,_, fEt iy
I've illustrated the overall set-up in figure

2.3 Energy in general relativity

Quantifying the energy of the gravitational field is a famously subtle problem in general relativ-
ity. The toughest obstacles are the equivalence principle and the principle of general covariance
themselves - the most fundamental tenets of the theory. In particular, since all bodies fall pre-
cisely the same way in a gravitational field and the gravitational field must be determined by
nothing more than the spacetime structure, (M, g), it is impossible to detect the gravitational
field through an experiment performed at any one given point, p € M. Rather, the effects
of gravity manifest themselves via data throughout a local neighbourhood of a point, most
famously the (intrinsic) curvature of (M, g). Therefore, it becomes impossible to define any
notion of gravitational energy measured at a given point, p. Any notion of energy in general
relativity must instead ascribe a number to an extended region within M. In this section, I will
consider two contexts in which this program may be attempted. The first is a global definition
of energy, i.e. the aforementioned extended region of M is the entirety of M itself. In this
case, it must be assumed that (M, g) is non-compact and possesses some notion of a surface at
infinity. The second context is a quasilocal definition of energy, where the task is to quantify
the energy within some compact region instead.
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Figure 2.2: This is a Penrose diagram for defining asymptotically, locally AdS spacetimes and
energy within them. Conformal infinity, Z, is {r = oo}, where r is the Fefferman-Graham
coordinate. 7 is topologically R x .S with metric f(g)mn. t is a coordinate along the R direction,
Y is a spacelike hypersurface which has constant ¢ near Z, P is the future-directed, timelike,
unit normal to ¥; and Q¢ is the outward, unit normal to constant r surfaces near Z. Energy
is measured at X; oo = Z N X4.

2.3.1 Global definitions

General relativity can be viewed as a field theory for the metric, g, defined by the Einstein-
Hilbert action,
s= - [ Rdug) (2.79)
= 16r J, I ’
As such, the most natural global definition of energy one might attempt is to find a Hamiltonian
formulation for the theory and then define energy to be the on-shell value of the Hamiltonian.
I will review this construction, following |2} 106} 58] [104].
For a Hamiltonian formulation, one needs a spacelike hypersurface, ¥;, with is loosely
interpreted as a “constant time” slice. Given a ¥, it’s natural to introduce an (n — 1)+ 1 split,

g=—N?dt @ dt + h;j(dz’ + N'dt) ® (dz’ + N/dt). (2.80)

Now, S can be viewed as a functional of h;;, N* and N. Choose the orthogonal, but not

normalised, basig'%)

R

e’ =dt and €' =dz’ + N'dt. (2.81)

The change of basis matrix is therefore

et =da”B," with B} = [(1) ‘;VZ] and (2.82)
J
g=—-N?"®e’+ hijje' @ ¢, (2.83)

Since det(B) = 1, du(g) = Nv/hd" 'z dt. Furthermore, the unit normal to ¥, is

1 1 .

10Unfortunately, there is some index duplication here, but the meaning of each equation should be apparent
from the context.
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and the induced metric is
h,ul/ =Ggw + P,LLPV = hz‘jei X el. (285)

Then, it can be checked by direct calculation that >;’s extrinsic curvature is

1 . :
K, e'®e = 5 (Lph),, e @e" = Kije' @ ¢ (2.86)
1 h h
and the i, 7,--- indices are raised and lower by h. By the Gauss-Codazzi equations, the

spacetime and hypersurface Ricci scalars are related by
R=R"™W - 2R, P'P"+ K* - K"K,,= R" —2R,, P"P" + K* - KYK;. (2.88)
The Ricci tensor can be eliminated as follows.

R,,P"P" =R’  P'P"

npv ( )
= PY[D,, D,|P* (2.90)

— D,(P'D,P?) — D,(P"D,P?) — D,(P")D,(P?) + D,(P")D,(P*),  (2.91)

K? = W K,, = h"*h,”D,P, = h**D,P, = D,P" and (2.92)

K" K,, = h*D,(P")h,,D°(P,) = D"(P")D,(P,) + 0 imply (2.93)
R=R" 4+ KYK;; — K* - 2D,(P"D,P*) + 2D,(P"D,P"). (2.94)

Therefore, ignoring total derivatives, the Einstein-Hilbert action in these coordinates is
+ K"K;; — K*) NVhd" 'z 2.95
~ 167 / / J ) vh ( )

Since 9, N and 9, N* do not appear in the action, they are auxiliary variables and the conjugate
momentum to h;; is

pij = Vh(Ki; — Khy). (2.96)

Hence, swapping K;; for p;; everywhere, the Hamiltonian is

- ij N n—1
o7 s, (p O (hij) E)d T (2.97)

1 1 .. 1 A
- N =pip; — ————p> — R® 4 9N | —2N'DWI [ —p..
67 zt( (hp i = 2)n” i N
1
+ DM (Qp”N av. (2.98)
7 \/_

Again, ignoring the boundary term finally yields

1 1, 1 1
= N =p“py; — ———p* = RW 120 ) —2N'DWI [ —p, ) JdV. (2.9
T6r ( (0 G~ R 28 - Vi (299)

Due to the constraint equations,

R™ — 27 — KYK;; + K2=0 and DK/, - DK =0 (2.100)
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in vacuum, the bulk contribution to the on-shell value of the Hamiltonian is thus simply zero.
Therefore, the actual value of the on-shell Hamiltonian comes completely from the boundary
term. This boundary term is fixed by ensuring the action and Hamiltonian have a well-defined
variational principle.

Suppose >, has an asymptotic end with boundary at infinity called 3, o,. First consider ,H.
The first two terms in equation have no derivatives on p;; and therefore don’t contribute
any boundary terms. The only boundary terms comes from the last term, leading to

1 |
0,H = bulk t - — IN'—6(p;;)dA, 2.101
p ulk terms St Zth NG (p]) ( )

where Q" is the unit normal to %, o, within %,.
Next consider d,H. It’s well known that the variation of the Ricci scalar is [116]

SR™ = —R®Miigh,; + DM DWigh, . — DWEDM (Biish, ). (2.102)

Boundary terms will arise from each of the derivatives in the second and third terms. Thus,

N&(RM)dV = / Q' (N(D(h)jéhij — DM (h*5h))
Et Zt oo

— DMWI(N)Shy; + D§h>(N)hﬂ"f5hjk) dA + bulk terms. (2.103)
The only other way to get boundary terms in ¢, H is through the last term in equation [2.99|

There is a 6(1/v/h) acted on by D™, but boundary terms also arise from varying the Christoffel
symbols in D7 itself. In particular,

1 1 1 j j
DJ(h) (ﬁpij> =0, (\/ﬁpz ) + ﬁ (F(h)]kjpik _ F(h)kijpk:j) ’ (2.104)

. 1 .
oT M = Sh" (D](h)éhkl + DMghy; — Dl(h)éhjk) and (2.105)
. 1 .
oI = éhﬂkpgmahjk (2.106)
leads to
/ N6y, (D(h)j (ipij)) dV = bulk terms + / (Qﬂa ( ) pij + li(hjlé(hjl)Qkpik
pI \/E 3t,00 \/ﬁ 2\/E
— W (Qidhj + Qj0hy; — Ql5hij)pkj)) dA. (2.107)
Putting it all together,
16m0H = 1670, H + 167, H (2.108)
S NQ (D(h)jéhij - D§h>(hj'f5hjk)) dA —2 Q'NI§ (Ky; — Khi)dA
8002,5 aoozt

[ @ (D™I)hy — WS DN ) da
8oozt

o1 . .
+ N'—6(hj1,) (Qip"* — pa@Q'h7*) dA + bulk terms. (2.109)
ose Vh

To make further progress, one needs to choose asymptotics so the integrals in 0 H can be
evaluated more precisely. I'll begin with the simplest - and perhaps physically most typical -
case, namely when YJ; is part of asymptotically flat initial data.

20



Definition 2.13 (Asymptotically flat initial data). A triple, (3, h, K) is called asymptotically
flat initial data if and only if the following conditions hold.

e 3 compact C C % such that X\C' is diffeomorphic to R""'\ B, where B is a closed ball.

o Let ' be local coordinates on X\C' pulled back along the diffeomorphism from Cartesian
coordinates on R*\ B. Then, on ¥\C,

hij = 04 + hij (2.110)
for hiy = O(r~), r = Vaix; and T > (n — 3)/2.
o Dihj, and K;; are O(r~ 7).
e The constraint equations (written in veilbein indices with P* = §*°) hold, namely

R™W — KK, + K?* = 167Ty (2.111)
and DK, — DMK = 8Ty (2.112)

Consider equation [2.109| with these particular asymptotics. 1 am effectively considering
variations about Euclidean space with variations of a given decay rate. For the purposes of
this derivation, I will assume the stronger condition, 7 > n — 3. Therefore,

5hij = O(T_T), (5sz = O(?”_T_l), N=1+ O(’T’_T) and .ZVZ = O(T’_T). (2].13)
Furthermore, to leading order, dA = r"~2d"26, Q" = z'/r, covariant derivatives become partial
derivatives and I can write all indices downstairs. Hence, with the decay rates assumed only
the first two terms in equation [2.109| decay slowly enough to have non-zero integrals, leaving

Sn2

s2
To have a well-defined variational principle, 0 H should be zero on-shell. Therefore, an extra
term should be added to the Hamiltonian to cancel this variation. Since the RHS of equation
[2.99]is just zero on-shell, this extra term is the on-shell value of the Hamiltonian and can be
interpreted as the energy.

The N and N°? chosen in this calculation imply P* — ,, i.e. an asymptotic time translation.
However, heuristically, suppose P* approached an asymptotic space translation. Then, any
associated quantity could be interpreted as linear momentum. From equation [2.84] this occurs
when N® dominates V. In that case, only the second integral in equation would survive.

In summary, I have sought to motivate the following definition.

Definition 2.14 (ADM energy and linear momentum [2 [6, 26, 27]). Let (X,h, K) be an
asymptotically flat initial data set with Tog Tro € LY(X). Then, the ADM energy and linear
momentum are geometric invariants defined as

1

Eapy = E o2 Ql (ajhl] — 8Zh”) dA (21]_5)
- 1
and PYp) = S /5"2 (Ki;Q; — KQ;) dA. (2.116)

Note that although these integrals are only manifestly convergent when 7 > n — 3, they
actually remain finite and unchanged even when (n —3)/2 < 7 < n — 3 [6l, 26].

One of the most remarkable results in general relativity is that this energy is bounded from
below.
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Theorem 2.15 (Positive energy theorem [107, 108, 125]). Let (X, h, K) be an asymptotically
flat initial data set satisfying the dominant energy condition. Then,

EADM > \/ P34DMP34DM (2117)

The positive energy theorem was proven by Schoen & Yau [107, 108] and Witten [125]
nearly simultaneously, but using strikingly different approaches. While the former relied on
minimal surface techniques, the latter made a surprising - and ultimately quite elementary -
use of spinord™] the main ideas of which I sketch in section 2.4l The overarching focus of this
thesis will be applying Witten’s methods to new contexts. By now, this is a well-trodden path
in mathematical relativity. Witten’s method is motivated by some insights from supergravity
[66] and this suggested some immediate extensions. By viewing it as the bosonic sector of
N = 2 supergravity, it was soon proven [51] that 4D Einstein-Maxwell theory satisfies the
stronger positive energy theorem,

Eapm > \/P%DMPELXDM + @2+ qh, (2.118)

where ¢, and ¢, are the electric and magnetic charges of the spacetime. It was similarly shown
that in 5D Einstein-Maxwell-Chern-Simons theory [53],

3

EADM > \/P:LADMP:LADM + qu (2119)

In between these results, Witten’s method was also extended to include the case where X has
an inner boundary representing an apparent horizon [50].

I will now repeat the analysis of equation [2.109, but for the asymptotically, locally AdS
spacetimes of definition . Since fuy, f2), " fim—2) and f(n—l) are determined by f)
and the Fefferman-Graham expansion always includes an exact dr ® dr factor, I should fix a
background metric and let

5g = e*" (e_("_l)’"éf(n_l)mn +0(e™™)) da™ ® dz". (2.120)

Furthermore, in Fefferman-Graham coordinates, Q' = 1. Hence, equation [2.109| becomes

Et,oo Et,oo
+ / (D<h>i(N)5hh- - hijéhingh)N) dA
Et,oo
1 . .
S VI

Comparing equations and [2.76], it immediately follows that

Ni = €2T5aif0a, —N2 + NZNl = e2rf00 and (2122)
rsa _ (1 0
hij = 6i16j1 + e2rs i5'8jfa/3 = {O 62rfaﬂ:| . (2.123)

Since N1 = 0, the seventh term of equation [2.121]is automatically zero. Likewise, from equation
2.120, dhq; = 0 too, so the fourth and fifth term of 2.121] are zero too.

I Note that Witten’s approach naturally only works if the manifold is spin, while Schoen & Yau’s approach
is only agreed to work for n < 8 due to singularities which can occur for minimal surfaces in higher dimensions.
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dA = e, /det( f0)ap) A"z to leading order, so for the remaining terms in equation
2.121}, it suffices to keep terms only to O(e~("=27). Since I've chosen foya = 0 in definition
211 N; = O(e") and N = e"\/— Joo + O(1).

Let f&f be the inverse metric to f()as. Then, to leading order

ND (h6hy;) = erm@ ( "foe 3)r5f(n71)a/3> (2.124)
= —(n— D" /= fo00 {3y 6 fin-1)as: (2.125)

W5hy; DY N = e 2" [~ Foyo0figy 0 fin-1)as and (2.126)
NDWigh,, = Nh (aj5hh Tk Sh V‘Qjahm) (2.127)
=0- %Nhijh"’l(f)rhﬂ + Ojhin — Othaj)0hy; — 0 (2.128)

= —%\/%eTffé?f&g8r(e2rf<0)55)5f<n—1)va +0-0 (2.129)

= —e_(n_Q)T\/ _f(O)OOf(%?(;f(n—l)aﬁ- (2.130)

It remains to analyse the terms with extrinsic curvature in equation [2.121, For that, I'll need

1

Kot = 55 (Orhar DWN; — DI N,) (2.131)
—o—% (a Ny + 8,N, — 20 N) (2.132)
—0— W(&Na —or™P  Ny) (2.133)
= —%(&Na — P70, (hany) N3). (2.134)

Since N, = O( ) to leading order K,; is O(1) to leading order. Hence, for the eighth term
in equation 1 (5(hw)Nkpk1h” = §(hij)N*(K, + 0)h¥ is O(e ™), which decays too

quickly to give a non-zero integral against the O(e(™=2") measure. Thus, only the third term
of equation [2.121] remains to be analysed, for which I need the variation of K,;.

1
6Ko = W‘5< (0, Ny — BP0, (hary )N3) — 700 No — h?70,(hay ) N3). (2.135)

To leading order,
&Na - hm&n(hw)]\fﬁ = &(erf(l)()a) - e_QTfﬁOV&H(eQTf(O)M)erf(l)oﬁ = —erf(l)oa. (2.136)

Since N is O(e"), N is O(e™™) and 6N is e"O(5f) = O(e~("=2")_ it then follows that
5 N25( (8, Ny — B?0,(hay ) N3) = O(e™ "D, (2.137)

which decays too quickly to give a non-zero integral. Similarly, since 6(8, Ny — h?70,(hory)Np)
is O(e=(n=3)r),

N‘”%(S(&J\fa B0, (har)Ns) = Ofe ™), (2.138)

which again decays too quickly. Therefore ultimately, equation [2.121| reduces to saying

0H = — 5(f(n71)a,8)\/_f(O)OO\/det(f(O)aﬁ) d"2z. (2.139)

167
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I'm viewing dg as a perturbation about some background metric, i.e. f—1) = fin-1) — f(n_l).
In effect, —f,—1) is an integration constant when integrating 0. Following the logic in the
asymptotically flat case, it would appear that the energy should therefore be defined as

n—1

= 167'(' / f(O) (n—l)ap — n 1ap \/ f 00\/det aﬁ dn 2 (2140)

However, this definition is slightly odd because of the lapse term, y/— f(0)00, Which is typically
pure gauge. The resolution is that there is still some gauge freedom. As I'll explain in more
detail in section , the boundary metric, f(o)mn, can be changed by an arbitrary conformal
transformation by choosing an alternative conformal compactification of (M, g). Therefore,
there is a distinguished conformal class representative in which fg)00 = —1. Alternatively,
given any conformal frame, one could instead choose t through Gaussian normal coordinateﬂ.
Then, fyo = —1, while still having f(0)oo = 0. I could have gauge-fixed fully from the start,
but I chose to fix only f()0o = 0 because that’s all that’s really needed for a natural definition
of ¥, and to illustrate that different gauge choices lead to different expressions for the energy™|

Now, barring the choice of “integration constant,” — f(%[; ﬁn—1)a5, this definition matches
the results derived using holographic renormalisation [36, [110] in the AdS/CFT literaturﬂ.

In summary, I have derived the following definition of energy in asymptotically, locally AdS
spacetimes, which I will use throughout this thesis.

Definition 2.16 (Energy). In asymptotically, locally AdS spacetimes, the energy relative to a
background metric is defined to be

n—1 . _ B
E= e Iy (Fn-tymn = Fn—tymn) 1/ det(fioyap) 4"z, (2.141)

Z:t,oo

where f(’g)" = foy + Fio)Fo) is the induced (inverse) metric on ¥ o times €*" and Py is the
unit normal to such cross-section

Once again, a series of positive energy theorems is known in this context; the negative
cosmological constant is accommodated by taking inspiration from gauged supergravity. These
theorems have largely been for round sphere cross-sections, i.e. f(o)mn = —dt ® dt 4 ggn—2. The
first of these results [50), 52] appeared even before the concept of Fefferman-Graham expansions,
instead relying on the Abbott-Deser definition [1] of energy & asymptotics. More rigorous
definitions of energy in asymptotically AdS spacetimes were subsequently given by [1211, 29] 31],
along with the associated positive energy theorems. So far, the most comprehensive results
in the literature are due to [30, 23]. One of the main aims of this thesis will be to build
on those results by trying to better quantify how the positive energy theorem changes with
changes to the boundary geometry. Like in the A = 0 case, there are also several results
for 4D Einstein-Maxwell theory and 5D Einstein-Maxwell-Chern-Simons theory with negative
cosmological constant [80, [76, 123], 05]. All of these papers suffer from some flaw or the other
in their treatment of magnetic fields; I will discuss them further in section 4.4}

12To construct these coordinates, choose a cross-section, ; ., extend the timelike normal, Py, off ¥t o by
following timelike geodesics and let ¢ be the affine paramenter along the geodesics. Then, it’s possible to show
the metric must be f(gymn, = —dt @ dt + fo)as(t, r) dz® @ da?.

13T could have gone further and left J(0ymn completely arbitrary, but the resulting expression for £ turns out
to be an impenetrable mess.

14See [63] for a wider review on different approaches to defining energy in asymptotically AdS spacetimes.

15The e” factor scalings effectively just remove all e” factors on the boundary, as would happen in the
conformal compactification. Similarly, note that \/det(f()ap) d”~2z is simply the measure/volume form on
Yt,00 after compactification.
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2.3.2 Quasilocal definitions

As I've reviewed in the last subsection, in many cases of physical interest, there are canonical,
physically well-motivated definitions for the total energy of a spacetime. However, if this was
all one could do in general relativity, it would be a deeply unsettling state of affairs. After all,
the real Universe is not some homogeneous soup; it has localised areas of substructure such
as stars, galaxies or even a donkey in a paddock. While the equivalence principle precludes
defining the gravitational energy at any single point, can general relativity still quantify the
energy in some subregion of the full spacetime? Or is such a quest doomed to fail at its outset
given the existence of extended structures such as gravitational waves? I will not attempt to
arbitrate over such philosophical questions in this thesis. Instead, I will take the perspective
that we may as well try our best to localise gravitational energy and see how far we get. Scaling
this mountain will be unforgiving enough in four spacetime dimensions and hence I will assume
n = 4 throughout the discussion of quasilocal masses in this thesis.

Therefore ultimately, the task is as follows. Given the set-up in figure [2.1, where ¥ is a
compact, spacelike, 3D hypersurface with boundary, S, can one define a geometric invariant
on S which quantifies the total mass - gravitational or otherwise - contained in X, the region
bounded by S? Such a geometric invariant is then called the quasilocal mass, m(S), of the
surface, S. For the purposes of this subsection, I will also assume A = 0 and that S is
topologically a sphere. It will be very convenient in what follows to deploy the NP and GHP
formalisms developed in section 2.1} Of course, in mathematics, one can make definitions
arbitrarily. The true test of any definition is its utility and any physical meaning which can be
ascribed to it. Hence, it will only be possible to distinguish one geometric invariant as mass
and another as not based on whether it behaves as a mass should. For a good definition of
quasilocal mass, at least the following quantitative properties should hold.

I. m(S) > 0.
IL. m(S) =0

)
) for any surface, S, in Minkowski space.

III. m(S) agrees with the Misner-Sharp mass [89] in spherical symmetry.

IV. m(S) should asymptote to mapys as S approaches S% in an asymptotically flat end.

V. For perturbations of Minkowski space sourced by an infinitesimal energy-momentum
tensor, m(.S) should agree with a reasonable notion of mass built from that energy-
momentum tensor, e.g. m(S) = /—P?P, where P* = — [ T% P*dV.

VI. For a sphere of length scale, r, as r — 0, m(.S) approaches %WTgTabPan in non-vacuum
and an O(r®) quantity built from the Bel-Robinson tensor in vacuum.

Ideally, it would also have the following qualitative properties.

A. It should be possible to define m(S) for a suitably generic S that is not either (marginally)
trapped or anti-trapped.

B. m(S) should be physically well-motivated.
C. m(S) should have a simple, quasilocal expression.

I'll briefly recount some of the most popular definitions in the literature - see [I12] for a much
more comprehensive review.
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As a stepping stone towards the more sophisticated definitions, first consider the simpler
case of spherical symmetry. In vacuum gravity, by Birkhoff’s theorem, the unique solution is
the Schwarzschild metric,

2M dr @ dr 9
= (1-— — . 2.142
g ( r)dt@dt%—l_QM/r%-?”gsz (2.142)

In this case, by comparing with the Newtonian limit, everyone agrees the parameter, M,
represents the mass. Furthermore, it’s natural to view the mass as being sourced by the
singularity at » = 0. Hence, one would expect that any viable notion of quasilocal mass should
produce M for the quasilocal mass of round spheres in the Schwarzschild spacetime.

As a generalisation of this, Misner and Sharp [89] considered a spherically symmetric space-
time that was instead dynamical due to an ideal fluid. By studying the work done by this fluid
they discovered a more covariant and widely applicable way of effectively picking out the M
parameter. Rather than just agreement with M in the Schwarzschild spacetime, one would
expect that a viable quasilocal mass agrees with this more general, but completely canonical,
definition of energy in spherical symmetry.

Definition 2.17 (Misner-Sharp mass [89]). The Misner-Sharp mass for spherically symmetric
spacetimes is defined to be

mars(S2) = g (1+ (I + n°1") D, (r) Dy(r)) , (2.143)

where r is the area-radius function of a symmetry sphere, S?, and | € n are the null normals

to S.

Spherically symmetry is a highly non-generic situation though. We may as well give up on
physics if that was all we could do. The simplest quasilocal mass which is generically well-
defined is due to Hawking [57]. His definition is underpinned by several physical heuristics:

e The mass contained in S should be measurable by the bending of ingoing and outgoing
light rays orthogonal to S. The null directions orthogonal to S are simply [* and n%, so
m(.S) must be constructed from the expansions, p and p.

e The gauge freedom, [* — fI* and n* — n®/f for any non-zero function, f, should leave
m(.S) unaffected. Hence, m(S) should be constructed from a geometric invariant, such
as the mean curvature vector, H¢.

e On an event horizon, the quasilocal mass should coincide with the irreducible mass,
/A/167. If the event horizon coincides with the apparent horizon, then p = 0 and thus
H® is null.

Putting these heuristics together naturally suggests the following definition.

Definition 2.18 (Hawking quasilocal mass [57]). Let A(S) denote the area of S. Then, the
quasilocal mass of S is defined to be

mu(S) = fié‘?( — / HeH dA) “iéi) (1 ;ﬁ / updA) (2.144)

Hawking’s definition has found numerous applications in general relativity - most famously
in Huisken and Ilmanen’s proof of the Riemannian Penrose inequality [68]. Despite its many
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successes, it has one major deficiency; in some situations, it is non-negative [25]. The simplest
example is the squashed sphere,

S={t=0 and (z°+9?)/& + 2* = R*} C (R*',n) (2.145)
for some constants, R > 0 & £ > 1, which has

1522
E‘fgﬁ

If the Hawking quasilocal mass shows that it’s difficult to build a locally defined geometric
invariant that maintains physical heuristics whilst not compromising on essential quantitative
properties, then a potential alternative approach is to radically rethink the meaning of locality.
By doing so, Bartnik was able to define a new quasilocal mass which leveraged the known
desirable properties of the global definitions of energy discussed in the last subsection.

mp(S) = cosh™! f)) < 0. (2.146)

Definition 2.19 (Bartnik quasilocal mass [7]). Let h be the metric on ¥ and let K;; be a
symmetric two-tensor on ¥. Any asymptotically flat initial data set, (3, h, K), is called an
admissible extension of (X, h, K) if and only if it satisfies the dominant energy condition and
3 an isometric embedding, 1 : ¥ — X such that 1*K = K on int(X) and (X, h, K) contains no
apparent horizons enclosing 1(3). The quasilocal mass of S is then defined to be the infimum
of the ADM masses of all possible admissible extensions.

Typically, the Bartnik quasilocal mass is only studied for time-symmetric data, i.e. K
and K are both zero - see [87] for a comprehensive review. In this case the dominant energy
condition reduces to saying R™ > 0 and the apparent horizon condition reduces to requiring
¥ to have no closed minimal surfaces enclosing L(E)E} Very little is actually known in the
general, K # 0, case; the problem is just too hard. Nonetheless, when the Bartnik quasilocal
mass can be studied, it has many of the desirable properties I listed earlier. However, these
properties are largely inherited from the ADM mass and sometimes hold in a rather tautological
way. Furthermore, in all but the very simplest cases, the Bartnik quasilocal mass is absolutely
impossible to calculate because one has to find all possible asymptotically flat extensions to
data prescribed on some given compact set. A viable quasilocal mass needs to be significantly
more practical.

The success of the global notions of energy defined in the last subsection was a tower built
over the deep, concrete foundations of the Hamiltonian principle. A popular attempt to define
quasilocal mass is to try apply the Hamiltonian principle on a local, rather than global, level.
This is typically achieved via the Hamilton-Jacobi equation. In the classical mechanics of
particles, given a Lagrangian, L, this equation says

oS oS
H —_— = —— h 2.14
<qf, aqf’tf) ot where S = / ( qz,qf) dt, ( 7)

q denotes the set of configuration space coordinates and i & f denote the initial & final values.
The Brown-York quasilocal mass [15] seeks to apply this same principle to general relativity
by viewing it as a field theory defined by the Einstein-Hilbert action.

Let V be a 4-volume with non-null boundary, 0V. Let N, denote the normal to dV with
N®N, = =+1, let h denote its metric and let K denote its extrinsic curvature. Then, the

16Instead of this particular “non-degeneracy” condition, there have also been other approaches in the liter-
ature, such as only imposing no stable, minimal surfaces or imposing conditions relating the mean curvatures

of ¥ = S and 9((%)) C X.
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Figure 2.3: The set-up for the Hamilton-Jacobi analysis that goes into defining the Brown-York
and Wang-Yau quasilocal masses.

variation of the Einstein-Hilbert action is [15]

1 ) 1 , ,
- a - N, (g*oT%,, — g**6T° 2.14
0SEH T6m 5(9 ) (Rab 2Rgab> 1 N 0 g®*ore,)dv  (2.148)
L (™) (R _lp ! / Meu + (Kup — Khap)Sh™) dV
- 1671' V g ab 9 Gab 1 7]' oV U ab
1
T 8_ (K\/E)dgx, where (2.149)
T
du® = ON* + g“baNb. (2.150)

The last term in equation [2.149|is simply the variation of the Gibbons-Hawking term [49, 116],

Sen=1— | KVhde=1— [ Kav (2.151)
87 Jov T Jov

and hence can be removed by changing the action to Sgy + Sgr. Meanwhile, the first integral
in equation is zero on-shell by the Einstein equation and the first term in the second
integral is zero by Stokes’ theorem. Finally, the second term of that integral is typically taken
to be zero by making the standard variational calculus assumption that the metric variation is
zero on the boundary. However, in the Hamilton-Jacobi context, that term will end up being
the most important.

As shown in figure 2.3 choose V to be the region bounded by a timelike cylinder, €2, and
spacelike surfaces, ¥, at time coordinates, t; and t5. Let h and f be metrics on ¥ and 2
respectively. Let K and 6 be the corresponding extrinsic curvatures. Finally, let ¢ be the mean
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curvature of S in X. Then, by equation [2.149 and the Einstein equation,

1 g . 1 . g
5(SEH + SGH) = 16_71'/2 (S(hij)([(lj — Khw)ﬁd% — 16_7T . (S(hij)([(l] — Khz])\/ﬁdi’)x
1
~Tas O(frn) (0™ = 0f ™)/ = fdu. (2.152)
167 QnvVv

The analogue of 0S/0t in classical mechanics is taking

mn

2 65 1

:\/?f% 8w

as a surface stress tensor. 7" P, is then a natural energy-momentum current. Write f in a
2+1 split,

@fm —om) (2.153)

frmda™ @ dz™ = —N2dt ®@ dt + Bas(da® + S*dt) @ (dz” + SPdt). (2.154)
Then, the observer’s trajectory is

th = NP+ SH= % (2.155)

It’s then natural to define the energy density as t#7,, P”, which can be shown [I5] to equal
1
thr,, PV = _S_(NC — SPQVK ). (2.156)
™

Integrating this energy density typically yields infinity. However, energy is also usually mea-
sured against some reference. Subtracting of some reference quantities, denoted by a subscript
(0), ultimately yields the Hamilton-Jacobi energy,

1

"8

Eys(S) /S (Norcio) = Sty Qioy Ko — Ne+ S*Q Ky, ) dA. (2.157)
Different versions of the Hamilton-Jacobi quasilocal mass are distinguished by the choices they
make for t* and the reference.

The simplest prescription is Brown and York’s, who chose t* = P*, i.e. N =1 and S* = 0.
As for the reference, they invoke the Weyl embedding theorem [102, [04], which states that
for any closed, 2D, Riemannian surface, S, with everywhere positive scalar curvature, 3 an
isometric embedding, ¢ : S — R3, that is unique up to Euclidean, rigid motions.

In summary, Brown and York make the following definition.

Definition 2.20 (Brown-York quasilocal mass [15]). Let ¥ be a 3D, compact, spacelike mani-
fold with boundary, S. Assume S has positive scalar curvature everywhere. Let ¢ be the mean
curvature of S in X. Let v be an isometric embedding of S in (R®,6) and let ¢y denote the
mean curvature of 1(S) in R®. Then, the quasilocal mass is

1

mpy(X,S5) = & /S(c(o) —c)dA. (2.158)

In essence, this definition compares the extrinsic curvature of S C ¥ to the extrinsic cur-
vature of a canonical embedding of S into flat space. Any “extra” curvature in the former
compared to the latter is effectively interpreted as being due to gravity curving the space. A
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mild generalisation of this that better takes into account the spacetime character of the set-up
and dispenses with the ¥ dependence is the Kijowski quasilocal mass [74],

mic(S) = — / (cwy — VEH,) dA. (2.159)

8

Despite its great physical motivation, the Brown-York mass has one rather glaring flaw - in
a constant time slice of Schwarzschild spacetime, it says

mpy (S2) = r (1 - \/m) £ M. (2.160)

It also has some more subtle flaws. Firstly, not every surface of physical interest has everywhere
positive scalar curvature - the best known example being the horizon of a sufficiently rapidly
rotating Kerr black hole [40]. Secondly, whereas the Hawking quasilocal mass let itself down
by not being consistently non-negative, the Brown-York method fails by having too positive a
disposition. As shown in [91], if

S={t=r="F(,¢)} C (R n), (2.161)

then it is possible to choose F' so that the Kijowski mass is positivﬂ Essentially this is
because S is not naturally embedded in the flat Euclidean space, but the flat Minkowski space
of a dimension higher.

Wang and Yau [II8] sought to rectify this problem by trying to embed S directly into
(R*! n) instead of (R3,4). This requires a fairly elaborate choice of quantities to input into
equation and a consideration of all the different ways in which a surface could be embed-
ded into Minkowski space.

Definition 2.21 (Wang-Yau quasilocal mass [I18]). Let ¢ : S — (R*',n) be an isometric
embedding. Choose Cartesian coordinates on (R¥'.n) and let tlo) = d/0t. Let By and H,
be the induced metric and mean curvature vector respectively of 1(S) in (R*',n). The unit
normal to o(S) sharing the same component normal to t(S) as t’(‘o) is then
a a +b
o _ Lo~ Bopti
P(O) — o b .
\/1 + B(O)abt(o)t(g)
Let P® be the unique vector such that P* 1 S, P*P, = —1 and H*P, = H(%)P(o)a. Let Q°
then be the unique vector such that Q*Q, =1, Q*FP, =0, Q* L .S and Q* is outward pointing.
From equation the shift vector is S = Blowtloy- As Sfyy is tangent to «(S) and ¢ is an
isometric embedding, SEIO) can be identified with a vector, S*, tangent to S. On S, choose

(2.162)

o — \/ L+ Bloyavliythy) P* + S°. (2.163)

Let ¥ and Xy be the spacelike hypersurfaces orthogonal to P* and P(%) respectively to de-
fine Kap, Kyap, ¢ and cqy. Now, it’s possible to define the Wang-Yau quasilocal energy as
Ewy(S) = Eu;(S), where the Ey;(S) of equation is evaluated using all the choices
just described. Finally, define the Wang-Yau quasilocal mass as the infimum of the Wang-Yau
quastlocal energy over all possible embeddings, i.e.

Lt (o)

L0

I"Note that in a sense, Brown-York performs slightly better than Kijowski on this criterion. The Brown-York
mass is more naturally defined in the Riemannian setting where 3 is part of a time-symmetric initial data
slice. In general though, given S, there are many different fill-ins, ¥ C M. These will all have the same
Kijowksi mass because the mean curvature is defined purely by how S embeds in M. However, they will
have different Brown-York mass based on the choice of ¥. For the Brown-York mass, it is known [I09] that
mpy(S) =0 < X C (R3,5).
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Because of the infimum, the Wang-Yau prescription natually picks out an observer who is
at rest with respect to the quasilocal energy-momentum of S. This momentum information is
effectively thrown away in Kijowski’s definition. Hence, the Wang-Yau quasilocal mass always
returns zero for surfaces in Minkowski space. However, when a surface is already naturally
embedded in a static slice - such as the round spheres of the Schwarzschild metric - it provides
no improvement on the Brown-York or Kijowski definitions [103].

The last approach to quasilocal mass I'll discuss is the spinorial method. As I'll outline in
section [2.4, Witten’s positive energy proof essentially reduces to integrating a very well-chosen
divergence identity. The quantity in the bulk turns out to be non-negative and the quantity
measured at infinity using Stokes’ theorem turns out to be a function of the ADM quantities,
including energy. This begs the obvious question - if the same divergence identity is integrated
over a compact set, instead of an asymptotically flat end, can the quantity measured on the
compact set’s boundary be interpreted as a non-negative, quasilocal energy?

It turns out this doesn’t quite work - although see [81], [126] for some valiant attempts - but
something closely related does yield fantastic results.

Definition 2.22 (Dougan-Mason quasilocal mass [38]). Let ¢, be a two-component spinor
satisfying 8, = 0 on S (or equivalently, Op, + o, = 0 and dp, — G, = 0) and let {2} be
a basis of solutions. Assume the dominant energy condition holds, 6, < 0 and S is generic.
Normalise o2 so that

ePlpf = V2 (ol —pPplt) =e*”. (2.165)

Then, define the quasilocal energy-momentum vector by

a o 1 a . AA o 1 a . A A —A A
Pom(S) = _2(‘7 )aiPpa(S) = _—4\/§7r<0 )AA/S (PSOO Yo — HP, P, ) dA (2.166)
and the quasilocal mass by
moar(S) = /1Py (SIPhys (). (2.167)

It is not all obvious that mpy(S) is well-defined. It needs to be shown that 5aﬂgpﬁcpg is
constant on S, —1,P%,,(S)P%(S) > 0, dp, = 0 generically has a 2D space of solutions
and —n4P%,(S)P%,,(S) is independent of the choice of linearly independent solutions to
d¢a = 0. T will not discuss any of these issues here because analogous questions will arise
for my generalisation in chapter 5} simply setting A = 0 there will immediately prove the
Dougan-Mason quasilocal mass is also well-defined.

As I've summarised in table based on a series of papers [57, 25, [70] 65}, [7, 87, [T5], 109,
91], 16, 40, 118 [103], 22], B8, B37], the quasilocal masses discussed have been shown to either
satisfy or not satisfy the listed propertieﬁ. From the table, it’s clear the Dougan-Mason
quasilocal mass is the best known so far. Although, even it isn’t fully satisfactory because,
just like most other known definitions, on cross-sections of the Kerr event horizon it evaluates
to neither M nor \/A(S)/167, but instead to some seemingly physically meaningless other
answer [11]. On this point, I should note that although the Bartnik quasilocal mass flunks the
qualitative requirements, it does produce /A(S)/167 for any outermost minimal surface in
time-symmetric initial data [85].

18Note that even for the quantitative properties, I have had to make some subjective assessments. For
example, the Hawking quasilocal mass approaches the Bondi mass for round spheres on Z+, but not squashed
spheres. Likewise, it agrees with a canonical Hamiltonian on some (physically well-motivated) spheres in
linearised gravity, but not for all spheres. There are also some partial results towards some of the unknowns,
such as the small-sphere limit of Bartnik’s definition.
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| Quasilocal mass | I [T [T [IV [V [VI|A[B|C |
Hawking X | X |V |V IxX| V|V |IVI|IV
Bartnik VIVIV IV TV x| X
Brown-York VIiX | X |V IX|V |x|V]X
Wang-Yau VIV x| VIV |x|V|x
Dougan-Mason || v |V |V |V |V |V |V |V |V

Table 2.1: A summary of the properties of different quasilocal masses. The labels in the top
row refer to the lists of properties in the main text.

Nonetheless, if I am seeking to invent a satisfactory definition of quasilocal mass for space-
times with A < 0, then the Dougan-Mason definition appears to be the most promising one to
try generalise; indeed this will be the main point of chapter [5] Furthermore, it seems to be the
natural progression of recent research. The proof that mpy,(S) > 0 uses the same techniques
as Witten’s positive energy theorem proof. As I've reviewed in the last subsection, these same
techniques were then adapted to prove global mass-charge inequalities and then global positive
energy theorems with A < 0. It’s natural to wonder whether a similar progression can be
made at the quasilocal level for generalisations of mpy/(S). The first step on that path was
recently completed by Reall [105], who proved a quasilocal mass-charge inequality by general-
ising Dougan and Mason’s work. It would appear therefore, that a A < 0 version of mpys(S)
is ripe for the picking.

In that endeavour, I also drew some inspiration from Penrose’s quasilocal mass [99]. Instead
of the conditions,

0, + i, =0 and dg, — G, = 0, (2.168)
that Dougan and Mason impose on S, Penrose instead enforces
0%, + A@g, =0 and dp, — 5y, = 0, (2.169)

which originate from considering the components tangent to S in the valence-(1, 0) twistor
equation, Da(dgbB = 0. From there, Penrose expands ¢, in a basis of solutions and uses that
solution to form a “kinematical twistor,” A. The details of that construction are unimportant
for my thesis. The only relevant point is that the kinematical twistor is effectively a bilinear
form built out of ¢,, and can be represented, much like P44,(S), as a matrix, A4, whose
entries are indexed by the different choice of basis solutions, ¢4, input into the bilinear form.
For Dougan and Mason, their defining equation for ¢, generically admits exactly two linearly
independent solutions. This leads to the normalisation of e4Z and the interpretation of P34,(.9)
as a full energy-momentum vector written in an auxiliary two-component spinor space. This
is not possible for Penrose’s definition, which generically leads to a 4 x 4 matrix with the
energy, linear momentum and angular momentum all mixed together in some unknown way.
The situation will be much the same for the quasilocal mass I define in chapter |5 and I will
follow the same approach as Penrose to resolve the issue. In particular, I have to find some
canonical antisymmetric matrix built out ¢ to contract the indices on my 4 x 4 matrix and
produce a single scalar which is interpreted as m(S). In Penrose’s case, this antisymmetric
matrix is known as the “surface infinity twistor,” while for Dougan and Mason it’s just 45,
There isn’t always a canonical way to define this matrix in Penrose’s set-up, but luckily this is
not an issue I will have in my set-up.

I should also note that the conditions imposed on the spinors, ¢, on S by Dougan & Mason
or Penrose are not arbitrary. It turns out [IT1], 112] there are only four differential operators
constructed from the irreducible parts of 3°, D, which are both first order and elliptic when
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acting on spinors on a compact, 2D, spacelike surface, S. They are the choices made by
Dougan-Mason and Penrose, an antiholomorphic version of the Dougan-Mason choicd™| and
the Dirac operator.

There have also been some previous attempts at defining a quasilocal mass for spacetimes
with negative cosmological constant. The Misner-Sharp and Hawking quasilocal masses have
the very simple generalisations (even for positive cosmological constant),

mas(S) = g (1 - ATrz + (I"n® + n“lb)Da(r)Db(r)) and (2.170)
mu(S) = ’?é? (1 - Afz(f) - 1(; [S H“HadA> | (2.171)

The Penrose quasilocal mass has also been formulated for A < 0 [72], although the definition in
[72] is only ever evaluated at conformal infinity. Finally, there are versions of the Kijowski mass
where one embeds in 3D hyperbolic space instead of 3D Euclidean space [117, 40], provided
R still has a strict lower bound. These definitions share the virtues and flaws of their A = 0
counterparts. The generalisation of the Dougan-Mason quasilocal mass I will define in chapter
is the only known definition that has the following properties.

e m(S)>0.
e m(S) = 0 for every generic surface in AdS.

e m(S) coincides with the Misner-Sharp mass (including cosmological constant) for spher-
ically symmetric spacetimes.

e For asymptotically AdS spacetimes, m(S) agrees with a global notion of mass as S
approaches a sphere on conformal infinity, Z.

e For gravity linearised about AdS, m(S) agrees with a reasonable notion of mass built
from the energy-momentum tensor, 7.

2.4 Key ideas of Witten’s method

In this section, I'll outline some of the main ideas which will appear frequently in the remainder
of the thesis. To avoid unnecessary technical difficulties, I will only sketch the arguments and
I will only consider the simplest context in which Witten’s method may be applied - namely to
prove the ADM energy is non-negative in vacuum, time-symmetric, asymptotically flat initial
data or equivalently an asymptotically flat, Riemannian manifold with Ricci scalar everywhere
non-negative.

It is sometimes said of Beethoven’s 5th symphony that every note he wrote was simply a
natural consequence built on the famous four note opening motif. If there is any such analogue
for the work of genius that is Witten’s positive energy proof, then it is the Lichnerowicz identity.

Lemma 2.23 (Lichnerowicz identity). On any pseudo-Riemannian manifold, for any Dirac
spinor, W,

1 1
7Dy DU = = (R“b - 59‘”’1%) YW, (2.172)

9Dougan and Mason actually consider the antiholomorphic version too in their papers. However, I've chosen
to highlight the holomorphic choice because it is the one which is well-defined at Z+.
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Crucially, the Lichnerowicz identity links spinors to the Einstein tensor.

Proof. By direct evaluation,

YDy DU = %»yabC[Db, D.]¥ by antisymmetry (2.173)

= —éRdebcvabcvde\If (2.174)

_ _%Rdebc (y“b‘fde — 69" 5%, + 67[“5”[66‘3}[1}) v (2.175)

= szebc <O + 7[abe(s‘:]d — 7[“5b85c]d> U by the Bianchi identity (2.176)

= 1 (CRan™ 4 B + Ry + Bt = Ry — R%5,) 0 (2.177)

= 3(0 + 040+ Ry* — 2R®~,)U by Bianchi identity and Ry, = Ry (2.178)

— _% (Rab - %gabR) WY, (2.179)

which is the desired result. U

In the Riemannian setting I'll illustrate in this section, it actually suffices to use the slightly
simpler result,

1
’}/IJD[DJ\I/ == —gRKL]J’}/IJ’)/KL\IJ (2180)
1
— _gRKLIJ(fYIJKL i 5IK,YJ,YL o 51L7J,}/K o 5JK,YI,}/L + 6JL,YI,YK
+ 6K — §TESTE )W (2.181)
1
= R (2.182)

For this section only, I will adjust the notation slightly in the interests of simplicity. I will
denote the Riemannian manifold as (M, g) instead of (¥, h, K = 0) and likewise I will denote
its dimension as n, instead of n — 1. I will also denote the h in definition as h, i.e.

asymptotic flatness is equivalent to g;; = &;; + hy; with hy; = O(r™7), d;hjr = O(r~"" ') and
T > (n — 2)/2 near infinity.
The main steps of Witten’s proof are then as follows.
e Use equation [2.182|to relate the scalar curvature and Dirac operator, v/ Dy, by
D; (YY" D,;¥) = Dy(0)'"/ DV + Ui/ DD ;W (2.183)
1
= Dr(9)' (v + 6" 1)D ;¥ + ZR\I/T\II (2.184)
1
= D;(9)'DN(V) — (v' D)4/ D0 + ZR‘IIT\IJ. (2.185)
e Integrate on M and apply Stokes’ theorem to get
QYUY D;(¥)dA
S52
tprf 1D g e Lot
= Dy(U)' DY (V) — (v D)y Dy + ZR\IJ U | dV, (2.186)
M

where (); = x;/r is the unit normal to constant r surfaces in the asymptotic end.
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To best adapt to the flat metric, d, which g approaches as r — oo, choose the frame,

€r = (52 (81 - %hwa] + O(T_T>> . (2187)

Choose W so that v/ D;¥ = 0, thereby making the RHS of equation [2.186/ non-negative.

While ensuring v/ D;¥ = 0, also choose the boundary condition at infinity that ¥ — W,
where Uy is a constant spinor (in the chosen frame).

Show that this implies the LHS of equation [2.186| equals 47 E4pa ¥ ¥ and therefore
Eipn > 0.

There are essentially two main analytical difficulties in this process:
e Showing the Dirac equation can be solved with the desired boundary conditions.
e Showing that limits work appropriately on both sides of equation [2.186)

These issues ultimately come down to choosing appropriate functional spaces for ¥ and v/ D; .
The original approach for this [0, O8] was to deploy well known weighted Sobolev spaces and
then calculate a series of estimates relating the various quantities. However, since then a much
simpler approach [9, 8, 27] has been developed where complicated estimates are exchanged for
a less familiar Hilbert space. In particular, by using itself, one defines an inner product
on smooth, compactly supported spinors by

(W1, Ua) o = /

1
(D;(\Ill)TDI(\IIZ) + ZR\IJ{%) av. (2.188)
M

Hence, the L? norm of the Dirac operator is immediately given by
IV Dl = |||z (2.189)

This identity suggests natural functional spaces for both a domain and a codomain between
which the Dirac operator, v/ D;, is bounded in a very simple way - thereby making further
analysis much easier.

Most of chapter [3| and the early parts of chapters |4| & [5| are simply about formalising these
key steps and adapting them to the specific contexts I'm studying.
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Chapter 3

Elements of analysis

There is a syndrome in sports called “paralysis by analysis.”

- Arthur Ashe

In following Witten’s method I will frequently need to work with spinors, ¥, solving v/V;¥ = 0
on a spacelike hypersurface, 3, for certain modified connections, V,. In this chapter, I prove
this is always possible given appropriate boundary conditions on 0% and given an appropriate
functional space for W. The presentation here is heavily based on [} 9] 27].

For the duration of this chapter, let ¥ be either a compact, 3D spacelike hypersurface
with boundary or the ¥; defined in an asymptotically, locally AdS spacetime - these are the
situations depicted in figures and respectively. Let 0¥ denote either S, the boundary
of the compact set, or ¥; o, the boundary at infinity in the non-compact case.

3.1 Lichnerowicz identities

Definition 3.1 (V,, A,, M, Witten-Nester 2-form and Q(g)). When acting on any Dirac
spinor, ¥, of the spacetime, define the modified connection, V, by

V¥ = D,V +iky,¥ + A, ¥ and (3.1)
Vo U = D,V — ikUry, + U7 A" = (V, 1)1

where A, is some Clifford algebra valued one-for. It will always be assumed that v/ Ay is a
hermitian matriz and that

M = 47T% v, + v DrA; + ik(n — 2) (v A + Alyt) — AlA17 A, (3.3)

is a non-negative definite matriz. Furthermore, in the non-compact case it will be assumed
| Aallo and | M|y decay as O(e~=Y") and o(e™("=V") respectively near ¥ o, where ||-||o denotes
the (pointwise) operator norm of a matm’aﬂ Finally, the Witten-Nester [125, [92] Q-for’nﬂ is
defined to be

E%(e) = 2y®V e + c.c = Ey*V e — V(8)y" . (3.4)

'In the interests of generality, A, is left quite unconstrained for now. But, in the examples, A, will either be
zero or a function of Maxwell fields such that V, describes the gravitino transformation in a gauged supergravity.

2In the latter case, this is equivalent to saying ||M||o € L*.

3Some authors would refer to this as the Hodge dual of a Witten-Nester (n — 2)-form. In that case, one
chooses to integrate differential forms, instead of scalars as I will do. A further extension to the Witten-Nester
(n — 2)-form is the Sparling form, which is closed if and only if the Einstein tensor vanishes and allows yet
another way of formulating Witten’s argument - see [I01] [86] for more details.
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Given a unit normal, P,, to ¥, define a functional, Q(e), by

Qe) = / P,Dy(E"(£))dV. (3.5)
b
Similarly, for a pair of Dirac spinors, Vi and Vo, define
E®(W,Uy) = U4V Uy — V, (T))y"* W,y and (3.6)
QI Wy) = / P,Dy(E" (U, Wy))dV. (3.7)
b

It is an interesting fact that although ¢ appears explicitly in fzt, Q(e) is actually conserved
in the non-compact case because Stokes’ theorem implies

Q- el = [ [ D e)auta) = [ [ RatE=epauta =0, 39
Theorem 3.2 (Lichnerowicz identity).
P.Dy(E*()) =2 ((V1e)'V'e — (v/V12)1y/V e + e'Me) . (3.9)
Proof. By equation [2.172]
Y DyDye = —= (R“” g“bR) YoE. (3.10)
Using that, —2(n —1)(n —2)k? = A and the Einstein equation, Dy(E"(¢)) can be expanded as
DyE"(2) = Dy(£)7**“Ve + 84" Dy(Vee) — Dy(Vel)7"*e — Vo (E)7"*“Dye (3.11)
= Vi (E)7*%V e + ikayy?*V e — 80 Al 0429V e + 842 Dy(V ¢)
— Dy(V.E)"*e — Vo (8)7"" Ve + ik Vo (E)Y"“pe + Ve (8)7" Ape (3.12)
= 2V,(8)7"%V & — ik(n — 2)87V,e — 8P AlA 0429V e + 2459 Dy (V ¢
— Dy(V.e)ye — ik(n — 2)Vy(E)7%e + V()" Ape (3.13)

= 2V,(8)7""V e — ik(n — 2)87™ Dye + k*(n — 2)&y P ye — ik(n — 2)&y** Aye
570./41,7 P Dge — ikévoAbovb“c% moAby 7P A e 4+ 42Dy D,e
+ ikEy*y, Dye 4+ 57" Dy(Ac)e + Ev°*° A Dye — DyD,(8)7"*e
+ ik Dy(€)7:7"%e — Dy(8)7° Al7y%e — 540 Dy (AT)7yb%e
— ik(n — 2) Dy(8)7%e — E2(n — 2)&y e — ik(n — 2)8y° Aly e
+ Do (8)Y*¢ Ape — ikEy 7" Aye + E7° ATy "¢ Aye (3.14)
= 2V,(8)7"*Vee — ik(n — 2)Ey** Dye — k*(n — 2)(n — 1)87" — ik(n — 2)&y™® Aye
— 6_’70.42’7 P De +ik(n — )870./4;2’70717(18 570./427076“4405

1 1
+ 58‘ (R“b — Eg“bR) e — ik(n — 2)87y"* Dye + e7"“Dy( A, )e + 87" A Dye

1 1
+ 3 <Rab — —gabR> Evpe — ik(n — 2)Db(§)7b“5 — Dy(8)7° AlnOnbace

— &Y Dy (AN e —ik(n — 2)Dy(8)y%e — k*(n — 2)(n — 1)éy“%
—ik(n — 2)870AT70 e + D,(8)y baCAbc‘E +ik(n — 2)&y" Aye
+ &7 ATAOybc Aye (3.15)

= E8mT vy — ik(n — 27" Ay — ik(n — 2)7°Afy "™ — 29 Al 7" A,
+’YbacDbA — D (AT> 0 bac)€+2vb( ) bacvcéj
+ E(7"° A, — A ATy ) Dye + Dy(8) (7 A, — 1 Al " )e. (3.16)
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In vielbein indices P, = —d,. Then, in conjunction with the assumption that v//A; is
hermitian, the previous equation reduces to

P,DyE"(e) = 2e'Me 4 2V;(e) 7'V 16 = 2 (V1) Ve — (/' V1) 14/ Ve + eTMe) . (3.17)
which is the required version of the Lichnerowicz identity. U

Corollary 3.2.1. The functionals in definition|3.1 can be re-written as
Qe) = 2/ (V5e)'Vie — (v'Vie)'y/ Ve + eMe) AV and (3.18)
b

Q(Vy,¥y) = 2/

: ((vfxpl)*vf% N V2 T 1A AR \DIM\DQ) av. (3.19)

Proof. The expression for (¢) is simply substituting the result of theorem into the definition.
Q(¥y, Usy) then follows immediately by the polarisation identity. O

Lemma 3.3. For any antisymmetric tensor, M,
P,DyM" = Dy(P,M"), (3.20)

where D is the induced covariant derivative on .

Proof. This result is from [23]. It can be proven as follows. Let hgy, be the induced metric on
Y, i.e. hay = gap + PoPy. Then, since h®,P,M® = P,M® by M®’s antisymmetry, the induced
covariant derivative acts as

Dy(P,M") = h¢,D,(P,M") (3.21)
= Ky M" 4 6% P,D.M" 4 P°P,P,D.M" (3.22)
— P,D,M", (3.23)

where K, is the extrinsic curvature of ¥ in M and M®*’s antisymmetry has been applied. [J

Corollary 3.3.1. The functionals in definition |3.1| can be re-written as

Qe) = QuP,E"(e)dA and Q(¥,V,) = QuP,E" (U, Uy)dA, (3.24)
o ox

where Q% is the outward-pointing unit normal to 0.

Lemma 3.4. Let 0¥ =S, A, =0 and ¥ = (Yo, XY)T. Then,

Q(T) = 4/ (WWO + 1,000 = X,0X, — XoOX, + plto|* + sl + plxol* + nlx.]?
s
+ lk'\/i(woxb + wLXO - EOYL - ELXO)) dA. (325)
This decomposition into GHP quantities will be essential to the definition and analysis of

quasilocal mass later in chapter [5| In particular, it allows Q(¥) to be written in terms of scalar
functions and derivatives completely intrinsic to the boundary, S.

Proof. By equation and corollary [3.3.1},

1 5
Q(¥) = /5 P,QyE"(V)dA = /S lany E®(W)dA = 1 /S laan g B PP (W)dA. (3.26)
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It’s a surprisingly long calculation to find E_;4;(V).

Eaaﬂé(\p) = (Ua)ad(ab)BBEab(\I’) = (Ua)ad(ab)ﬁﬁ'(a’yabcchl _ vc(ﬁ)'yabc\D)-

(3.27)

It suffices to study only the first term; the second term is just the complex conjugate. By

applying the Weyl representation of the gamma matrices, as given in appendix [A]

(Ca)ad (ab)w@fyabcvc@
= (Ua)ad(ab)mﬁfyabc(Dc\I/ + ik~ V)
= (0a)aa(0) 35UV DoV — 2ik(04)ai(00) 357"

_ 0 “5°0%)5| [De
— (00)ac ()5 [_ij_wﬁ] [(5[a0b~c})w (o UOU )w} {Dc;—?}

w70 oo ¥

— 2ik(0a)aa(90) 55 [=X7, — 3] [ 0 (5l | |58
= —(0)aa(9) ggX (015"0D) 5 DeXT = (4)aa(00) 53005 (61°0° 5 Doty
+ 2k (040)ac(03) gax " (01°6™) 25 + 21k (04)aa(0v) g5 (610")T X",

Consider this expression term by term. From the identity,

(Ua)ag(&b)ﬁﬁ(ac)ﬁa = 9ea(0b)ac — Ibe(Ta)ac — Jab(0c)aa + i€abcd(0d)aa>
it follows that
(0165500 o = €atea (7% acs = (0a) o3 ()7 (
In conjunction with the identities in appendix [B] the original term then reduces to
- (Ua)aol(‘76)55XAY(‘T[G‘}bUC])ch)_(AY
= —(0Waa 055 (09,5 (0)s3 — 4 (035 + 8(0)5 + 903 ) X" Do

= (—A2ar2ai850%(0) 51 — 2231255 (0 Vo + 22 (0) g3 + 220320 (0 )33 ) X' DX’

= <_45M%B<‘76)5‘7 — 2681645(0%)ac T 260104 (0%) g5 + zgaﬁgaﬂ'(ac)'y‘y) X' DX’

= _45aBXaDﬁ*y>_<;y = 2xpDacXg + 2XaDgsXa + 2€a5€dBX7DW)‘<;Y

— —4gd5s75an5;,>25 — 2XgDaa X + 2XaDgsXa + 25%5@55”55*5;@DW25

= 4(5%563 - 5ﬁ356a)XaDﬁw_<$ — 2xDaaXg + 2XaDgsXa
+2(87,0% — 8730%,)(07,0° — 87,6°,)xa D3 X5

= dXaDgaXs — XaDgsXa — 2XsDaaXs + 2XaDgsXea + 2X8DacX s — 2XaDpaX
—2XD 45X + 2XaDgpXa

= 2XaDpaXp — 2x8D 4 Xe-

The other terms in equation [3.31| are handled similarly. For the second term,

(6[aab&c]>da = _igabcd<6—d>da = (O-a)dﬁ (05)66(60)6(1 - gca<&b)da + gbc(&a>da + gab(a'c)da
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Uc)ﬁo'z - gca(0b>ad + gbc<o_a)ad + gab(ac)ad'

(3.30)

(3.31)



is applied to get
— (0a)as () 5004 (60”5 Doy
= —(0a)aalon) 55 (62 (0")55(5°)7 = g (") + g*(3°) 7" + g™ (G ) By Dethy, (343)
— (40075205 35(5) = 207587 (0 + 207,074 (0) 35 + 22024537 ) B Dethy (3.44)
= —de3at5 Dby — 203 Dacths + 204 Dggtla + 2ase 505 D710, (3.45)
= —42508" P Doty — 203 Dails + 205D gsta + 22ase e €005 Dysthy (3.46)
= 4(0750°, — 67, 0°) Dby — 2 3Dacths + 204D 5000
+2(87,8% — 6758°%,)(6746%; — 67,0% )¢5 Dys, (3.47)
= 204D 308 — 203 Dpsar- (3.48)
Finally, the last two terms of equation [3.31] simplify to
20k (0 )i (03) 55X (01°6%) 2405 + 21k (00)ac (03) g0 (50™) T X
= ik(0a)ac(00) 55 ((0 (@ ") = (0),5(6°) X s + (61 (07) 505X

- (51])4/6(0%55@&9( ) (3.49)
= 4ik(5a7€d555ﬂ55ﬁ-x7w5 — 8@65555&65@)@% + 6555556‘5(1(57.@ X — €040 ﬁ57 E _‘S) (3.50)
= —dikeap(VaX s + VgXa) + 4ikes5(Xaths + Xp¥a)- (3.51)

Putting it all together, equation reduces to
(aa)ad(ab)ﬂﬁﬁfyabcvc\ll = QXang)ZB — 2X5Daﬂ'>_(d + 2EdDan/g — QEBDﬂéﬂﬂa
— dikeas(aXs + PaXa) + 4ike5(Xaths + Xata)- (3.52)
Then, by adding the complex conjugate,
Eaps = 2(XaDsaXs — X8DupXa + ¥aDostis — V3Dpatba + XaDaiXs — XgDpaXa
+ ¢aDﬁd¢B - wﬁDa,qubd) + 81k( - 50&5(¢o’¢)€[3 + Qpﬂ)za) + 6dﬁ(¢aXB + ¢5Xa))' (353)
Therefore, by equations and the required integrand is
1P E 4 55(V) = 0*0" 1B, 4 (3.54)
= 4vV2(xiT"0% 5 + X00"0Xe + 17005 + 10" 000 + X,176 X5 + Xp0"0Xa
+ WB(%B F 10,0780, 4+ 16V2ik( = ,X, — UoX, + ViXo + Yox. ). (3.55)
Applying definition 2.9 and the GHP form of NP coefficients in appendix [B]

55)(5 ) (Xo% + XLLﬂ) (3.56)

= V26, + X, 1700, + 0+ X001 (3.57)

= V20X, + V2X,8 + V2x, 1 (3.58)

= V20X, + 1xX,) - (3.59)

Similarly, I also get

0%0Xa = —V2 (X, — PX,) » (3.60)

Pops = V2 (0, + ) and (3.61)

0" 5the = —V2 (00, — pis) - (3.62)
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Substituting back, simplifying and taking complex conjugates as needed yields

ladnBBEa(wﬁ"(‘Il) = 8()@5%0 - X08YL + Jbalpo - %061% + YLSXO — X,o0X. + ?/&5@0 - %3%)
+16(ulx.|* + plxol® + ultol* + pltso|?)

+16V2ik( = $,X, = PoX, + X0 + YoXo)- (3.63)
Substituting equation [3.63] into equation [3.20] and integrating by parts - which is valid by
corollary [2.10.1] - proves the lemma. U

3.2 Properties of the Dirac operator

Definition 3.5 (C2°). Let C2° denote the set of Dirac spinors of (M, g) which are smooth and
have compact support when restricted to ¥. In the case where ¥ itself is 3D and compact with
boundary, further impose that the Dirac spinors, ¥ = (1., X*)T, are subject to the boundary
conditions, ¢, = x, =0 on S = 0%.

Lemma 3.6. When ¥ is non-compact, an inner product can be defined on C° by
(U, 0y) oo :/ ((vqul)fvhpg + \IQM%) dv. (3.64)
pI

Proof. Linearity and conjugate symmetry are manifest. (¥, ¥)ce > 0 is also immediate be-
cause M is assumed to be non-negative definite.

Finally, suppose (¥, ¥)cee = 0. Thus V;¥ = 0 on ¥;. In the non-compact case, Cg° only
has compactly supported spinors by definition and hence there is a point, say ¢, where ¥ = 0.

Next, choose an arbitrary point, p € ¥, and a smooth curve from ¢ to p. Let ¢/ be the
tangent to the curve. Then, t/V;¥ = 0 along the curve and ¥ = 0 at the initial point, g¢.
It follows that ¥ = 0 everywhere along the curve since ¥ is also smooth and thus 1st order,
linear, homogeneous ODEs will have a unique solution. However, since p is arbitrary, ¥ must
be zero everywhere on 3;. Therefore, it follows that (-,-)cs is positive definite. g

Lemma 3.7. When Y is 3D and compact, assuming A, is zercﬁ and the null expansions on S
satisfy 0, > 0, 0,, < 0 & 0,0,, < —8k?, an inner product can be defined on C> by

(U1, ¥a)oe = /

((vqul)*vf% " 4wT0aqfho%\112) AV — Q(y, Wy). (3.65)
>

Proof. Linearity and conjugate symmetry are again manifest. However, in the compact case,
while the 3 integral in (¥, ¥)ce is non-negative, it remains to analyse Q(¥,¥) = Q(W¥).
U € ¢ implies ¢, = x, = 0 on S. Then, by lemma |3.4]

Q(¥) = 4/ (u|1/a|2 + plxol” + V2 (WX — %E))dz‘l- (3.66)
S
For any nowhere vanishing, complex function, z, on S, Q(¥) can also be written aﬂ

Xo
z

2 —
Q1) = 4/5 (# 2,2+ pl2 P 22|+ ikﬁ(zm% - z@%))om (3.67)

41 could assume A, # 0, but PaQb’ybacAa is non-positive definite when acting as a bilinear form between
spinors on S = 9% with ¢, = x, = 0. However, since I will only need the case A, = 0 in chapter[5} I'm assuming
that for simplicity here. See appendix B of [88] for a situation when one only has the weaker, non-zero condition
on A,. Also note that assuming A, = 0 means my assumption on M reduces to the dominant energy condition
for Tab-

5The next equation is formally identical to GHP boost invariance.
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Let i/ = p/|2|%, o' = |2|%p, ¥/ = 24, and X, = X,/z. Then,

)= [ (10 + P + V(0 — ) ) (3.65)
(

-

<4 / (e + BV + (0 + kDI, ) dA. (3.70)

(6 + RV + (o + RVDING S — VI +iT2)dA (3.69)

Choose z = /p/p so that ' = p' = —\/jp = —%\/—Qlen < —k+/2 by lemma E Therefore it
immediately follows that Q(¥) < 0 and hence (¥, ¥)ce > 0.

Finally, suppose (¥, V)¢ = 0. As before, this means V;¥ = 0 on ¥. But, in the compact
case, (U, U)o = 0 also implies @Q(V) = 0. The boundary conditions already imply ¥, = x, = 0
on S, equation [3.70|then implies x, = ¢, = 0 on S too and therefore ¥ = 0 on S. Since V;¥ = (
on X and there is a point where ¥ = 0, ¥ = 0 everywhere by the same steps as before. U

The proof of positive-definiteness in the previous lemmas was simplified by invoking smooth-
ness. However, there is an alternative method based on [98] which is applicable to lower reg-

ularity metrics. In particular, if o is the metric on X, then V,;W is re-written as DZ@\I/ + £V
for some Clifford algebra valued one-form, F. Then, letting ||¥||% = U,

1

[2:an(|w]13)] = oI D7 (') (3.7)
< Yl t ) .
< ||‘I’|!2 <‘D V) \If‘ + ’qf D (xp)() (3.72)
295/ |s
< . 3.73
T2 (379)
2 |||
= 15 3.74
19775 874)
< 2|7, (3.75)
= —2||Fl, < an([$|2) < 2(|F . (3.76)

Since U is compactly supported, by the extreme value theorem, 3 a point, z; € X, where ||V||g
is maximised. Likewise, there also exists a point in supp(¥) where ||F;||o is maximised. Let
C; denote the value of that maximum.

Next, Let o be a point on supp(W¥) N 3, where ¥ = 0 and choose a curve, s, between
and xg. This curve necessarily has finite length, I(s), as determined by the Riemannian metric,
o, on Y. Therefore,

2 [ Al < [ o) <2 [ F],ds (3.77)
x0 xo o

= —2I(s)/CiC;oi < In(||¥]|%(z1)) — In(||¥]|%(x0)) <2l(s)\/C’C’03 (3.78)

= (| 0[[E (o) IVEGTT <[ W][5(21) < [[0][F (o) IV T, (3.79)

Since ¥ goes to zero as one approaches xg, both extremes of the inequality are just zero and
thus [|U||%(x1) = 0. But ||¥||%(z) is maximised at 1, so it must be that ||¥||% = 0 everywhere,
which finally implies ¥ = 0 everywhere.

Definition 3.8 (D). Define a linear operator, ® : C®° — L?, by ® : ¥ +— 4V V.
Lemma 3.9. <\I/1, ‘1’2>Cg° = <@(\I/1),©(\I/2)>L2
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Proof. Apply corollaries [3.2.1] and [3.3.1] U

This property, which relies crucially on an appropriate Lichnerowicz identity, is the main
reason the inner products are defined as they are.

Definition 3.10 (H). Define H to be the completion of C under (-, -)coe.

In general, the completion of a metric space has elements being equivalence classes of Cauchy
sequences. However, in this case, the elements, ¥ € H, can be represented as elements of the
more familiar Sobolev space, Hy._, as follows.

The key technical requirement is a weighted Poincaré inequality. For the chosen asymp-
totics, X satisfies definition 9.9 of [§] to be a weakly, asymptotically hyperboloidal endﬁ. Then,

one can apply proposition 8.3 of [§] to deduce Jw € Li. _ such that

loc

/ U dV < / (V) V (1)dV, (3.80)

pa

for any ¥ € C2°. Thus, for any pair of spinors, ¥,,, ¥, € C2°,

/ (U — U ) (U, — U )wdV < [ Vi(T,, —T,)V(V, —T,)dV (3.81)
2t

¢

<[ — oo (3.82)

Therefore, for any Cauchy sequence, {W,,}5°_, C H, {V¥,,}>°_, and {/wV,,}°_, are Cauchy
in L2, Since w € L], it finally follows that ¥ € H. .

When ¥ is compact, this is much more straightforward because one can apply the standard
methods of elliptic PDEs to get a standard Poincaré inequality (i.e. w = 1 in equation .

Lemma 3.11. © extends to a continuous (i.e. bounded) linear operator from H to L* such

that <\I/1, \112>’H == <©(\I/1), @(\IJQ)>L2.

Proof. The points in H\C° are equivalence classes of Cauchy sequences. Let {¥,,}5°_, be one
such Cauchy sequence in C2° with limit in H\C°. Observe that by lemma

1D(Wm) = D(Wn)l[r2 = [[D(Vm = Wa)l[z2 = [[¥m — Wnllcs (3.83)

Thus {D(¥,,)}%_, is a Cauchy sequence in L? and since L? is complete, 3lim,, ., D(¥,,) € L.
Extend the definition of ® to H\C® by deﬁningﬂ D (im0 V) = limy, 00 D (V).

Next, observe that this definition implies lemma [3.9| extends to H. In particular, suppose
U = lim,, 00 ¥y and ¥ = lim,, o V), for Cauchy sequences, {U,,}>°_,, {W¥! 1o, C C*.
Then, by the definitions given so far, continuity of inner products and lemma [3.9

(U, 0y = Tim (U, U)o = < lim ©(¥,,), lim @(%)>L2 — (D), D)) 2. (3.84)

m,n—0o0 m—00 n—oo

An immediate consequence is
1D ()[[22 = [|¥][2, (3.85)

which implies that © is a continuous/bounded linear operator. O

6The z in their definition is e™" here, their h is the pullback of f,, to ¥; here and their A/ is S here.

"This definition is independent of the original choice of Cauchy sequence, {¥,,}>°_,, because choosing a
different Cauchy sequence with the same “limit,” {®] }>°_,, implies {D(¥,,), D (¥ )} is a Cauchy sequence in
L? by a similar computation to above. Hence, they would have the same limit in L2.
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Theorem 3.12. ® is a continuous, linear isomorphism between H and L*.

Most saliently, the theorem implies (7/V;)~! : L? — H exists. The proofs in the compact
and non-compact cases have very different flavours and hence I will present them separately.

Proof (compact case). Linearity is by construction and continuity has already been shown by
lemma [3.11] Next, suppose D(¥) = 0. By lemma [3.11] 0 = |[|D(¥)||;2 = [|¥|}y = ¥ =0
and therefore ® is injective. It remains to prove surjectivity.

I'm assuming A, = 0 in the compact case. Let 6 be an arbitrary element of L? and define
Fy:H—C by

Fy(¥) = (0,D(¥)) 2. (3.86)
Fy is manifestly linear. It is also continuous/bounded because the Cauchy-Schwarz inequality
and lemma imply |[Fp(W)| = [(0,D(V)) 2| < [10]]2]|D(¥)||z2 = ||0]|L2||¥||3. Therefore,

by the Riesz representation theorem, 32 € H such that Fy(V) = (Z, V). Then, lemma
and equation [3.86| imply

(W, D(0))2 =0 V¥ € H, where W =6 — D(Z). (3.87)

Using lemma [3.3, one can perform a formal integration by parts to get

0= /E WD (w)dV (3.88)
- /E (=B, WA* DU — 3ikWH) dV (3-89)
_Lk_gpgwwwq+aDAWh“®—$MW@ﬁW (3:90)
= /S Loy W™ Wd A + /E (v'D,W + 3ikW) " wav. (3.91)

Let W = (¢a,(%)T and ¥ = (¢4, ¥*)T in terms of two-component spinors. Therefore,

Ly W™ = lgny [—C* —4] [(U[Ll%b])aﬁ (&[agb])dg} [@ﬂ (3.92)
= —%la”b((U‘Z)aa(&b)dﬁ s — (0")aa(G) 5 + (6% (07) 1 sba X

— (") (0")0pPaX”) (3.93)

= %(”adlﬁdCa@/}B — Laan®C5 + 1, 506X° — 19, 406 X°) (3.94)

= V2( = Gth = (o + BoX, + B X,)- (3.95)

Since 1, = x, = 0 on S VU € H, the formal integration by parts says
0=1+2 / (6. X, — Cot) dA + / (v'D,wW + 3ikW)T Tdv. (3.96)
S 2

As ¥ € H D C= is arbitrary, it must be that W is a weak solution to v/ D;W +3ikW = 0 on X
subject to the boundary conditions, ¢, = {, = 0 on S. It is then a technical analytical problem
to ascertain whether weak solutions lift to strong solutions in this context. This question was
studied in depth by [9, [§]. From the work there, especially theorem 6.4 in [§], one can conclude
this is indeed the case.
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From here, there is a modified Lichnerowicz identity for W using 6aW = D, W — ik~ W,
i.e. k+ —k compared with the original connection, V. Then, VDWW + 3ikW = 0 can be
re-written as v/V;W = 0. The sign of k was never essential in the proof of the Lichnerowicz
identity; it merely mattered that k? = —A/12. Therefore, from the proofs of theorem and
lemma [3.4], it immediately follows that

0= / (VN W) I (W)dV (3.97)
b
= / ((%IW)‘@IW — 47TT0aW’}/aW> v — Q(W), (3.98)
>
where Q(W) = 2/5 (@550 + ,000 — (,0¢, — €,0C, + pldol” + pld.* + plGol* + 1lG|?

V280 + 6,60 — B, — BC,) )dA. (3.99)

However, from ¢, = (, =0 on S,
QW) =2 [ (plonP + 4l — ikvE(6,6 ~ 5L ) 4. (3.100)

S

As in the proof of lemmal[3.7 let 1/ = 1i/|2|?, p' = |2]?p, ¢, = ¢o/z and (/ = 2(,. Again, choose
z=y/p/psothat y' = p = —\/jip = —33/=0,0, < —k+/2. Therefore,

QW) =2 [ (FIaf + 1 = ikv2(01 ~ 5,C) ) aA (3.101)
= 2/ (0 + RV, + (o + kDG — k26, +1¢) dA (3.102)

S
=0 (3.103)

Thus, combined with the dominant energy condition, every term on the RHS of equation [3.98
1S non-negative. _

Therefore V;W = 0 and Q(W) = 0. The latter implies ¢, = ¢, = 0 on S by equation
and consequently W = 0 on S since ¢, = (, = 0 on S already. In the proofs of lemmas
and [3.7) it was shown V;¥ = 0 on ¥ with ¥ = 0 on S implies ¥ = 0 on X. By the same
logic used there, it now follows that W = 0 on ¥. Equivalently § = ©(Z) and therefore ® is
surjective. U

Proof (non-compact case). Linearity, continuity and injectivity are identical to the compact
case. The surjectivity proof follows an index theory argument based on the analysis in [105], [88].

Let V, = D, + ik7,, i.e. don’t include the A, term. Therefore, ® — D = A If AT A;
were a compact operator, then the index (dimension of kernel minus dimension of cokernel)
of ® and ® would coincide. In particular, if D was invertible, then it would follow that
index(®) = 0. Since ® has already been shown to have trivial kernel above, it would follow
that ® is invertible.

Even though A, is just a (sufficiently regular) matrix valued function, it’s not clear in
general whether v/ A; is actually compact. This would be the case though if the underlying
space, Y;, were itself compactﬂ - a fact leveraged in [105] [8§].

8This is essentially due to the Rellich-Kondrachov theorem, which in a special case says that H' is compactly
embedded in L2. In particular, from lemma 3.6 of [§] and the discussion of Poincaré inequalities earlier, in the
compact case ¥ € H = ¥ € H'. Then, since constant matrix multiplication is always a compact operator
and A, is assumed sufficiently regular, v/ A; is a compact operator from H to L2.
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Similarly, given an asymptotic end of the form R x .S, consider the compact subsetﬂ (ro) =
Ye\{r > ro}. With the appropriate boundary conditions for spinors on_9%(rq) = {r = ro},
in the previous proof I've shown that D is invertible on the compact se {0] Therefore, by the
index theory argument above, ® is invertible on ().

Since C° is dense in L?, for any ® € L?, 3 a Cauchy sequence, {®,,}>_, C C°, such that
lim,, s00 @, = ® in L2 For each ®,, choose r,, so that supp(®,,) C int(X(r,,)), i.e. choose
rm large enough. Then, the choice of boundary conditions on 9%(r,,) doesn’t matter and 3V,,
such that ®(V,,) = ®,,,. Theorem 6.4 in [9, 8] shows © has an “elliptic regularity” property
on X(r,,,) meaning ®,, € C=° and the metric’s smoothness imply ¥,, € C>{]

Furthermore, {¥,,}2_; C C is a Cauchy sequence by lemma [3.9, By theorem [3.11] the
limit, lim,,, o ¥,, = ¥ € H satisfies

DY) = lim 9(¥,) = lim &, =, (3.104)

m— 00 m— 00

thereby proving ® is surjective. U

The proof of surjectivity had a very different style in the compact and non-compact cases.
This is not actually due to the compactness, but instead due to the fact I assumed A, = 0 in
the compact case. I could instead try a similar Lichnerowicz identity based approach in the
non-compact case. However, as I'll explain, this will require additional assumptions on Aj;.

Once again, define Fj like in the compact case. Therefore, by the same steps,

(W, D(V))p2 =0VV € H, where W =6 —D(2), (3.105)
and the task is to show W must be zero. This time the formal integration by parts says that

Yo e O,

0= / vl <7IDI(W) +ik(n — )W — AWW) dv. (3.106)
p

Suppose there exists A, such that (7' A;)t = 47 A;. Define a new connection on spinors, V.,

by V = D, — iky, + A, and a new Dirac operator, D= VIVI Then, equation |3.106| can be
re-written as

0= / viD(W)dv. (3.107)

Since W could be any compactly supported spinor, it follows that W is a weak solution to
’D(W) = 0. Thus, the surjectivity proof reduces to showing D has trivial kernel. Continuing
with the new connection, suppose !/ A is hermitian and

M = 47T% gy, + 1 D1 A; — ik(n — 2)(v' A; + Aly') — Al A, (3.108)

9Here, r is the Fefferman-Graham coordinate, but in general it could be any coordinate for the R factor in
R x S such that the conformal boundary is at r = co.

10My invertibility proof in the compact case used the GHP formalism and is hence specific to ¥ being 3D.
However, as explained in [I05] [88], the GHP boundary conditions can be written in a more dimension-agnostic
way using eigenspaces of 79 & v!. I could then repeat a similar analysis to show that © is invertible on the
compact set. Even more generally, for the property I need in the non-compact analysis, I don’t need to be
very specific about the choice of boundary conditions. There are a number of alternative boundary condtions
I could choose. Some examples are the chiral boundary condition - i.e. fixing the right-handed or left-handed
sector of a spinor - or the Atiyah-Patodi-Singer (APS) boundary condition - expanding the spinor in terms of
eigenvectors of the boundary Dirac operator and fixing the spinor’s component in half the eigenspaces. It is
known [90] that these too lead to the desired invertibility on the compact set.

HTheorem 6.4 as stated in [9, 8] only says ¥,, € HL (X(r.)). However, this is because of the very low
regularity assumed in [9 8] for the metric and the analogue of ®,,. If one assumes additional regularity - in
this case ¢g’s smoothness and ®,, € C2° - then W, inherits this additional regularity by the same proof.
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is non-negative definite. Then, following the same steps as theorem it U € C°, then

1B - [

¢

((V:9) V' + wiMw) av. (3.10)

As M is assumed to be non-negative definite, this is formally identical to the original Lich-
nerowicz identity. Then, I could proceed analogously to the analysis of ® itself by defining
an inner product analogous to lemma and thereby concluding that ® is injective. Hence,
D(W) =0 implies W = 0 — D(Z) = 0 and therefore ® is surjective.

While this proof is more in the spirit of the rest of the material because it is built on a
Lichnerowicz identity, it has the disadvantage that there may be choices of A, for which no
simple A, exists. Furthermore, even if A, exists, it may be that M is not non-negative definite.

In fact, this is exactly the situation for the electromagnetic examples of section [4.4l The
details of the theories studied there don’t matter for the present discussion. In short, given a
one-form, A,, a two-form, F = dA and its components, E; = Fjq & F}j, for the 4D and 5D
theories studied there, (in £ = 1/2 units) it makes sense to choose

1 1 1
A = =B v0 + 1Al = 5By 70 = 1 F1py" v + 1A and (3.110)
1 1
AP = ——4\/§Fbc7b0% - ﬁFawb +iV3BA,T (3.111)

1 1
— By Ay, — ——=Fiy "y, — —=Fun +iV3A,L 3.112
S5 e = B F e = e Fan ( )

Using equations [4.247 and 4.276] one finds A® & A®) exist and they are identical to A® &
A®) except that Fy; — —F;. In both cases, by following similar steps to the proof of lemma
4.19| one finds

M = —25,7%/, (3.113)

where ST = F!; E is the Poynting vector. Thus, M has eigenvalues, +4+/5757, and is therefore
not non-negative definitd"}

Unlike the proof of theorem [3.12| presented above, it appears the Licherowicz identity based
proof can only be rectified in a few specific cases where further assumptions are made. The
simplest, but most unsatisfying, assumption would be to restrict to electromagnetic fields which
have vanishing Poynting vector.

As the following argument shows, a much less obvious assumption that also works is to
restrict to hypersurfaces, ¥, which have K = 6’/ K;; = 0. Instead of the spacetime Levi-
Civita connection, D, one could re-write the argument in terms of the connection intrinsic to
Yy, say D@ where ¢ is the metric on ;. Then, for any Dirac spinor, U,

1 1
D;¥ = D + §KIJ7°7J and v/ D0 =~'DDw 4 émo. (3.114)

Instead of the %a defined earlier, one could define another connection, say V/, differing from V;
in not just Fy; — —Fy; (and a —%71 term instead of a +%71 term), but also K;; — — K. Since
(—Krs, Er, —Frj) satisfies the constraint equations (encoded in 7°) whenever (K;;, E;, Fry)
does, this connection will have M’ = 0, which is trivially non-negative definite. v/V’ and ~! v
differ by a K~° term, but this goes to zero if K is assumed to vanish.

K = 01is a “maximal gauge” that is sometimes used in the study of the initial value problem
[44]. However, it would have to be shown (M, g) admits such a foliation and that the foliation
is compatible with the coordinates chosen on Z to get fp)oo = 0.

12This issue was also recently pointed out in [I05] and exists even when A = 0. An analogous proof to
theorem presented in this thesis therefore also fixes the mistake in theorem 11.9 of [§], where A = 0.
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3.3 Background Killing spinors

In this section, I will only be interested in the non-compact case, i.e. ¥ = 3, throughout. In this
context, key to Witten’s method will be backgrounds admitting imaginary Killing spinorﬁ.
The specific form of the metric, g, is the Fefferman-Graham expansion given in definition
[2.11] while the notion of a background metric, g, is given in definition 2.12] In particular, the
foreground and background metrics agree to O(e*e"=27) in the Fefferman-Graham expansion.
As with the previous discussions of Fefferman-Graham expansions, it will be convenient to work
in units where k = 1/2.

Definition 3.13 (Background Killing spinor). A spinor, e, is called a Killing spinor of the
background metric, g, if and only if it satisfies

Daci + %%sk — 0, (3.115)

where D, is the Levi-Civita connection of §. Similarly, denote the vielbeins associated to § as
e and é,.

Of course, not every background metric admits a background Killing spinor. However,
Witten’s method works most naturally when there does exist a non-zero ¢y, - see [79, [10] for a
broad discussion on the admissible metrics. Furthermore, when no background Killing spinors
exist, negative energies are possible - as illustrated by the examples in [28].

Note that €, may only be defined in an open neighbourhood of the “boundary” at infinity
or equation [3.115/ may only have a solution in such a region. This is not a problem because
equation 11 only really be required in an open neighbourhood of infinity, say M, and
€5 can be extended to a spinor on all of 3J; by multiplying it with a smooth function that’s one
near infinity but falls to zero within M.

Given some background metric, g, with vielbein, {0,, erel )mﬁm}, a natural vielbein for g

is 0, together with
—r()m 1 —(n—=1)r r rpn —nr
en = e ey (am =53¢ " (frymp = Fin-1yme) S50 + Ole >) . (3.116)

In particular, this ansatz has g(en, en) = nun + O(e™™"). The specific O(e™") corrections
won’t be relevant for this thesis. Furthermore, given a background metric, the vielbein for g
will be fixed as {0, exr} throughoutf”] Background Killing spinors interact with this choice of
vielbein to yield useful decay properties on ;.

Lemma 3.14. If a background Killing spinor, ey, is O(e"/?) near ¥ o, then Ve, € L2

Proof. First note that to be in L?, an object must decay faster than O(e~("=27/2) because the
integration measure over ¥, is O(e™27). Next, given a vielbein, e,/'0y, the spin connection
coefficients are defined as

Whea = = (g(€as [n, €c]) — glep, [€c, €a]) + g(ee, [ep, €a])) - (3.117)

DN | —

13The subsequent arguments would still work as long as the Killing spinor equation is satisfied up to
O(e~ (=) corrections.
1Without this, it will not be possible to meaningfully talk about notions such as “constant spinor” later.
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Since ¢, is a background Killing spinor, with the vielbein chosen in equation [3.116| (along with
€1 = 8r)a

1
va':k = eM“ﬁuak — ZwabMﬁ)/abgk + lk’}/Mc‘:k + AM€I€ (3118)
1
= <€M 65\‘(/][ > @ 51@ — Z(wabM — wabM)v Ek + AMék (3119)
1 n (n
= <—§e—”’“<f<n Dp = Sy 7" 4+ O (700" )) O
1
— Z(“’“bM — @apnt)Yer + Aper and similarly (3.120)
1
Vieg = _Z(wabl — Bap1)yVer + Argp. (3.121)

Aqe is comfortably in L? from the decay assumption on ||A,|lo. Likewise, the term propor-
tional to e " 0,,&;, also easily decays fast enough to be in L?. The connection terms are found
by combining equations [3.116] and [3.117} In particular,

g(ewm, [0r, enl)
—r—(fim 1 —nr m 7 (n
= g(e eg\fj) 8m - 56 QS\J/? (f(n—l)mp - f(n 1 mp)f a + O( ) )7

—r(f - ) N o—nrg TS (n
— e, + o0, ()0, + 3° e Finvyar — Finvyar) Figy0s + O(e= (07 )) (3.122)
= "0, (&) (fg + O™

—(f)m_ n—L1)r L e )
65\? eN (f +e (n—1) (f(n 1)ymg — f(n—l)mq) o 56 (=0 (f("—l)mp_f(” mp) é”)f

- gef(nil)r(f(n—l) — fin-1)ar) 6y Foyms + O(efmﬂ)> (3.123)
= &0, (&0") Fron + O(™) = mar
+ nT_l =g Am e (fn — Fonetymn) + O(e™™) (3.124)
and likewise
G(ear, [0r, n]) = g( e "0, —e e, + 70, (e (f”’an)) (3.125)
— —nun + @570, (™) Fonm- (3.126)

Putting them together yields

— /= — n_]-fnf r__m__n r
g(ear. [0ren]) = 9(@r, [0r, enl) = ==~ (famtyn — Fumnynn)  (3.127)

up to O(e™™"). Now, consider the expressions for the connection coefficients.

1
WNpPM — WNPM = 2 (9(en, [ensep]) — glen, [ep, em]) + glep, [en, em]))
1
5 (9(enr, [en, ep]) — g(en, [ep, em]) + g(€p, [en, en])) (3.128)
— O(e™™) (3.129)
as ey & ey are e7", their difference is a further O(e=™Y") and g & g are O(e?"). Next,
1
Wiy — Wipmr = 5(9(87‘7 [87“7 eMD - g<a7“7 [eMa 87“]) + g(e]\/b [aﬁ ar]))
1
- §(§<8r7 [87“7 éM]) - g(a’l‘v [éM7 87“]) + g(éMa [a’l‘v ar])) (3130)
=0 (3.131)
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since [0y, 0,] = 0 and 0, L 3,,. Finally, by equation |3.127]

1
WMN1 — WMNT = B (9(0r, [en, en]) — glem, len, 0r]) + glen, [ear, Or]))
1
5 (9(9, [enr, en]) — g(ewm, [en, O,]) + g(en, [err, O])) (3.132)
= O(e"™ V) and (3.133)
1
WINM — wlNM == §(g(€M7 [87“7 GN]) - g(ara [6N7 GM]) + g(eNa [87“7 eM]))
1
- 5(?](5M7 [0y, en]) — g(Or, [en, enm]) + g(en, [Or, Enr])) (3.134)
= O(e~(=bry, (3.135)
In summary, all the terms decay quickly enough to have V;e;, € L2. Il

Theorem 3.15. Suppose ® is a spinor such that Y'V;® € L? and ® grows at most as O(e"/?).
By theorem [3.13, let U € H be the unique spinor such that 'V ¥ = 'V ®. Let Z = o — U,
Let {U,,}°_, € C* be a Cauchy sequence whose limit is ¥ and let Z,, = & — U,,,. Then, for

the functional, Q, in definition[3.1, lim,, o Q(Zm) = Q(Z).

Proof. As before, theorem implies that for any spinor, 6,
Q@ -0) =2 [ (Vi(@-0)V(®-6) - (11V:(® - 6)y'V,(® - 6)
P
+ (@ - 0)'M(@® — @))dv. (3.136)

Hence, by lemma [3.6] definition definition lemma and 7'V;® € L?,

1

(@2 = 1) = Q(® — V) (3.137)

= 1213 = 1l = 1D(W)]Z2 + [1D(Tn)[[72 + (D(T = Tpn), 7 V1) 12

LQ(2) - Q(z,) =

+ (Y 'V,D(V —,,)) 2 — / (Vi(¥ —¥,) V(®)dV
VI (®) V(¥ - W,,)dV — / (U —0,,) MO dV

—/ M — ,,)dV. (3.138)

Since inner products and ® are both continuous, it immediately follows that

i 5(Q(2) - 0z = (= [ (@) Vi@ - [ 9@ - v,
- / (U —,,) MO AV — / OIM(T — T,,) dV). (3.139)

Since the inner product on # is (5, Uy)y = [y, ((v]qfl)fvf% + \IJIM\IJQ) dV (with limits of
Cauchy sequences taken appropriately for ¥ or Wy in H\C2°) and M is non-negative definite,

/ (VI0) IV (T)dV < ||¥]2, < oc. (3.140)
p3M
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Hence V;¥ € L? and ¥ — V¥ is a continuous (i.e. bounded) linear operator. Consequently,

lim [ (V(¥ —,,))IV(®)AV = lim (V;(¥ - T,,), VD)2 =0 (3.141)

m—r0o0 Zt m—r0o0

and likewise for [;, V/(®)'V; (¥ — ¥,,)dV. That leaves

lim ~(Q(Z) — Q(Z.)

m—0o0
= lim <—/ (U — \I/m)TMCDdV—/ PIM(T — \Ifm)dv). (3.142)
m—o0 > )N

Because it’s assumed M is non-negative definite, ||M||y decays faster than O(e™("~V") near ¥; .,
and ® grows at O(e™/?) near %, o,

/ dTMD dV g/ 1P| |M||pdV < oo. (3.143)
¢

p3

Therefore, viewed as a real-valued function on %, ®'M® € L!.
Define the function, B : H — R by

B(©) = /E 0'MedV. (3.144)

This function is well-defined because

B(O) < / (Vi0)'V'e +6Me) dV = ||8]]3, < cc. (3.145)
¢

Equivalently, it means as a real-valued function on ¥, ©'MO € L' VO € H. Furthermore,
using lemmas [3.2] lemma [3.11] and the result above that ¥ — VU is continuous, it follows
that B is continuous because

B(O) — B(W) = /E (D(0)'D(©) - (V/0)IV'e
+DW)DW) — (VW)IV'W)dV (3.146)

1
_ §/ (DO + W) D(O — W)+ DO — W)ID(O + W)
pI
—Vi(©+W)VI(O-W)-V(O0-W)IV(e+W)dV (3.147)
implies B(W) — B(0) whenever W — ©.
Next, since M is hermitian and non-negative definite, 3 a “square root” matrix, S, such that
M = S'S. Hence, by the Cauchy-Schwarz inequality,

|DTM(T — W,,)| = [®TSTS(T — T,,)| < VOIMD/ (T — T, )IM(T — T,,). (3.148)
Putting it all together,
lim / OM(T — 0,,) dV' < lim [ VOIMO/(U — T, )IM(T — T,,)dV (3.149)
m—r0o0 Et m—00 Et
= lim (VM /(¥ — T, )IM(T — T,,)) (3.150)
m—00
< lim ||[VOIMP||z2|/ (¥ — ) IM(T — Ty)lz2 (3.151)
= lim |[®'M®|| 1 B(¥ — ¥,,) (3.152)
m—0o0
= 0. (3.153)
Analogously, lim,,, fzt(\ll —,,)"M® dV = 0 too, leaving lim,, . Q(Z,) = Q(2). dJ
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Chapter 4

Positive energy theorems in
asymptotically locally AdS spacetimes

Data! Data! Data! I can’t make bricks without clay.
- Sherlock Holmes in The Adventure of the Copper Beeches by Arthur Conan Doyle

In this chapter I'll apply the methods developed in the previous chapters to prove positive
energy theorems in asymptotically, locally AdS spacetimes. As I’ll show, boundary data is the
critical information controlling the entire process. After proving a somewhat general theorem,
I'll specialise to (conformal) boundaries admitting cross-sections with parallel or real Killing
spinors. This will culminate in a positive energy theorem written purely in terms of data
intrinsic to cross-sections. I will subsequently apply this theorem to various examples of ap-
plicable boundary geometry before extending all the results to include electromagnetic fields.
The chapter will conclude by illustrating the theorems with some concrete example metrics.
For the duration of this chapter, choose units so that k =1/2, i.e. A = —3(n —1)(n —2).

4.1 General result

The general set-up for this chapter is that of section In particular, (M, g) is asymptotically,
locally AdS, as defined by a Fefferman-Graham expansion for the metric from the conformal
boundary. A background metric, g, for ¢ is any asymptotically, locally AdS metric with the
same boundary metric, fym,. The energy of these spacetimes is defined by equation .
One of the central ideas of this chapter will be spacetimes admitting a background possessing
a background Killing spinor, as discussed in section [3.3]

Definition 4.1 (py). For future notational convenience, define

(fooy)m (foy)n r mn r
by = GM(O) €o © (f(n—l)mn - f(n—l)mn) + 5M0f(0) (f(n—l)mn - f(n—l)mn) (41)
rmn 7 (f0))m pn r
- 6M0f(0) (f(n—l)mn - f(n—l)mn) + 6AM6A(O> P((])(f(n—l)mn - f(n—l)mn)' (42)

Observe that py is nothing but the integrand in equation [2.141| for the energy.

Theorem 4.2 (Positive energy theorem). Let (M, g) be an asymptotically, locally AdS space-
time admitting a background metric, g, which possesses a non-zero background Killing spinor,
er. Let A, be a Clifford-algebra valued one-form satisfying the conditions in definition [3.1].
Assume the Einstein equation holds and ey, is O(er/Z) near Xt . Then e such that VViie=0
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and

n—1
Qe) = 5 / e "puryMeny/det(fiojap) A" 2
Et,oo
+/ el (A4 A A, + ATy A1) ey /det(froyas) A7 22 4.3
e 119") ery det(fionas) (43)
=2 / ((Vre)'Vie +etMe) AV (4.4)
3¢
> 0. (4.5)

Note that the growth/decay of e; and ||.4,||o ensure equation {4.3|is convergent.

Proof. From lemma and theorem [3.12, 30 € H such that 4/V;¥ = 4!V Choose
e =¢,—V. Let {V,,}5°_; C C be a Cauchy sequence whose limit is ¥. Next, let &,,, = e — U,
so that lim,, .. €, = €. Then, since ¥,,, is compactly supported, in a vielbein where P, = —d,9
and 0, = e; in the asymptotic end, lemma [3.3] implies

Qem) :/2 E%(e,,)dA :/2 E%(e1)dA. (4.6)

Since the RHS doesn’t depend on m,
lim Q(e,,) = / E%(g,)dA (4.7)
m—o0 S0

B / (5;2717ADA€1€ + Da(er)yvyler —i(n — 2)82’71516
Et,oo
+ €LVI’YAAA€]€ + €LAT4’7A715k)dA- (4'8)

To leading order, the measure, dA, is e™ =27, /det(f()ap) d*x---d"'z. This e™=2" growth
and the O(e"/?) growth of &; means it suffices to keep only terms that decay as O(e~~I7) or
slower in the matrices in E%(g;,). It’s assumed A4 decays as O(e~™Y) so those terms are
kept as they are. Next, consider the derivative terms. Since ¢ is a background Killing spinor,
o 1 _ u 1

DAgk = <€Am — €4 )8m5k — Z(wabA — wabA)v bék — 5’7A5k- (49)
From equation(3.116} (e,™—é ™) is O(e~"") and hence can be ignored. Likewise, from equations
[3.129(and (3.135] only the connection coefficient terms where either a or b is 1 need to be retained.
That leaves

i

5 (n — 2)elytep. (4.10)

slt'yl’yADAsk — —é(wlMA — JJlMA)ELfyA’yMEk +

From equation [3.117] the connection difference is
2(wina — Wima) = (g(ea, [0y, em]) + glenr, [0y, €a]) — G(€a, [0, €m]) — G(€nr, [0r, €4])). (4.11)

This is symmetric in A and M. Hence, it follows that
1

— é(wlMA - wlMA>5L’YA/7M5k
1
= 507 (glea, [0 e5)) — G(Ea [0 E8)) el

- i(g(ez‘\v [aﬁ 60]) + 9(607 [aﬂ eA]) - g(éAa [ar, é()]) - g(éﬂa [87’7 éA]))gz'yAVOEk‘ (4‘12)
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Substituting in equation reduces this to

_%MMA — Bura)eiy e = 5ABnT_1€("1)réf)még)n(f (n—ymn — Fin—1ymn)ELER
* nT_le_(n_l)Teg)meéf)n(f(n—l)mn — fon-1ymn)ErY Er (4.13)

- nT_le(nl)rég\?mééf)n(f(n—l)mn — f(n_l)mn)ék’yMak
L ; 1e_(n—1)7”f7mn(f(nfl)mn — Fn1ymn)ELen (4.14)

to leading order. The e~ "~V factor and &, = O(e’/?) mean everything else can be kept to
O(1); anything lower order will go to zero in equation 4.8 Therefore ultimately,

1 n—1

—5( 4 — Guga)epy Y ey = 1 e~ p gy e + O(e= ), (4.15)
Substituting this back implies
n—1 _, 1, _ 1
ely'v A Daey, — e pugiyMer + S (n — 2)ein e (4.16)

and consequently equation reduces to

. n—1 Y e
lim Q(en) = / e "paEyMer det(fioyap) d 2
m—00 2 St.o0
+ / em=2rgt <’ylfyA.AA + AL'yA”yl) ery/det(foyas) 4" 2. (4.17)
Et,oo
Finally, the LHS converges to Q(g) by theorem [3.15] O

4.2 Energy bounds and boundary geometry

While theorem applies somewhat generally, more progress can be made by restricting the
boundary geometry further. The simplest deformation one can make to standard asymptoti-
cally AdS spacetimes is to retain a static boundary, but replace the round sphere cross-section
with some other compact, Riemannian space.

Definition 4.3 (AdS with cross-section, (S,h)). A metric is defined to be AdS with cross-
section, (S, h), if and only if

2 2
g=dr@dr+e¥ (— (1 + ie_2r> dt @ dt + (1 - 25”) h) (4.18)

and h is a Riemannian metric on a compact, (n—2)D manifold, S, such that RX% =c¢(n—3)dap
forc=—1,0 or1.

It can be checked that any metric of this form satisfies the vacuum Einstein equation. While
these metrics may be geodesically incomplete or contain conical singularities when (S, k) is not
the round sphere, these global issues don’t prevent them from serving as natural background
metrics for asymptotically, locally AdS spacetimes with static R x .S boundary geometry. The
main objective of this section is to prove that if h is “symmetric” in some sense, then there is a
positive energy theorem for spacetimes with these asymptotics. However, to apply the general
result in theorem [£.2] T need Killing spinors for these backgrounds.
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Theorem 4.4. The most general solution to Dyey + %%&?k = 0 for a metric that is AdS with
cross-section, (S, h), is

e"?Pl ey forc=0
ep =R 2P (e”otﬂ — ie‘”otﬁ) en+ e 2P (e”oi/2 + ie‘”otm) g, fore=1 (4.19)
0 for c= -1

where PljE = %([ +iv1), e, solves D%)eh = 5yaen and Oiep, = 0. In the former equation, D;h)

1s the formal expression for the Levi-Civita connection of h, e.g. if {e(h)A}Z;l2 1s a vielbein for

h and wg%A are the corresponding spin coefficients, the Dgh)gh = eff)aaagh - iwg%AvBcsh.

Proof. In coordinates, the equation to solve is

1 1
e Ouer — Z—lwbca’ybcek + §”ya5k =0. (4.20)

The most natural vielbein to choose in this context is

e = (er + Ee_r> dt, ¢! = dr and e = (er — —e_T> eMA, (4.21)

where {e4}%1 is a vielbein for h. Then, from

e — e "
de® = —2—¢c'ne’, de' =0 and (4.22)
e’ + je"
e’/‘ _'_ ge—r
de = —34 ¢ Net + (er - Ee"“) de™A, (4.23)
er — e’ 4
it follows that
e'f‘ _ Eef"' e'f' + gefr
Wop = —+60, WAy = +e‘4 and wap = (,UX%, (4.24)
e'/‘ _I,_ Ze T e?" — Ze T

where wghg are the connection 1-forms of h.

Thus, the a = 1 component of equation says 0 = O.ep + %”ylé‘k, which immediately
integrates to e = e 1'7/2¢ for some spinor, ¢,, that doesn’t depend on r. Projecting ¢, onto
eigenspaces of y' using P = %(I +iv!) then yields

en=e V(Pre_ + Piey)=e?P e+ e 2P e, (4.25)
for spinors, €4, that don’t depend on 7.
Next, with this expression for e, the a = 0 component of equation [4.20| reduces to
r__ C,a—T

e i
0=——0¢ — 4 A0 N0 4.26
e’ + je7" ek + 2(em + Z—ie*’“)7 Tk (4.26)

(&

! This is only a formal Levi-Civita connection because the gamma matrices used are from the spacetime, not
the cross-section. In effect, this is a Levi-Civita connection that results from a reducible representation of the
Clifford algebra.
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or equivalently
1
0=0,(e"?Pre_+e"?Pfe,) + 3 <e’” — Z—ie’r> VO (e PPl +e PPl e])
i

~ 5 ( "+ ge_r) (e Pre_ + e 2Pfel) (4.27)

=P O +e PP, + %e3r/2’yon€, — ge’r/nyong, - %eT/nyonr5+

ic i ic i
+ —e_3r/270P1+5+ . §e37"/2,}/0P1—€_ . ge—r/Q,yOPl—g_ i 5e?"/?,}/O‘Pl-l—g_~_

8
— geng/2fYOP1+€+ (428)
= 2P (9. — 1%y + e 2Py <(9t8+ _ f,y%) . (4.29)

Since the two ! eigenspaces have no non-trivial intersection, it follows that

Oie_ =ie, and Oy = %705_. (4.30)
For the a = A component, following the same process as the a = 0 case and also noting
WA = wg}% — wupc = ﬁwﬁfgc, I get
0= e/2Po (Dg‘)g_ + me+) te /2P (Dg">e+ - %Ag_) , (4.31)
from which it follows that
DXL)& = —iyse, and DXL)€+ = i—che,. (4.32)

4

First consider equations [4.30| and for ¢ = 0. From the former it immediately follows
that e = it7%e, + &, for some spinor, &, that (like ;) doesn’t depend on ¢. Then, the latter
implies D(h)ADXL)gh = —ify"‘DXl)eSJr —-0=0.

Therefore fo)ah = 0 because integrating on the cross-section, S, says

0= /S el DMADW (e,)dA(R) = — /5 (DMA,)" DI (e,)dA(h). (4.33)
Then —iyqe, = Dxl)e_ =0 = e, =0 and leaves ¢_ = ¢;, completing the ¢ = 0 analysis.
Next, consider ¢ = —1. Equation |4.32| now implies D(h)ADXL)E_ = ”T_Qg_. Therefore,
4
/ el e_dA(h) = / el DWADW™ (2 YdA(h) (4.34)
s n—2Js
4

=-—— / (DMAe Y DWW (c_)dA(h). (4.35)

n—azalJs

As the LHS is non-negative and the RHS is non-positive, it must be that both are zero. Hence,
e_ =0 from the LHS and subsequently £, = 0 from D;h)e_ = —iY4E4.
Finally, consider ¢ = 1. Let

1 1
Yp=c_ 42, and p=¢c_ — 2, <= e_= é(w +¢) and £, = 1(1/) — ). (4.36)
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Then, equations and are

i i i i
o = 57%, Opp = —57090, Dy = 374% and DY = —va. (4.37)

The first two immediately integrate to 1) = 2e17°#/24), and ¢ = 2e~"1/2¢, for some spinors, ¥
and ¢, that don’t depend on ¢ or r. Equivalently,

e = e”ot/Q@Ut + e_wot/%t and €, = %(ewotﬂwt — e_wotﬂgpt). (4.38)
By construction, Pfe, = ey <= e = iy, without loss of generality. Therefore,
- ei'yot/th + efi'yot/ngt _ _i,yl(ei'yot/Zwt + efi'yot/Z(pt> _ _iefi'yot/2,ylwt _ ieifyot/Q,ylth. (4.39)
Setting t = 0, 7 this equation implies

Y+ o = =iy — iy and ¥y — ¢ = v — iy oy (4.40)

respectively. Putting the two equations together, it follows that ¢, = —iy'y,. Hence,

e_ = eV, + e 20, = (I — iy")e""?, and (4.41)
1, . 1
Ey = i(ew%/zwt - eilﬁ/Ot/QgOt) = §<I + 1’}/1>€170t/2"(/}t. (442)

Let e, = 2 (I + )¢y <= ¢y = (I —+")ep,. Then, I get

1 1 1 1 1
Den = 51+ 91D = (I +9) 5747 = 77407 + Db = Syaen, (4.43)
e = (I —iy")e""2(I —yNep = (I —iy") (@72 —ie"?)e, and (4.44)
1 - 1 . .
€4 = 5([ + i) (1 = AYey, = 5([ +inh) (€2 4 i 2)gy,. (4.45)
It can now be checked directly that both equations in hold with these ., thereby com-
pleting the ¢ = 1 analysis. U

Solutions to DXL)sh = $7y4¢ep, are well-studied mathematical problems [119,5]. However, one
subtlety in comparing with the literature is that {4*}%_} don’t form an irreducible represen-
tation of h’s Clifford algebra; an irreducible representation of a (Riemannian) Clifford algebra
with n — 2 elements would have 2L*=2)/2] x 2l("=2)/2] matrices, not 21"/ x 21"/2) matrices like
{414 € {4*}"Z;. The doubled size means there are effectively two irreducible representa-
tions summed in 44, This degeneracy can be lifted by choosing the spacetime gamma matrices
to be

I 0 0 —I 0 A4
0 1 A g
v = {O [} , Y = { O} and v* = {'AYA O}’ (4.46)

where 44 are gamma matrices of the Riemannian manifold, (S, k). In this representation, the
spacetime spinor space can be viewed as a direct sum of the cross-section spinor space with
itself. Now, DXL)gh = 57AEL can be written in a form that’s truly intrinsic to the cross-section.

Lemma 4.5. Let DXL) = e%)aﬁa — %wg%AfyBc be the spin connection intrinsic to h. Then, the
(h)

most general solution to D, ey = 0 is

e = m with D = DWe =0 (4.47)

o7



and the most general solution to Dgl)gh = %fyA&th 18

(=)

L& +e L AmaE) L e
=3 éfﬁr) - é?_) with D{Mel®) — :|:§7A5§L ), (4.48)
h h

Proof. Let g, = (2[1, ¢)T in the chosen representation. Then,

5 Ba 1 h 0 2 A 0 ~B 0 ~B 0 ~ A n
Dz(él)eh = (eil) o ng(Bg’A <{,3/A 70:| |::YB 70 - ,3/B 70 ,?A 70 Zg (449)

A (h) A
_|Da Y (4.50)
D, ¢
Therefore the claim about Dgl)eh = 0 immediately follows. Meanwhile, since
IR ]
En=|. . 4.51
A [”YA 0f[e]  [Fav]” (451)
it also follows that
1 AR s
0= Dxl)éh — =7Vl 1?‘(%?% %YA% = {g} . (4.52)
2 Dy’p— §’YA¢
Hence é(i) = Q@j: z the claim for DMe, = 1 O
, Ep = ¢ proves the claim for D e, = 5vaep.

In summary, €, is built from the most general parallel or real Killing spinors (of either + or
— orientation) on the cross-section. The simply connected, compact manifolds admitting such
spinors have been classified [119, 5]. However, there are also non-simply connected manifolds
which satisfy the required conditions [120]; I will consider some such examples in section .

Meanwhile, observe that if ﬁ%)éh equals %&Aéh, —%ﬁAéh or 0, then
D (ehan) =0 and DY (<ig}4"4,) = i8] Aanén, —ig]ands or 0. (4.53)
Therefore —iéIﬁAéh is a Killing vector of h and é;éh is constant on S, allowing the following
constructions.

Definition 4.6 (“Conserved quantities” on the Cross—seAction). In an asymptotically AdS space-
time with cross-section, (S, h), given a Killing vector, k, of h, define a “conserved quantity,”

n—1
167

Qj = /pAkAdA(h /fn 10ak’ dA(h). (4.54)

167

Theorem 4.7. For an asymptotically AdS spacetime with cross-section, (S, h), ¢ = 0, satisfying
the Einstein equation and the dominant energy condition, define kA = 1@/}Jr A@/} where w solves
D(h)1/1 = 0. Without loss of generality, scale w such that @Z)W = 1. Then,

E+Q; >0 (4.55)

Proof. Choosing A, = 0 in theorem reduces the non-negativity condition on M to the
dominant energy condition on T,. Then, substituting the ¢ = 0 case of theorem [£.4] yields

n—1

0< / et M PredA(h). (4.56)
S
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From lemma [4.5 and the chosen gamma matrices,

B PO b B B A U I N Y S
el 0y0Pe, = [Pt @] 5[_11 1} [zﬂ :§(¢w+w-ww+w) and  (4.57)

_ T[T 010 AAYL[ 1 il [
ey Pren = [ o] {o _1] {:YA 7o] 5{-1[ I] m (4.58)
1 ) o
=3 (—HNV% +ptyAp — oty — wW‘so) : (4.59)

Putting both parts together,

0< ™o ! /S (97 = i) (ol — ipai) (¥ +i) dA(h). (4.60)

Thqn, defining a new parallel spinor, say 1&’ = @ +ip, and scaling (by a constant) so that
YTy’ =1 proves the claim. 0

Theorem 4.8. For an asymptotically AdS spacetime with cross-section, (S, h), ¢ = 1, satisfying
the Einstein equation and the dominant energy condition, let égi solve fo)éﬁf) = i%’}AéELi)
and define DA = —iégi)T%Aégi). Without loss of generality, scale 5( ) 50 that égiﬁé,(li) = 5“[),

where 0&) =1 if a non-trivial é;l )

metric on a sphere,

exists and 6@ = 0 otherwzs. Then, if h is not the round

E(S‘” +0) + Qe + Qpy 2 0. (4.61)

Proof. Let §%) = ,(1 g (i and 5 éSE)TﬁAé,(li). From the Killing spinor equation,
DPs®) = +£, and (4.62)
DYDY = + (i;g,g o 7,4) Apect) + &4y (i;% o )> = —ap5™). (4.63)

By Obata’s theorem [96], the round sphere is the only compact, Riemannian manifold admitting
+) = —5,55™). As that case has been explicitly excluded in
this theorem, it must be that §* = 0 and consequently f(i)A = 0.

Now consider theorem with ¢ = 1, A, = 0 and the ¢ from theorem @ Since there is

a leading e™" factor in equation , it suffices to retain only the ¢’/2 term in equation |4.19) i.e.

non-trivial solutions to ﬁgh) lA)j(Bh)é(

e — 2P (e”ot/2 — ie’”otﬂ) en = (L+1)e"? Py (cos(t/2)] — sin(t/2)7°) en. (4.64)
In summary, theorem [.2] reduces to saying
0< / puey (cos(t/2) —sin(t/2)7") Y°4M Py (cos(t/2)] — sin(t/2)7%)en dA(h).  (4.65)
S

Consider the coefficient of py; in the integrand. Using the gamma matrices in equation 4.46

2Note that the theorem only applies if at least one of 6t or 6 is non-zero.
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and the ¢, from lemma when M =0,
el (cos(t/2)I — sin(t/2)7°) Py (cos(t/2)I — sin(t/2)7%)ey,

1 R R ()] [(cos(t/2) —sin(t/2))] 0 I il
) [ et 8- ”} { 0 (cos(t/2)—|—sin(t/2))]} {—u 1}
(cos(t/2) — sin(t/2))1 0 gt 4 gt)
% [ 0 (cos(t/2) + sin(t/2))[] g;:r) — ) (4.66)
_1 [ (D A At _ A(—)T} (cos(t/2) —sin(t/2))I  i(cos(t/2) —sin(t/2))]
8 T ST T T Si(cos(t/2) + sin(t/2) T (cos(t/2) + sin(t/2))]
[(cos(t/2) — sin(t/2)) (2 +&{)
L (cos(t/2) + sin(t/2))(¢ &0 _ gl (4.67)

SR Lo 52—)1

Il
0| —
[ —|

X

[ (cos(t/2) — sin(t/2))*(&" + &) +i(cos?(t/2) — sin®(t/2))(& =& ) (4.68)
| —i(cos?(t/2) — sin®(t/2)) (6" + 7)) + (cos(t/2) + sin(t/2))2 (&} ) ‘

oo =

)
(7" + 87D = sin(@)(E" +&7) + (€7 + & Nicos()(€” - &)
+ (1 —é“”)( icos(t))(EST + 607y 4 (@ — a1 sin(e)(e” — i) (4.69)
= }1 (ég”*é;j) R I R ) Sl éﬁﬁ). (4.70)
Similarly, when M = A,
el (cos(t/2)1 —sin(t/2)y°) /2y Py (cos(t/2) — sin(t/2)7°)en

_1 [ D O A1 é(—)f] {(COS(t/Q) —sin(t/2))1 0 } { 0 ’VA}
8 h h h 0 (cos(t/2) + sin(t/2)) 440
I il [(cos(t/2) — sin(t/2))] 0 (1) 4 25
X {—11 11 { 0 (cos(t/?)—l—sin(t/Q))I} €<+> £ (4.71)
1 oS — sin 34
=< [ (O A0 gt _ ég—)f] {—(cos(t/z)fsin(t/z))% (cos(t/2) . (t/2))3 }
(cos(t/2) — sin(t/2))I  i(cos(t/2) + sin(t/2))I] |&tF + &)
X [—i(cos(t/Z) — sin(t/2))1 (cos(t/2)+sin(t/2))]} £ Z;) (4.72)
1 " ( —i(1 — sin(t))34 cos(t)34 “Ef) g )
~ 8 [ ! +€§L ! éé - EEL )T] [ (i cos(t)(éA)7 —i(1 +(Stiilv(t))ﬁf‘] ;;r) t;) (4.73)
_ i( E(H4AZCH _ ita(PT5A20) | it a8 _iég—)T,?Aél(l—)>. (4.74)

Putting both parts together,
pueL (cos(t/2)I — sin(t/2)7°) '™ P (cos(t/2)I — sin(t/2)7°)ey
= < 2(H)f —|—1e‘tg( ”) (pol — ipa¥ ) (A(Jr) 1e““§b )). (4.75)

Since ) = 0 and f(i)A = 0, I ultimately get
0< / <p BOTACH | p OMA0) gy T8 A0 _ O Ag(- )dA(h)’ (4.76)
S
which is just the desired result. O
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4.2.1 Asymptotic symmetries and geometric invariance

To better understand the full physical significance of the inequalities just derived, it’s worth
considering the geometric invariance of E and @);. In particular, Z is defined through a con-
formal compactification and choosing a different compactification could change f(o) or fi_1)
through a change to the Fefferman-Graham parameter, r. It will be easiest to see this by
swapping r for z = e™". Then,

1
9="23 (dz @ dz + (foymn + 2fymn + - - - )da™ @ dz™) (4.77)

and the conformal factor for compactification is €2 = z. The most general transformations
preserving the Fefferman-Graham form are known as Penrose-Brown-Henneaux (PBH) trans-
formations and were derived in [69]. I will review the construction here.

Following [69], define new coordinates (2, z’), by

2z =27 and 2™ = 2™ + (2, ) (4.78)
for some o(2') and £™(2/, 2'). Practically, it suffices to take o and £ to be infinitesimal, so
z=(1-o0(2"))2 and 2 =a™ + ™ (2, 7). (4.79)

Let o be arbitrary - i.e. consider an arbitrary alternative conformal compactification. Then, &
is determined as follows. Since

dz=(1-0)ds' — 29, (0)dz™ and (4.80)
dz'™ = (6™, + ,(§™)) da™ + 9.,(£™)d2’, (4.81)
to leading order (in ¢ and &) the metric in the new coordinates is
_ 1t 5™+ D(E™)) da? + B (€™)d) ® (07, + D)) da't + Dus(€7)d2
9= 2 Son (2, 2) (( T p(§ )) a4+ 0. (§™) Z)®(( g T q(g )) '+ 0.(&") Z)
+ (1 —0)d2' = 29, (0)dz™) @ ((1 — 0)d2’ — z’@é(a)dx’”)) (4.82)

1+ 20
- 212

+ 0.(£M)d7' @ da"™ + 9./(£")da"™ @ dz)

(fmn(ar, z)(da'™ @ da™ + 8.,(£™)da”? ® da'" + 9 (€")dx"" ® da”?

+ (1 —-20)d' @ d2’ — 20 (0) (d2' @ dz’™ + d2’™ @ dz’) ) (4.83)
1
= <dz’ ® d2" + (fun(z, 2)04(£") — 2'0.,(0)) (d2' @ dz'™ + d2'™ ® d2)
+ (frn (2, 2) (1 +20) + frnp(2, 2)0,(87) + fon(z, 2)0.,(E7)) d2'™ @ dxm) (4.84)
Therefore Fefferman-Graham gauge is preserved if and only if f,,(z, 2)0,/(¢") — 20!, (o) = 0.

Since 0./(£") is already first order in the infinitesimal quantities, I can replace f,,(z, z) in this
equation with f,,,(2’, 2'). Thus, in summary,

fon(&',2)0:(§") = 2'0,,(0) = 0 = 0x(&™) = 2 f™"(«', )0, (o). (4.85)

Integrating this equation gives the final result for ¢ in terms of o, namely

En (el ) = (o, 0) + (o) /0 T, O, (4.86)
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Next, consider the transformations of f(x)m,. Since § and o are infinitesimal,
S (2, 2) = fan(a" + 6,2 = 02') = foun(@', ) + &0, frn (2, 2') — 02/ 0 frn (2, 2). (4.87)
Substituting this into equation [4.84 and imposing equation then yields

1

9= —7 ( (fmn(:v', 2+ (Lef),,, (@, 2) 4+ 20 frn(2’, 2") — 020y frun (2, z’)) dz™ & da'™

2/2

+d2' ® dz’) . (4.88)

The metric on constant z surfaces thus changes as
O0f =Lef +20f —020.f. (4.89)
Most importantly for the present discussion, the boundary metric changes as

df0) = Le._o o) + 20 f0)- (4.90)

Therefore, in general, the boundary metric can change in an arbitrary way. Furthermore, by
expanding £™ in powers of z, one can also find a complicated transformation law for 4 f(,,—1)
(separately for each value of n). In summary, the boundary data, (fq), f(n—1)), could change
in a somewhat intractable way and therefore affect the expressions for £ and Q);.

However, this is an issue that affects even the standard asymptotically AdS spacetimes
(i.e. with round sphere cross-section) and doesn’t seem to have been considered in any detail
previously in the literature. Firstly, it’s unclear to me how physically meaningful this question
even is. For example, even an asymptotically flat end can be written in a poor choice of
coordinates, which then leads to strange results for ADM mass [27]. Therefore, it would seem
reasonable to insist on a particular, canonical conformal class representative for f(g). Indeed,
this is what is done in section 5.3 of [97] when studying the first law of black hole mechanics
in this context.

A more tractable, and physically well-motivated, problem regarding geometric invariance
is to study the question considered in [31] for the energy in asymptotically AdS spacetimeﬂ.
Specifically, the task is to quantify how E and ); change under asymptotic symmetries pre-
serving both Y; and the Fefferman-Graham gauge.

An asymptotic symmetry is determined by a vector field, £, such that (L¢g)|,—oc = 0.
Meanwhile, following section 3 of [31], to preserve ¥, choose £ = £'0; = €10, + £20,. Then,

(‘C&g)uu = glarg;w + gluaugl + gulaugl + gaaagw/ + gauaufa + g;wcauga' (491)

The various components then reduce to

(Leg)n = 20,67, (4.92)
(Eé'g)lm = mfl + GQTfmaarfa and (493)
(Leg)mn = €' 0:(e” frnn) + €7 (% Oafrnn + anOmE™ + finaOnf®). (4.94)

¢ should be a physical spacetime vector that extends to the boundary. Hence, in the spirit of
the Fefferman-Graham expansion, let

E=Eo)+e"Eny e e+ (4.95)

3The analogous problems for asymptotically hyperbolic Riemannian manifolds and the ADM energy are
studied in [I121] and [6l, 26] respectively.
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for &) being r-independent. Then, for a spacetime that’s asymptotically AdS with cross-
section, (S, h),

(Leg)in = —2(e7"€ay + ) and (4.96)
(Leg)im = =€ foyma&ly + (&) — 2fomallyy + - - (4.97)
Therefore, (L¢g)11]r=00 holds automatically. Next, (Lg)im|r=co = 0 implies f(o)maﬁf‘l) =0
and 8m(£(10)) — 2f(0ymal(yy = 0. Since fio)mn is invertible, the former condition says &fj, = 0.
Meanwhile, the latter condition says atg(lo) = 0 and 2{(2), = a{’(lo), where the index has been

lowered using h.
Next, consider (Leg)mnlr=cc- Using faymn = 0 in these asymptotics and fg’f) = 0 just proven,

(Leg)mn = € (26(0) foymn + €y Oaf 0ymn + F0)anOmEby + FoymaOn€ly) + 2€"EL) f0ymn
+ &0y 0aS@mn + f2)anOm(o) + f2ymaOn(s)
+ &) Oaf(0ymn + f(0)anOm(2) + f0ymaOnéizy + - - (4.98)
From the " component, it follows that 5(11) = 0, meaning ;) = 0 when combined with 5% =0
from earlier. From the e?” and r-independent components, setting (m,n) = («, 3) implies

1 c
§(10)h = _§£€<0)h and — §£5(O)h + £§(2)h =0, (4.99)

where the vector field argument of the Lie derivatives only considers the part tangential to S.
Re-writing the Lie derivatives in terms of D™ and applying 2{(2)a = 3a§(10) from above, it then
follows that

DWDYel) = —cEloyhag. (4.100)

Since (S, h) is assumed to not be the round spherd in theorems and by the Obata
theorem [96], it must be that 5(10) = 0. Substituting back into equation implies £5<0)h =0,
i.e. o) is a just a Killing vector of h.

Therefore 6 f(o)as = dhas = 0 (by virtue of being an asymptotic symmetry) and L¢, h = 0.
Hence, o = 0 by equation [£.90] Being an asymptotic symmetry only determines the leading
order behaviour of £&. However, there is still the additional requirement of staying in Fefferman-
Graham gauge. From equation @ with o = 0, it follows that § = £§Oa-

In summary, the only asymptotic symmetries preserving ¥; and the Fefferman-Graham
expansion when (S, h) is Einstein, but not the round sphere, are simply coordinate transforma-
tions generated by the Killing vectors of (S, h). These don'’t affect f(o) by definition. Moreover,
since there is no z dependence, they also don’t affect the Taylor series split for f,,,; in particular
Jn—1)ymn just transforms as a tensor under coordinate transformations. Since the integrands of
E and Q) are scalars, they remain invariant under these transformations.

4.3 Example boundaries

In this section I will present various examples of (S,h) which satisfy the requirements in
section and thus allow applications of the various versions of the positive energy theorem
discussed there. These examples are not exhaustive. While the simply-connected, compact
Riemannian manifolds with parallel or Killing spinors have been classified [119, [5], the general
list of non-simply-connected examples remains open [120]. The examples below include both
simply-connected and non-simply-connected (S, h) and have been ordered by computational
complexity. Throughout this section the assumed decay on M in definition translates to a
running assumption that 7% decays quicker than O(e~("=1r).

4The case of the round sphere will be considered later in subsection m
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4.3.1 Squashed S’

The simplest metric that admits Killing spinors is the round sphere. However, it comes with
additional subtleties and is thereby postponed to subsection [4.3.3] The simplest deformation
to a sphere is squashing, yet this typically destroys all Killing spinors. A rare exception is a
particular 7D squashed sphere [39] with metric,

1 1
h= 9 (da ® da + 1 sin?(a)b; ® b; + — (c; + cos(a)b;) @ (c; + cos(a)bi)) . (4.101)

20 20
where b; = 0; — X;, ¢; = 0; + X, (4.102)
o1 = cos(1)df + sin(y) sin(0)de¢, o9 = —sin(¢)dd + cos(¢) sin(0)do,
o3 = dip + cos(#)d¢o (4.103)

and ; are defined identically to o;, but with (¢, 0, ¢) replaced by some analogous coordinates,
(', 0, ¢"). The squashing comes from the factor of 1/20 in equation [4.101} if that factor were
also 1/4, then h would be the usual round metric on the sphere.

From [39], h satisfies R(:l); = 6045 and admits exactly one linearly independent Killing
spinor, namely

1
é,(ﬁzﬁ[o 1 -10000 0, (4.104)

where the components are in the basis chosen for 4* in [39]. Furthermore, from [5], this metric
only admits e — .

Theorem 4.9. For spacetimes asymptotically AdS with squashed ST cross-section, if the Ein-
stein equation and dominant energy condition hold, then E > 0.

Proof. The proof is simply applying theorem with é;l_) = 0 and equation |4.104] The former

means (7 = 0 and Q- = 0. Meanwhile, it can be checked that for this particular ég:r),
égf)T’AyAégj) = 0 for all A. Thus Q4 is also zero and theorem reduces to £ > 0. O

4.3.2 Torus

The simplest cross-section with ¢ = 0 is the torus, T"2 = S! x ... x S!, which has metric,

h=d6® ©d6% + -+ do" @ do" (4.105)
where 6%, --- 6"~ are the angles on each S* factor. It follows immediately that k, = 0. is a
Killing vector for each angle. As per definition [4.6] define
-1
J=" / pad™20 (4.106)
167T Tn—2

as the associated “conserved quantities.”

Theorem 4.10. For spacetimes asymptotically AdS with torus cross-section, if the Einstein
equation and dominant energy condition hold, then

E > /3,434, (4.107)

Proof. h being locally flat implies the parallel spinors are just constant spinors, @/AJ = @ZA)O.
Therefore, theorem [£.7] can be re-written as
-1 . . .
0SE+Q=F+ " / pakAd(h) = G (BT —i349%) . (4.108)
Tn—2

Since ET —iJ 4 has eigenvalues, E + /J4J4, and 7,&0 is arbitrary, the result follows. O
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This reproduces equation 4.14 of [30] - the only difference is the Fefferman-Graham expan-
sion here is Lorentzian, as opposed to the Riemannian asymptotics on J; required by the initial
data point of view adopted by [30].

4.3.3 Sphere

With a round sphere cross-section, the problem reduces to finding a positive energy theorem
for asymptotically AdS spacetimes, essentially reproducing the results of [23, [30) 122]. In this
case, it will be easier to apply theorem directly, instead of the cross-section treatment in
section 4.2 although I will connect the two approaches later. Furthermore, it will be easier
to represent AdS in the Poincaré ball model, rather than a Fefferman-Graham expansion. In
particular,

4
md[]dl’l X dZL‘J, (4109)
I

where 2 are Cartesian coordinates inside the unit ball, p = v/zlx; and the indices on x' are
understood to be raised and lowered by ¢. The natural vielbein is

1+ p2\>
gAds:—( P2> dt ® dt +
L—=p

I

1—p? 1—p?

ey = s Oy and e} = 5 ;. (4.110)

It can be checked that in this frame,
de” = Lx et A e (4.111)
1+ p2 I ) .
de' =z e Ne, (4.112)
2

why = _mx,e’o, (4.113)
B I (4.114)

and that subsequently the Killing spinors are

1 .
ey = ——— (I —izpy") "%, (4.115)
1—p?

for any constant spinor, £9. The coordinates and frame chosen are related to the Fefferman-
Graham version of equation by

2
r=In(R+VI+R)-In(2), R=- o (4.116)
—p
__ ¢’ _ __ € @
=717 ie_%&‘/, ep =0, eq= = }le—QTeA Ous (4.117)
ey = eo and €} = Zre; + p@e(s)AeA, (4.118)
Ozl @

where 2! are unit vectors, i.e. ! = pz!, % are coordinates on S"~2 and h = s is the round

metric on S"2. Hence, the local Lorentz transformation relating e, and €/, i.e. €/, = A’ (z)ey,
is given by

00" ()4 (4.119)

A% = 0% and A% = 0% 2 + 5apre°‘
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Definition 4.11 (“Conserved” quantities on the sphere). Define the linear momentum, angular
momentum and centre of mass position as

n—1 3 . n—1 A
Pr = 167T / f f(n 1)ymn — f(n—l)mn)LUIdA(8> = 167 /Sn2 pox[dA<S), (4120)
n-— 00« 06~
Jrg = 16 _ ftn-1)00 (xza g —riog p:1)dA(s) and (4.121)
= / / (5 — a’@r) dA(s) (4.122)
K;= 167 (n— 1)0a6 7 I I . )

The conserved quantities are more complicated now than in definition [4.6] although some
comparison will be provided later. These definitions are based off [30] - especially their equa-
tions 3.5 and 3.6 - but written in terms of Fefferman-Graham expansions/coordinates instead.
Their exact form is motivated by terms that appear in the positive energy theorem about to be
proven. However, some heuristics can be discussed now. It can be shown [121] the Riemannian
analogue of (F, Pr) transforms as a Lorentz vector when one chooses a different conformal
class representative to define Z. Hence, P; naturally behaves like linear momentum. Next,
observe that the vector, (£1%|p:1 — ij%|p:1)aa equals Z;0; — 2 ;0;, which is the generator
of rotations. Hence, it’s natural to expect the J;; above to behave like angular momentum.
Likewise, %szl ((5‘] -z xI) Oy = (5 7 — :i:J:%I) 0y can be seen as a generator of boosts when
AdS is viewed as a hyperboloid in R*? [30], suggesting the K; above should be interpreted as
a centre of mass position.

It’s now possible to state the main result of this section.

Theorem 4.12. In an asymptotically AdS spacetime (i.e. with round sphere cross-section), if
the Einstein equation and the dominant energy condition hold, then

i
EI —iPy' + §Jm%” + K0! (4.123)

1 a non-negative definite matric.

Proof. Theorem was derived in a vielbein adapted to the Fefferman-Graham expansion.
However, since &py%y in theorem transforms as a Lorentz vector, it suffices to apply
exyler = A& Pe,. From equation 4.115)

1

Eer = 1_—p2€86’”%/ I =iy (I —iwy”)e" e (4.124)
=1 _1p2 6ge—iv0t/2(l — iz iyl — xwﬂlvj)ewotm&o (4.125)
=1 - ngge_”%/ (14 )] = 2izy" )%y and (4.126)
ek =1 - p2€$e*”0t/ (I = i)y (T = ey )e™ e (4.127)
=7 —1,0288617%/2(707] — w70y — im0y T — xeK,yJ,YOWI,yK) iy t/2€0 (4.128)
=7 —1p 506 —iy t/2(7 ~ _21%]7 7 J ol va ~ +p27071) iy t/280 (4‘129)
= 1_;&856_”0“ 2(14 97y = 21wy — 22729097 )e"" 2, (4.130)
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By equation 4.116, as r — oo, p — 1 and 5 = e . Therefore,

2170 — elehe” BO2(1 — 34" )e" ey and (4.131)
glel, — ersTe Wot/Q(yOyl — iz 7% — ifijoy‘])e”omso. (4.132)

Substituting these into theorem [£.2] applying equation £.119] definition and

(f )m n r s)a
ba = eA(O) P(O) (f(nfl)mn - f(nfl)mn) - 6;) f(nfl)Ooz (4133)
ultimately yields
n—1
0<Q>e) = 5 / " (poA’, g e + pal? gy ter) dA(s) (4.134)
Et,oo
—1 . .
== 2 / (pﬂggewot/z(f —idy")e" e
Et,oo
s 068
b gy e e, )aAls) (4135)
p=1
—1 .
_ n 5 / (poé?Tew t/Z(I . ii[’}/l)ew()t/2€0
Et,oo
00 T—iot/2 O T  in 0 IJ  ~Is 0. J\.iv0t/2
+ fin— D0a 57 Oe TN =iy = gy )e ey |dA(s) (4.136)
= 87T5$e_” t/2 (EI — Py 4+ Ky + %J1J707U> ei“’ot/%o. (4.137)

Since ey is an arbitrary constant spinor and e"/2 is a constant, unitary matrix on X, this
inequality is satisfied if and only if ET —iP;y! 4+ K;y%y! +5 L T 7°y! 7 is non-negative definite. [J

The result produced is formally identical to [30] - in particular, see the unnamed equa-
tion directly above their equation 3.12 on their page 11 - the only difference being that [30]
considered Riemannian asymptotics on an initial data slice. As such, they don’t have any ¢
dependence in their Killing spinors. Adding this dependence was essentially the main result of
[122]. Theorem differs from their work in that the ¢ dependence has been extracted from
the physical quantities; in contrast, their analogues of P; and K have explicit ¢ dependence in
their definition. Of course, my definitions have implicit ¢ dependence through the ¥; in fEt and
this means it’s not necessary that P; or K; are conserved in the sense that 0;P; = 0;K; = 0.
even though there is some overall conservation because of equation [3.8

The eigenvalues of the matrix in theorem {4.12f can’t be found analytically in general and
thus there is no concrete inequality such as theorem |4.10, However, more progress can be
made in specific examples. For example, if n = 4 and K; = P; = 0, thenﬂ the eigenvalues of

EI+1J17°" are E+/3J1,J" = E £J|, leading to the familiar 4D BPS inequality [13],

E>|J). (4.138)

Similarly, consider the case where n = 5 and K; = Py = 0. There are two independent rotation
planes in 4 space dimensions. Without loss of generality, suppose the coordinates are oriented
so that the angular momentum is in the 1-2 and 3-4 planes. Then, since the eigenvalues of

5As explained later, it is typically possible to choose a frame in which P; = 0 by performing a conformal
isometry of the round sphere boundary [30].
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EI +iJ157°y? +iJ347%y3y1 are E & Jyg & J3y and E & Jjo F Jag, I get the corresponding 5D
BPS inequality,

E > ||+ |, (4.139)

where J; and .J; describe the independent rotations.
For a different type of example, suppose K; = 0 and J;; = 0. Then, the eigenvalues of
EI —iPiy! are E ++/P; P! = E £ |P|, leading to E > |P|, which was the result in [50].
Many more permutations can be chosen like this - see [30] for a detailed analysis.
Theorem can also be derived from the cross-section point of view as follows. To deal
with S™~2 for arbitrary n, the only practical coordinates are the “nested spheres.” In particular,

cos(fs)
sin(fy) cos(63)
' =p : and (4.140)
sin(fy) - - - sin(6,,_2) cos(f,,_1)
sin(fy) - - - sin(6,,_2) sin(6,,_1)
h = p*(dfy ® dfy + sin®(6;)dfs @ dfz + - - - + sin®(fy) - - - sin*(0,,_»)d0,_1 @ df,_1). (4.141)
The natural vielbein to use on the unit sphere is thus
e()? = d46,, ®? = sin(f9)dbs, - -, eln—1 — sin(fy) - - - sin(6,,—2)d6, ;. (4.142)
In this frame, the most general solution to DXl)sh = 17,4e, on the unit sphere is [82]
gy = 277 /2e837°7%/2 L b1 TR 2 (4.143)

for a constant spinor, 9. Now, defining ¢ as per theorem and applying theorem should
give the same result as the method based on ¢}, used in theorem [£.12] However, seeing this
requires performing a spinorial change of frame.

Define o(n — 1) through the generators,

(M17)kL = 01K07L — 010K -
Lemma 4.13. The Lorentz transformation matriz, A’ ;, of equation 5

(4.144)

[ cos(fy)  sin(fy) cos(fs3) sin(fy) - - - sin(6,,—2) cos(f,—1) sin(fy) - - - sin(6,—2) sin(@n_l)_
—sin(fy) cos(fs) cos(6s) cos(fy) sin(f3) - - - sin(f,,_2) cos(0,,—1)  cos(by) sin(f3) - - - sin(6,,_1)
0 — sin(6s) cos(0s) sin(fy) - - - sin(,—2) cos(0,—1)  cos(f3)sin(by) - - - sin(fy,—1)
0 0 —sin(6,-1) cos(0p_1)
(4.145)
= Mz M2t (4.146)
Proof. From equation
. a0
A, =635+ 51AP@6¢(1)A (4.147)
Therefore the first row of A can be read-off from equation For I > 1, I require go%,
which can be calculated from
0 2, 0 9 2cos(6,) 06
. = t2(0y) = —————L 2, 4.14
Oxl a2 + -+ 22 | Ox! cot” (0a) sin®(0,) Ox! (4.148)
90, sin®(0,) 0 2
= — . : 4.149
7 ol 2c08(0y) Ozt a2 + -+ 22, ( )
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Hence, g‘g‘; =0 when I < a —1. Next, when I = a — 1,

0, B sin®(0,) 2T o1 L sin(6y)
Ozt 2cos(f) 22 +---+22_,  psin(fy) - -sin(f,_1)

(4.150)

and when I > « (taking cos(f,,) to mean 1 in one of the equations below),
00, sin®(0,) 2
= — — o 2 4.151
oz’ 2 cos(fy) ( (2 + - 1)2) o ( )
2

sin®(6,) p?sin®(6s) - - - sin ( _1) cos?(0y)
cos(6,) ptsint(6) - - - sin*(6,)

psin(fy) - - - sin(fy) cos(fr41) (4.152)

- eolle)slens): . )l e

Since e(®4 = §4_sin(fy) - - - sin(f,_1)d6, I get the matrix in equation 4.145] The exponential
product in equation [4.146| then follows from

0 1|\ | cos(d) sin(6)
xp (0 {—1 0]) N [— sin() cos(0) |’ (4.154)
My 141, Mii 142, - - - only acting non-trivially on rows & columns with index > I and induction
(on n). O

Corollary 4.13.1. The ¢, from equation agrees with the ¢ from equations and
143,

Proof. For &), to be a well-define spinor, z! should be viewed as a vector. Hence, upon the
change of frame, ' should go to A’ ;z7. From equations|4.145(and 4.140] it follows by inspection
that A 27 = p(1,0,---,0)T. As for the spinor, &y, as with any spinor,

0 — STA Eo = e_%wl‘]’yljgo 4.155
9

under a Lorentz transformation defined by A = ez«r7/M"”’

1

. Therefore, upon the change of frame,

= = (L) e e (4.156)
= ¢ = S (I —iA27y) e P (4.157)
V1= p? ’
1 i~0 2,1 n—1,n—2
(] —ipyh) 2602722 gy TR 2 4.158
— ( Py ) 0 ( )

€0 is an arbitrary spinor, so it can be re-defined without loss of generality as \%([ — vHeo.

Since I and 4! commute with y4Z, T get
1 : el
€k = 2(1—p?) (I —ipy") 2PV /2([ — y1)elar™ /2 ™R 2 (4.159)

Next, observe that

P2V 21— A1) = (cos(8/2)1 — sin(By/2)7*y" ) (I — A1) (4.160)
= (I — v (cos(6;/2)1 — sin(fy/2)~?) (4.161)
= (I —A")e™r /2, (4.162)
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Substituting back and applying equation says

er = ﬁ (I —ipyt) V21 — A1)el27* /2603772 L i1 2 2 (4.163)
= ﬁ (I—ip") 21 — Mgy (4.164)
From equation [.116]
er:%<1ipp2 + 1+$> :;(11+—_pp)22), (4.165)
p= % and 1;—;)2 = %er/z <1 + %e_’") : (4.166)

Therefore, I ultimately get

1 1 ; i 1
e = —€'/? (1 + —e”) (I — AN)ey, — et/ (1 — ) Y21 — ey, (4.167)

2 2 2 2
= 2P e 2 — ey + %e’“/2p1+eiv°t/2(] — Mep (4.168)
epy (78 e ¢ Loriap (o) (4169
which is exactly the result in theorem [4.4] O

Theorem [4.12] could have been derived by a method even more intrinsic to the cross-section
by deploying &,”, like in theorem From [82],

eE) = O 2072 L IR 2 (4.170)

While theorem doesn’t apply to round sphere cross-sections, the proof still holds until
0< / ( (DT | jeitg() ) (pol — ipai™) (éﬁﬁ —ie—itég‘>> dA(h), (4.171)
Et,oo

which is effectively the result that would arise by combining appendix F and section 8 of [23].
However, the individual terms m the integrand can be analysed further. When h = s,
the cross-terms between 52 and eh ) are no longer simply guaranteed to be zero by the

Obata theorem. The pgy (éh It ( )—1— ()T )) terms produce energy as before, but this time the

po(ieitégfﬁégf) je~itg H)T 2(= )) terms produce linear momentum, the —ip (&) Sl ( )—i- A=) EL ))

~(=) ~(+) ()

terms produce angular momentum and the pa (e, TWA&?;L ) e ite, TyAsh ) terms produce

the centre of mass position. This approach with 62 ) wasn’t followed earlier for computational

ease, but also because the interpretation of the physical quantities is much easier in the approach
taken earlier.

Finally, consider asymptotic symmetries for these metrics, following the discussion at the
end of section[£.2] Again, with the round sphere cross-section the Obata theorem can no longer

be applied to equation 4.100| to conclude 5(10) = 0. Consequently, equation implies é‘f{))@
is a conformal Killing vector of the sphere with D&h)f%) =—(n— 2)5(10). The net effect is the

asymptotic symmetry group is equal to the conformal group of S"~2, namely O(n —1,1). This
reproduces the result of [31]. Furthermore, [31] goes on to show that under these asymptotic
symmetries, £ & P; can be combined into an object, P, = (E, Pr), transforming as a vector
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under O(n — 1,1) and likewise K; & J;; can be combined into an object, Jy, with Jy; = K,
transforming as a 2-form under O(n — 1, 1). Therefore, E, P;, J;; and K| are not individually
geometric invariants when the cross-section is a round sphere - for example, if P, is timelike,
one could always perform an O(n — 1,1) transformation to set P; to zero. As explained in
[31], B0], this is fine because various different combinations of E, P;, Jr; and K are invariants,
e.g. B? — PP’ and theorem remains true despite the action of asymptotic symmetries.

4.3.4 L(p,1)
View S® as the level set,
{(z1,22) €C* | |21]* + |22)* = 1}. (4.172)
Then, the lens space, L(p, 1), is defined as the quotient of S by the Z,, action,
(21, 22) = (21€7™/P | 25e®™/P), (4.173)
It will be easiest to work in coordinates, (6, ¢1, ¢2) € [0, 7] x [0,27) x [0, 27), defined by

x1 = cos(0/2) cos(¢y1), o = cos(0/2)sin(¢pr), z1 = 1 + iza, (4.174)
xg = sin(0/2) cos(¢e), x4 =sin(0/2)sin(¢y) and 2y = x3 + ixy, (4.175)

where ; are the Cartesian coordinates from the standard embedding of S® in R*.
The metric on L(p, 1) is locally isometric to the round metric on S3; in the chosen coordi-
nates it reads

Meanwhile, the Z, quotient in these coordinates is

(0,01, ¢2) ~ (0, 1 + 27 /p, s + 27 /p). (4.177)
Lemma 4.14. The Killing vectors of L(p, 1) are spanned by

0 0 0 0
ki=—4+—, ko= — — —, 4.178
Y= 06 T agy O~ 96 (4.178)

ks = tan(#/2) sin(¢y — ng)% + 2 cos(¢p — (/52)3 + cot(6/2) sin(¢p; — ngQ)% and (4.179)

ky = tan(0/2) cos(¢py — (bg)? — 2sin(¢y ¢2) —|— cot(0/2) cos(¢py — ¢2)6¢2

Proof. L(p, 1) is locally isometric to S* and hence L(p,1)’s Killing vectors are the subspace of
S%s Killing vectors which survive the Z, quotient. The Killing vectors of a sphere are known

to be spanned by
(A 00«
Vig=\Ti5 7

ox’

(4.180)

. 00%

—TjgF7

p=1 ozt

1) O (4.181)
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Re-writing everything in terms of (6, ¢1, ¢2) and taking the following invertible linear transfor-
mation of Killing vector basis, it can be checked that

0 0
k1= v +v34 = 37;51 + 87%, (4.182)
0 0
ko = vig —v34 = 961 Doy (4.183)
ks = vaa + V13 (4.184)
0
= tan(6/2) sin(¢ — @)7 + 2 cos(¢ ¢2) 5+ cot(6/2) sin(¢py — ¢2)£, (4.185)
2
k4 — V14 — V23 (4186)
0 0 0
= tan(60/2) cos(¢p; — ¢o) =— — 2sin(¢py — gbg)— + cot(6/2) cos(p1 — ¢a) =—, (4.187)
I Oy
ks = v13 — vas (4.188)
0 0
= tan(6/2) sin(<b1 -+ (252)7 + 2 COS(le + ¢2) — COt(6/2) sin(¢1 -+ ¢2)£ and (4189)
2
ke = v14 + v23 (4.190)
0
= —tan(0/2) cos(¢y + gbg)? + 2sin(¢; + qz52) + cot(0/2) cos(pr + gbg) 905" (4.191)
ki, ko, k3 and k4 are manifestly well-defined on L(p, 1) while any linear combination involving
ks and kg is not well-defined on L(p, 1). O

As the lens space is 3D, it will be convenient to choose the cross-section gamma matrices
as 42 = ioy, 43 = ioy and 4 = io3.

Lemma 4.15. The most general solution to Dg) () = +194 é;b ) on L(p,1) is
éﬁ) =0 and égf) — o H002/4gmi(G1=02)0n /2 (4.192)

where £q is an arbitrary constant spinor and the chosen vielbein on L(p,1) is
1
e = cos(0/2)dey, e = §d9 and e* = sin(0/2)de,. (4.193)

Observe that the quotienting has halved the number of Killing spinors from the sphere.

Proof. For this tetrad, the connection one-forms are

wég) = tan(0/2)e?, wéz) = —cot(f/2)e* and w24 = 0. (4.194)
Therefore, 0 = eff)aaaég 1@&&30 () %’}Aégﬂ reduces to the three equations,
Dpett) = i@é,(f), (4.195)
D, £ — %sm(e/z)ogég*’ + % cos(8/2)71E) and (4.196)
0,60 — %cos(e/Q)alég” + %sm(e/z)agégﬂ. (4.197)
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The first equation immediately integrates to égf) = el%2/42, for a spinor, ép, that doesn’t

depend on 6. Using €l%2 = cos(6)I + isin(#)os, the other two equations simplify to
O, €0 = %sin(@/Q)e_w”Q/Qa?,é@ + %cos(0/2)e_19”2/20159 (4.198)

= L sin(0/2)(cos(6/2)T — isin(0/2)0)02,

+ %COS(Q/Z)(COS(Q/Q)] — isin(0/2)02) o4 (4.199)
— %O’lég (4.200)
and similarly 0,,9 = %O’lég. (4.201)

These equations simultaneously integrate to &y = el(®1+92)91/22) for some constant spinor, &.
(=)

Proceeding completely analogously for &; 7 yields
EF) = Hibo2/AFi($1E02)91/2205) (4.202)

While these spinors are well-defined on S?, to be well-defined on L(p, 1), they must be invariant
under the Z,, quotient. Thus,

égli) _)ei1002/4eii((¢1+27r/p)i(¢2+27r/p))01/2ééi)' (4.203)
Choosing the — in 4+ means the 27 /p factors immediately cancel and the spinor is left invariant.
Hence, every égl_) of S$3 is also a égf) of L(p,1). Meanwhile, in the + case,

éﬁj‘) N ei902/4ei(¢1+¢2+47T/P)01/2§0 — 61902/4ei(¢1+¢2)01/2627Fi01/Péo' (4.204)

Since el?72/4cl(#1+2)91/2 ig invertible, é;f) remains invariant if and only if €>™1/P¢; = &,. How-

ever, ¢2™71/7 has cigenvalues cos(27/p) & isin(27/p), meaning &\ is never invariant. O

One could consider L(p, q) more generally, i.e. the quotient,
(21, 23) ~ (2€¥/P | zye2mia/P) (4.205)

However, a similar procedure to the previous lemma shows non-trivial Killing spinors only exist
for ¢ = £1. L(p, —1) differs from L(p, 1) only by a discrete isometry though.

Definition 4.16 (Angular momenta on L(p, 1)). For each Killing vector, kr, on L(p,1), define
an “angular momentum,”

1

Jr=—
Am L(p,1)

fayoa k7 dA(h). (4.206)

Note that these Jrs are identical to the “conserved quantities” of definition [4.6]

Theorem 4.17. For spacetimes asymptotically AdS with L(p,1) cross-section, if the Einstein
equation and the dominant energy condition hold, then

E>\/J3+ J3+ J}. (4.207)

Observe that J; does not appear in the theorem. J; is distinguished because its generator, k1,
is the symmetry along the circle direction when S? is viewed as a Hopf fibration over S2.
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Proof. Since égﬂ = 0 by lemma , theorem reduces to 0 < £ + Q). Furthermore,
from lemma by direct evaluation one finds
= —ipaeiTaAe) (4.208)
= &) ((p2sin(0/2) sin(¢1 — @) + ps cos(1 — ) + pacos(0/2) sin(¢1 — )

+ (p2sin(0/2) cos(¢py — @) — p3sin(py — ¢p2) + pacos(0/2) cos(¢py — ¢2))o3

+ (p2 cos(8/2) — pasin(6/2))o1)éo. (4.209)

From lemma and the choice of vielbein, this expression can be re-written as
pakA = ég (f(4)0ak5‘01 + fayoaksor + f(4)0ak7$<73) £o- (4.210)
Since £p and o; are both constants, it follows that
Qi) = & (Jao1 + Jso + Juas) éo. (4.211)
Then, given the normalisation of £(, the positive energy inequality reduces to
0 < & (EI + Joo1 + Js04 4 Ju03) &. (4.212)

The eigenvalues of the matrix inbetween &) and &, are E 4+ \/J2 4+ JZ + JZ and hence the
theorem follows. O

4.3.5 Compatibility of spin structures

The formalism I'm applying to explore asymptotically, locally AdS spacetimes relies on the
existence of background Killing spinors near Z. By construction, all the examples in this
section satisfy that requirement.

However, there are more subtle issues which may arise. Let M be an open neighbourhood of
T and let g be the background metric. The main problem is that (M, §) may admit multiple spin
structures and the spin structure which admits a non-zero solution, 5, may not be compatible
with the spin structure on (M, g). The classic example of this is the AdS soliton [64], which is
a vacuum solution of the Einstein equation with A < 0 and has metric,

dr @ dr
= —r’dt @ dt
§= RO A
1
412 ((1 - T,”) Ay @ dory + dopy @ dopy + -+ g1 @ dd)nl) . (4.213)
The angles are identified by ¢ ~ ¢o + % and ¢3 ~ ¢3 +as, -+, Pp_1 ~ ¢p_1 + a,_1 for
arbitrary as, --- ,a,—1. The manifold is therefore asymptotically AdS with toroidal cross-

section. However, its energy is

E = —iag O < 0, (4214)
seemingly contradicting theorem The reason for this is that a circle admits two inequiv-
alent spin structures - periodic and anti-periodic. Thus, (M, g) admits 2"~% inequivalent spin
structures. However, the constant spinor, zﬂo, used in the proof of theorem is manifestly
periodic around each circle of 772, Therefore, for theorem to apply, this particular spin
structure must extend beyond (M, g) to all of (M, g). It turns out the global topology of the
AdS soliton, namely R? x T3, requires anti-periodicity around ¢,; since that particular torus
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direction bounds a disk, the spin structure must agree with the unique spin structure of R?,
which is anti-periodic around the disk. Hence, the AdS soliton’s spin structure is incompatible
with the spin structure required for theorem [4.10l There doesn’t appear to be any spinorial
remedy to this issue; however the modified positive energy conjecture of [64] has recently been
confirmed by [14] using very different means.

Similar issues can arise for the lens space cross-section used in theorem m Firstly, L(p, 1)
admits a unique spin structure for odd p and two inequivalent spin structures for even p [45].
It happens that there is an explicitly known soliton solution with L(p, 1) asymptotics [32].
However, it has negative energy, in violation of theorem |4.17. The situation is similar to the
AdS soliton. This time, depending on p the solution in [32] either has no spin structure or a
different spin structure to the one required by theorem [4.17]

4.4 BPS inequalities

In this section I will discuss BPS inequalities for the bosonic sectors of minimal, gauged super-
gravity in four and five dimensions. Although the final results are in line with previous partial
results in the literature, I will discuss a number of subtleties regarding magnetic fields. The
theories considered are described by the actions,

1

- R—2A — F, F™®) d 4.215
or /. ( by F%) dpu(g) ( )
in 4D and
1 2
= R—2A — F ,F® — = _gabedep . Ae> d 4.216
167 /o ( b 3\/3 bl cd M(Q) ( )

in 5D. In both cases, F' = dA is an electromagnetic field. Hence, the 4D theory is simply
Einstein-Maxwell theory with a negative cosmological constant, while the 5D theory has an
additional Chern-Simons termP} The equations of motion are

Rap — %Rgab + Agap = 2 (Fa “Fye — igabFCchd) , (4.217)
DyF" =0 & DyFyy =0 (4.218)
in the 4D case and
Ray — %Rgab + Agap = 2 (Fachc - igabFCchd>a (4.219)
DyF™ = —Léadeerche & DyFyg =0 (4.220)

2V/3

in the 5D case. These equations are assumed to hold throughout this section.
It will be very natural in what follows to split Fy; into separate electric and magnetic fields.

Definition 4.18 (Electric & magnetic components and electric charge). Given a Mazwell field,
F.y,, the electric and magnetic components with respect to ¥y will be defined as Ey = Fro and
Fyy respectively. In Fefferman-Graham form, the electric charge is then

1 1 1
= — *F = — co12m 1 FOY2 N N = —
47'[' .00 47T St,00 47T St.00

G EydA. (4.221)

In both cases, one can also add additional matter terms linearly coupled to A, and use them to introduce
source charges and currents in the Maxwell equations. The results below go through in almost identical fashion
with the main modification being to energy conditions.
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Unlike sections [£.2 and A, can no longer be chosen as 0. Instead, A, is chosen so that
V.V is the gravitino transformation in the gauged supergravity. Therefore,

1 1 1
.Agl) = _ZLFbc’ch’Ya + iAaI = §EI’YO’YI’Va - ZFIJ/VIJ’YQ + iAa] (4222)

for the 4D theory and

1 1
A =~ \/ngw”C% - 2—\/§Faw” +1V3A4,1 (4.223)

1 1 1
— By Ay, — ——=Fr vy — —=Fu’ +iV3A, T 4.224
S50 e = Y e = o Fany ( )

for the 5D theory [40, [50].

Theorem 4.19. Let (M, g) be an asymptotically, locally AdS spacetime admitting a background
metric, g, which possesses a non-zero background Killing spinor, €. Assume the Finstein-
Mazwell equations or Einstein-Mazwell-Chern-Simons equations hold in 4D or 5D respectively.
Assume gy, is O(e"/?) near Yy, while the electric field, E;, magnetic field, Fr;, and (the
spacelike part of ) the gauge potential, A;, decay as O(e~"=27) O(e~=V) and O(e~ (1))
respectivelgﬂ. Then, in the 4D theory, theorem implies

3 T = n— —
Qe) = 5/ e "puryMery/det(foyap) A" — 8TqeEres
2t,oo
-2 / Fosel 12y e d A 4 2i / Apeirtyie,dA (4.225)
Et,oc Zt,oo
>0 (4.226)

while in the 5D theory it implies

Qe) =2 / e "pary eny/det(floyas) A" a — ATV 3q.E4en
Et,oo

3
V3 Fapely'y4PerdA + 2iV3 ApelytyterdA (4.227)

2 Et,oo Zt,oo
> 0. (4.228)

Proof. To apply theorem [.2] it must first be checked that the assumptions in definition [3.1
hold. First consider 4!/ A;. In the 4D case,

1 1 .
AFTAWY = éEKWUWOWK% - ZFKLWUVKL’YJ +iA,4" (4.229)

The first term simplifies as

1 1
1
= 5By = Bty (4.231)
= —Ey'y"y = Bty (4.232)
=B (' —+") (4.233)
= —E'", (4.234)

"These assumptions are there to ensure convergence of the integrals to follow.
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while the second term simplifies as

—iFKLfy”’yKLW = —;lFKLfy”(fynyL — 201 4K 265 41 (4.235)
= %FJKWIWJK - FJK’VUVK (4-236)
_ %FJK(,YIJK LMK 4 §TE AT 9n K | ogKIT _osKILTY (4.937)
_ _% Py (4.238)

In summary,

1
VAP = —E' = SFyey +i497, (4.239)

which is manifestly hermitian, as required. Proceeding similarly, in the 5D case, the result is

V3 V3 V3 .
,YIJA((]5) _ _TEI,YO + TFJK,YI,YJK . TFJKVIJ,}/K + 1\/§Aﬂ”, (4.240)

which is also hermitian. Next, with the present energy-momentum tensor,

i(n—2)

M = 47T vy, + v D1 Ay + 5 (v"Ar + AHI) - AHUAJ (4.241)
1 1 i(n—2
= §EIE[I + ZLFIJFIJ[ — F[JEJ’}/O’YI + ’YIJD]AJ + l(n 5 ) (”YIA] + A}’}/I)
— Al A, (4.242)

Consider the 4D theory first. Using the equations of motion,

1 _ i
VDAY = —D (BN — EDUFJKWUK +iDpAy" =0-0+ §Fm”. (4.243)

For the next term,

1 1 :
7 A = S By = L F ey + 1A (4.244)
1 1 .
= —éEJ’YO'YI'YJ/Y[ - ZLFJK('YJK'YI — 251J’}/K + 2(5IK’7J)’Y[ + lA[’}/I (4245)
1 3 :
= 5B YV + B 6t + SFy Y = Fry'y +iAn! (4.246)
1 1
= —§E17071 — ZF]J’YIJ +iAy" and therefore (4.247)
1
71A§4) + A§4)171 = ”YI.A?) _ (71A§4)>T — _§F1J71J' (4.248)

The most tedious to simplify is

A§4)T71J AS4)
1 1 ) 1 .
— <§EJ’}/[’7J”}/O -+ ZFJK’VI'VKJ — 1A[I> <—EI 0 _ §FLM”}/ILM + IAL’VIL> (4249)
1 1 1 1
= =5 BsE"y " = JEs Py Y+ S Esanyy'y Y = B F ey
1 i . i
— gFJKFLM’)/]’}/KJ’}/ILM + ZFJKAL*}/[’}/KJ’}/IL + IA[EI’YO + §A1FLM’7]LM + 0. (4250)
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Consider each set of similar terms in this expression individually.

—%EJEIWM%O = —%EIEfylny = %EIEII. (4.251)
1 J. 0 ILM 1 1 KJ_0
- ZEJFLMWW i - ZE Fygvymy™ 7y (4.252)
= iE]FJK(_'YL’YI’YOVLJK —'"790) (4.253)
_ iEIFJK,yO(,}/I,yL,yLJK 4261 ALK L TE) (4.254)
= EEIFJKWO(—VIVJK + 291K — 4Ty TE (4.255)
= %EIFJK”YO(—’YI’YJK + Iy E + 51K — 61K ) (4.256)
= ETFr 7%/, (4.257)
%EJAL'VIVJVOVIL +iA;EH° = —%EJAKT]%')/IKVO — B AR BN 1A BT (4.258)
=1EA; (Y'Y =40 +id BN (4.259)
= —iE;A;6"740 + +iAE'0 (4.260)
—o. (4.261)
- éFJKFLM’YﬂKJ’YILM (4.262)
= —%FJKFLM(WKJ% — 265 47 4 267 )y M (4.263)
= —éFIJFKL’YU”YKL - %FIJFKL”YJ’YIKL (4.264)
= _éFIJFKL('YIJKL STy T E _ GILA T K GTKNINL 4 SILA TN K 4 SIKSILT  SILGIK T
AT TRE g KL ggIRATL g5 TL K (4.265)
—0- éFUFIL vyt + %FUFK Tyl + é 1 F Y = éFIJFK Tyl - éF VLI
+ éFIJFJ[I —0+40— %FUFJLvlL + %F]JFKJ’}/IK as yY'/* =0 whenn =4 (4.266)
- % Fr FHT — ;lF”FUI —0-0 (4.267)
_ % FUE T (4.268)
iFJKALWVKJVIL + %AIFLMVILM
= ;lAIFJK(—%’V"Kv“ +29175) (4.269)
_ ;lAIFJK(—VJKVLVH 4287 A KT 9gK ATy LT 4 9y IIK) (4.270)
= %AIFJK(’YJK’YI + 2957 41 (4.271)
- %AIFJK('YJKI — KTy 4 TR oy BT 95K T 95K Ty T 4 o 1TK) (4.272)
_o (4.273)
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Substituting these results back up, I get
1 1
AT AW 5 E'E[I + E'F 7%y + ZF”FI 1. (4.274)

Therefore equation 4.242| reduces to M = 0, which trivially satisfies all required assumptions.
Proceeding completely analogously, in the 5D theory the individual terms are

1 iv3
VDAY = _ZEIJKLFIJFKL'VO + Fry', (4.275)
I 4(5) 1 1.0 1 j | . I
AP = —_F — _—_F +iv3A, 4.276
AL 23 I 3 1Y 17 ( )
1
VAP + AP = ——F14" and (4.277)

V3

1 1 1
AP AT AP = 2B By = S E Py y Y Y 4 2 By Fuuy®y M

4 8 4
- %EJAL’VIVO’VJ’YIL - éEIFJK’YI’VKJ”YO + %FLMFJK’YI”YKJVI’VLM
- éFLMFJKVIVKJVILVM + iALFJK’YI'VKJ’YIL + %EIEI(VO)Q
- éEIFLMVOVIVLM + %lEIFLM’YO'YIL'YM — %EIALVOVIL - iEIFIJ’YJVO
+ %FLMFIJ’YJWIWLM - ;lFLMFIJ'YJ'VIL'YM + %ALFIJ’YJWIL + %AIEI’YO
- %AIFLMWIVLM + %AIFLMWILWM +0. (4.278)
This time, the different types of terms in APW d ASS) simplify to
- %EJCLL’VI’YO’VJ’YIL - %EICLL’YO’VIL + %GIEI”YO =0, (4.279)
%EJEHW%JVO + }lEIEI(VO)Q = %EIEII, (4.280)
iaLFJKWWKJVIL + %CLLFUVJWIL — %CL[FLM’YI’YLM + %CLIFLMVILVM =0, (4.281)
1—16FLMFJK’YI’YKJ’YI’YLM - %FLMFJK’YI’YKJ’YIL’YM + %FLMFIJ’YJ’YI’YLM - ;LFLMFIJ’YJ’YIL”YM
= }lFIJFJKgleLWIV27374 - iF”FIJ] and (4.282)
- gEJFLM’YI”YO’YJ”YI’YLM + iEJFLM’YI’YO’YJ’YIL’YM - %EIFJK”YI’YKJ’YO - %EIFLM’YO’YI’YLM
+ iEIFLMWOVILvM — ;LEIFUVJVO = FTF4%7, (4.283)

which implies
1 1 1
A-(IS)T’)/IJ.AL(JS) — 5EVIEVI]' + EIF[JP)/OP}/J + Z_lF1IJFﬂJ}{(C:IJI(L/_y].,}/2,73,_)/4 + ZFIJFIJI- (4284)

In 5D, there are two inequivalent, irreducible representations of the Clifford algebra; they have
vt = £9%914293 respectively. Choosing the representation in which ¥4 = ++%y!'42~3 once
again leads to M = 0.

The only remaining assumptions are on A’s decay rate. These transfer to decay rates on
the fields; they ensure all boundary integrals are convergent and are stronger than the decay

rates required for results in chapter
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Having established that theorem is valid in the present context, all that remains is to
evaluate the A dependent boundary terms in the theorem. In the 4D case,

VI’YA-A%)
1 1 .
=SB 4 = JFicy v+ aay'y ! (4.285)
1 1
— _iEnyOfyl,nyyA,yA - EJ70715AJ7A o ZLFJKVI(IYJKVA - 25JA,}/K 4 25KA/YJ>/7A (4286)
1
= By’ = B!y + S Fuy'y + Fary'y'y? (4.287)
1
= By + B4’y — Eay’yi 9 + Fray'yiy? + 5 Fasy' ™ + Fay'yly
+ Fapy'yPy! (4.288)
1
= —Ey° - §FAB’Yl’YAB (4.289)
= —E17° — Fagy'y?y° (4.290)
Proceeding analogously, in the 5D case I get
3 3
YA AR = —£Ew° - \/—_FA3717A3 T iV3A A (4.291)

2 4

These are hermitian already, so vy A4 + A4y = 29144 4,. In theorem E this matrix
is inbetween 52 and €. In the case of the electric field term, that produces Ei&rer as an
integrand. However, the Killing spinor equation implies that D,(é,cx) = 0. Since &gy is a
scalar (and all derivatives act identically on a scalar), it must be that &,ey is constant. Hence,
£rer can be pulled out of the integral, leaving a term proportional to fzt N E1dA = 47mq. and
thus the claimed result. 7 U

Corollary 4.19.1. If the extrinsic curvature, Ky, of ¥y is o(e™") near ¥ «, then

3

Q(eE) = 5/ e_"pMe_wMek det(f(o)a[g) dn2g — 8mq.erer > 0 (4292)
Et,oo

in the 4D theory, while in the 5D theory

Q(é?) = 2/ eiTng_k’)/Mé‘k det(f(o)ag) d" 2z — 47r\/§qe€_k5k > 0. (4293)
b))

t,00

Proof. The objective here is to show the magnetic and gauge field integrals in the theorem
cancel. By construction, the ¢ coordinate is chosen such that the boundary has f)o. = 0.

Therefore, to leading order, e, = 6" ie?’”, where o is the metric on ;. Thus,
FJK — e((]g)jegg)ijk = €So)j€§?)k(ajz4k — 8kAJ) — DSU)AK — D&?)AJ (4294)
The decay conditions assumed mean only the leading order contributions survive the integralﬂ.
Let Q' = 0, be the normal to constant 7 surfaces. Then,
1

5 Q[FJKEL’YIJKé“de = Q]DSU) (AK)EL’}/IJKEde (4295)
Et,oo Zt,oo

— QDY) (Axel "7 e)dA

Zt,oo

[ QiAx (Df;) (ex) K ey + sWJKDFf)sk) dA.  (4.296)
Et,oo

80ne could relax the decay rate assumed on Fy; if more information is known about Jryoa for k> 0.
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The first term in equation vanishes by applying Stokes’ theorem in the same way as
lemma [3.3] As for the other two terms, the Levi-Civita connection of ¥; and M are related by

o 1
Dg )Ek = Dyer + §K[J7J70€k (4297)

when acting on spinors. Since Kj; is assumed to decay quicker than O(e™"), D§J)5k — Djey,

to leading order. Then, since the metric also approaches the background to leading order,
Dga)gk — —371€k- Hence, equation 4.296| reduces to

1 i
3 QIFJKeSL”yUKede =3 QrAg (61’}/]7[‘”(816 + 827”K’yﬁ:k> dA (4.298)
Et,oo Et,oo
=i(n — 3) / ApelytyAerdA, (4.299)
Et,oo
which means the magnetic and gauge field integrals do indeed cancel. U

The most subtle point in the previous proofs is the implicit assumption that F' = dA
everywhere in an open neighbourhood of ¥; o in corollary . If ¥  has a topology where
HZg is trivial, then this assumption is fine. However, there are many examples - including the
most standard example of the S? cross-section - where this is not true. As such, it becomes
problematic to incorporate magnetic charge into the discussion.

Even if F' wasn’t assumed exact, magnetic charge doesn’t arise as naturally from the equa-
tions as it does when A = 0. In the 4D Einstein-Maxwell theory [51], one still gets a term,

—2/ F236£7172735kd14, (4.300)
3t 00

in the analogue of Q(¢). However, in that case g is just a constant, meaning 5L71’72736k

can be pulled out of the integral, leaving the standard magnetic charge integral. But, in the
present situation, 527172735k is non-constant. Furthermore, it grows as e”. Hence, a convergent
integral requires Fb3 to decay as O(e™"), which is faster than the O(e™?") decay required to
get non-zero magnetic charge. To some extent, this reflects the breakdown in electric-magnetic
duality when A # 0.

Subtleties of F’s exactness also arise tacitly when solving the Dirac equation, v/ Ve = 0.
The connection, V,, is constructed to be gauge covariant; in particular, under A, — A, + D,A,
if ¢ — e*e, then V,e — €*V,e. However, on a manifold, changing from one coordinate patch
to another also transforms A, in a formally identical way. Thus, £ must also transform by a
phase to keep V, covariant. Hence, in principle one could get merely a spin® structure, rather
than a spin structureﬂ This appears to be incompatible with Witten’s method though because
vV e = 0 is solved subject to the boundary condition, € — €, in which €, is a true spinor, not
a section of a non-trivial spin® bundle. Therefore, imposing the required boundary condition
breaks the gauge covariance. If F' were exact though, the issue is avoided. It remains open
whether Witten’s method can be adjusted in any way to accommodate spin® structures.

9The Spin® group is defined to be (Spin x U(1))/Zs, where Spin is the spin group of the appropriate
signature, Zo = {(I,1),(—I,—1)} and I is the identity element of the spin group. A spin® structure on a
manifold is tantamount to the existence of a principal bundle with structure group, Spin¢. In particular,
because of the Zs quotienting, the cocycle condition for the transition functions can fail in each of the Spin
and U(1) factors individually, but hold overall as long as the discrepancy is only a -1 factor in each of Spin and
U(1). Furthermore, this means every manifold with a spin structure also has a spin® structure - by tensoring
with a line bundle. However, the converse is not true.
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The only previous work on classical BPS inequalities in these two gauged supergravity
theories appears to be in [80, [76], 123], [95]. [80] doesn’t consider magnetic fields in their positive
energy theorem at all, so the issues discussed don’t arise.

Meanwhile, my result disagrees with [76], who explicitly have magnetic charge in their
equation 27. However, as explained in [88], this is likely due to some error relating to the fact
their analogue of V, - see their equation 24 - omits the 1A,/ term and is therefore not gauge
covariant. Furthermore, my results are consistent with subsequent work in [19, [67], where the
BPS limit is explicitly required to have zero magnetic charge. Another subtlety explained by
[67] is that the 4D minimal, gauged supergravity has two distinct vacuum states, one of which
has a non-zero magnetic charge determined by the cosmological constant.

[123] uses the same connection as [76] and studies it in much greater detail. Despite using
the same connection, their main result - their theorem 1.1 - differs from the main result of [76]
- their equation 27. Since 1A,/ is omitted, the analogue of M found in [123] is only non-negative
definite when a modified dominant energy condition holds - their equation 1.2. However, their
condition is very unnatural; for example, it can be seen from the constraint equations that in a
purely electrovacuum spacetime with non-zero magnetic field, their modified dominant energy
condition never holds.

The closest paper to my thesis is [95] - see their section 3.1 in particular. They have
the same connection as me and make similar observations about the decay rates in equation
However, their main result - their equation 22 - does not include the fourth term in
lemma because they relied on [70] to get their result. A heuristic argument is given
describing corrections to [76], leading to the same conclusions as corollary (for 5% cross-
section topology) and equationbelow, but the precise steps required - including the Dirac
equation analysis in chapter [3|- are not given in [95].

Anyhow, bearing in mind all these subtleties, since the boundary geometries considered
in section [4.3] are time symmetric, they all satisfy the extra assumptions in corollary {.19.1]
Hence, borrowing from the work there, the following results hold.

Theorem 4.20. In an asymptotically AdS spacetime (i.e. with round sphere cross-section,),
EI —iP~ + %Jm%” + K%y — gA° (4.301)

s a non-negative definite matriz in the 4D theory and

. i V3
EI —iPy" + §J1J707U + K"y - 7%70 (4.302)

1s a non-negative definite matriz in the 5D theory.

Proof. With the ¢, chosen in section 4.3.3]

ELEER = 5;82 (4303)

1 : .

=1 2586_170'5/2(1 — iz (I = im gy )e e, (4.304)
—p
1 . .

=7 2€ge_wot/2’yo([ +izy ) (I = iwgy”)e e, (4.305)
—p
1 : .

=1 e ebe 20T 4 gy ) e (4.306)
1 : )

=1 7 586_”%/%0([ — pQI)eWOt/Zag (4.307)

= £l7%,. (4.308)
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Meanwhile, the first term in corollary was already calculated in theorem Borrowing
from the calculation there, corollary [4.19.1| says

0< 87T5$e_i70t/2 (E] — Py + Ky + %J[J’YO’VIJ — qe'yo) e""*22) in 4D and (4.309)

. i 3 .
0< 87r5$e_"’0t/2 (E] — Py + Ky + %JIJVOWU — gqe’yo) e’*2¢ in 5D. (4.310)

Since t is constant on ¥; o, and ¢ is an arbitrary constant spinor, the conclusion follows. [J

Like theorem [£.12] the matrix in theorem doesn’t have closed form eigenvalues in
general. Again, something more concrete can be said in specific cases. For example, if n = 4
and K; = P; = 0, the eigenvalues are £ + ¢. &+ |J| and FE + ¢. F |J|, leading to the BPS
inequality,

E > g +1J] (4.311)

Likewise, suppose n = 5 and K; = P; = 0. Like in the derivation of equation 4.139, suppose
the independent rotations are in the 1-2 and 3-4 planes. Then, from the eigenvalues of
ET +i1J17%y'2 + iJoyPy344 — %gqe’yo, it follows that

FE — ?qe > |J1 + JQ‘ and F + ?qe > |J1 — J2| (4312)

The Chern-Simons term means the equations of motion are not invariant under F' — —F' in
the 5D theory and this example illustrates that one must in fact keep track of the relative signs
between the charge and angular momentum. Inequalities [4.312] agree with the BPS relations
derived using the supersymmetry algebra in section 3 of [34]@. Furthermore, these inequalities
are saturated by the supersymmetric solutions in [55], 24] and [75] respectively.

For a different type of example, suppose n =4, K; = 0 and J;; = 0; then the eigenvalues

are F £+ /P P! + ¢2, which implies v E? — P2 > |q.|.

Theorem 4.21. For spacetimes asymptotically AdS with L(p,1) cross-section,

3
E> —%qe NI (4.313)

Proof. €y, can be chosen identically to section [4.3.4] namely

£ = e'r‘/2pl— (eyyot/Q . ie—yyot/2> en + Ee—r/2pl+ (ewot/2 + ie_wot/2> En, (4314)
1| 25 B ) )
with g, = 5 [ 8}1(_)] and é;,, ) _ e_‘0”2/4e_1(¢1_¢2)"1/2ég. (4315)
T <h

Then, from the proof of theorem [4.17] it follows the first term in corollary is

Amé (BT + Joo1 + J300 + J403)é0. (4.316)

10Also note that inequalities are not equivalent to the E > |J1| + | J2| + §|qe| that [55] claim results
from modifying the results of [80]; in fact, the intended modification would produce exactly inequalities
Moreover, E > |J1| + |J2| + §|qe| can only be concluded from a matrix with eight eigenvalues (to cover all
possible combinations of +), which is impossible to achieve using the 4 x 4 gamma matrices in Witten’s method
when n = 5.
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Meanwhile, direct evaluation shows e, = —£¢éy for the present Killing spinor. Hence, corol-

lary reduces to saying
" V3 .
0 S 471'80 EI + JQO'l + JgO’Q + J40'3 + 7(]8] 0. (4317)

As in theorem m the eigenvalues of the matrix in between &) and &, prove the theorem. [

It turns out an explicit locally supersymmetric solution is known to 5D minimal gauged
supergravity with R x L(p, 1) conformal infinity - see section 2.3.1 of [41] or appendix B of [83].
However, that solution satisfies a different BPS-like equation, namely

E= ?qe + Ji. (4.318)
The solution evades theorem in much the same way as the AdS soliton evaded theorem
[4.10, It turns out for even p, the spin structure required is the opposite to the spin structure
required for the Killing spinors in theorem Meanwhile for odd p, the solution turns out
to have no spin structure at all, but merely a spin® structure.
Finally, the only other relevant boundary considered in section is the torus. In this
case, theorem is unchanged by the electromagnetic fields in either theory because & ey is
simply zero for the required .

4.5 Example metrics

So far, the discussion has been quite abstract. In this section I'll illustrate some of the main
ideas of this chapter and compute some of main geometric quantities for a pair of particularly
simple, concrete metrics.

These examples are black hole metrics, contrary to the assumption I made at the start of
chapter |3| However, the following argument from [50, 59] allows ¥; to have a marginally outer
trapped inner boundary. In particular, if 3; has an inner boundary, then I need to choose
boundary conditions for the Dirac equation, v/V;e = 0, on that inner boundary. By choosing
the one direction in the vielbein to be an inward-pointing, unit normal to Op,e2¢ and the
boundary condition, 7°yle = & on Oyner>t, it turns out that the Lichnerowicz identity yields
the boundary terms,

/ efe,dA — / el (wlfyAAA + AfﬂA'yl) edA. (4.319)
6innerzt a'nnerzt

1

In this expression [ = \%(emﬂal) and 0, is the expansion, [*H, (where H® is the mean curvature

vector of Opner2¢). But, on a marginally outer trapped surface §; = 0. Hence, that term makes
no contribution to the results. The vanishing of the second term must be checked on a case by
case. The trivial case is just A, = 0, which is all I'll need for the first example in this section.
Meanwhile, for the second example I will consider, A, is defined by equation [£.224] Tt can be
checked in that case that if 1%y'e = ¢, then ef(y19A A4 + Al y291)e is just zero.

Having established the validity of the relevant theorems, it’s now time to consider the
concrete examples. First, I'll study the 5D, equal angular momenta Myers-Perry solution
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(with cosmological constant). Following [78], this solution can be expressed as

g=-S*dt®dt+ f’dR® dR + ihz(dw + cos(f)dg — Qdt) @ (dy + cos(0)de — Qdt)

1
+ ZR?(ow®de+sin?(9)dgzs® de), (4.320)
1 s, 2MZ 2Ma* 9 2Ma? 4Ma
WhereﬁzlJrR— 72 + 7 , P =R*(1+ i ’Q:W’
Z=1-a* S= f—i and M and a are constants with — 1 < a < 1. (4.321)

For my purposes, it will be more convenient to swap (¢, ¢) for (¢1, ¢2), where

61 = 5(0+6) and 6y = 5(— ). (1.322)

Then ¢ is a “time coordinate” taking values in R, ¢1, @2 € [0, 27], R > Ry where Ry is the event
horizon radius,

dyp + cos(0)de = (1 + cos(#))d¢; + (1 — cos(f))deps (4.323)
and spacelike coordinates would parameterise R* as

x1 = Rcos(0/2) cos(¢1), 2 = Rcos(8/2)sin(¢y),
x3 = Rsin(0/2) cos(¢q) & x4 = Rsin(0/2) sin(¢pa). (4.324)

To calculate the various geometric quantities, I need to start by writing equation in
Fefferman-Graham form for an asymptotically AdS spacﬂ. Since the f?dR ® dR in equation
depends only on R and R — oo heuristically looks like the asymptotic end, it is natural
to try r = r(R) as the Fefferman-Graham coordinate. Therefore, try

d 1

ff = r—/ dR. (4.325)
\/1~|—R2 21){422_’_ 2M o

This integral cannot be done explicitly. However, it only needs to be done perturbatively to
generate a Fefferman-Graham expansion. For AdS, the square root in the expression above
would have just 1 + R?, so it makes sense to perturb around that. Thus, to leading order,

1
/ dR (4.326)
2 a2
VI+E \/ L= i + i
MZ
— + dR 4.327
/ (\/1 + R R ) ( )

— ¢ = C(R+V1+ R?)e MZE _, C(R+V1+ R?) (1 — f—}i) : (4.329)

To match the AdS solution asymptotically, where M = 0, I should choose C' = %, yielding

S HRAVITR) (1 - %) . (4.330)

"Note that being able to do so is proof the metric is indeed asymptotically AdS.
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To leading order, the AdS metric implies R? = e (1 — %6_27")2. The corrections to this come
from tracking the terms involving M. Hence,

1 S MZ
e’ (1 — —e2T> — Z(R + V14 R2)? <1 — —)

4 2R*
« (1- ! |y MZYY (4.331)
(R + /1 + R2>2 2R4 . .
MZ
— R — Spr (4.332)

Since R = ¢e” to leading order, I also immediately get

1 > MZ 1 2 M(1-a?
R* = e ((1 — Ze_%> + Te—‘”) = e ((1 — Z—le—”) + %e—‘”) . (4.333)

Next, consider the various functions in equation perturbatively. To leading order

2MZ  2Ma? 1
S?=R*(1+R*— 4.334
( * R R )R2(1+2Ma2/R4) (4.334)
2M
— (1 + R? — -z ) (4.335)
1 > M(a?
— e <(1 + —e”) - Me‘”) : (4.336)
4 2
R =R*(1+ 2Mo? e (1= e 2 + Me*‘“ and (4.337)
- R4 4 2 '
4Ma _or
h*Q = 7 4Mae™? (4.338)
Substituting these expressions back into equation yields
1 2 M(a?
g=dredr+ e”( — ((1 + Ze27“) — we‘““) dt @ dt
1 1 2 M1+ 3a?
+7 <(1 — ZeQ’") + We‘*?") (da) + cos(0)d¢) @ (dep + cos(0)de)
— Mae ™ (dt ® (dip + cos(0)de) + (dv + cos(h)d¢) ® dt)
1 1 2 M(1-a?
+ <(1 — Ze_%) - %6_4’”) (df ® df + sin*(0)d¢ @ ¢) + O(e_6T)). (4.339)

Therefore, the metric is indeed in the form of definition Choosing AdS as the background
metric, one can immediately read off

fo) = f(o) = —dt ®dt + i(dw + cos(0)de) ® (dy) + cos(f)do)

+ i(d@ ® df + sin?(f)d¢ ® d¢) and (4.340)
3 2
flay — f(4) = wdt ® dt + w(mﬂ + cos(0)de) ® (dy) + cos(6)do)
— Ma(dt ® (dy + cos(0)d¢) + (dy + cos(6)d¢) ® dt)
M(lT”z)(de ® df + sin?(0)d¢ @ dg). (4.341)
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The f(o) expression also implies P(’g) = ™% and

F6)0m © 0 = =0, @ Oy + 40y @ Oy + 405 ® Dy

4
— — ) 4.342
+ sin2(9)( COS(@)&p + 8¢) ® ( COS(Q)&p + 8¢) ( 3 )
A direct calclation now yields
- aM(a*+ 3
= 16~ / f(o) (faymn — faymn)d(gss) = %, (4.343)

which matches the result quoted in [78], but calculated via a different method. Similarly,
Pr= 10— / Fo (faymn — Fiaymn)@1d(gsz) = 0. (4.344)

When calculating K; and J;;, the 89 r terms in definition are more easily calculated when
using the (0, ¢1, ¢2) coordinates on 5’3 as opposed to the (@D, 0, ¢) coordinates used to calculate
E and P;. For both K; and Jr;, I need to first calculate f(4)0a?f%|p:1. From equation |4.341

fay0adr® = —Ma(dy) + cos(6)dg) (4.345)
= —Ma((1 + cos(f))dpy + (1 — cos(6))dgs). (4.346)

Using ¢ = tan~'(xy/x1) and ¢ = tan~!(z4/z3). one finds that on the unit three sphere

Iy _ sin(¢1)  Jd¢y o cos(¢1) O . 091
Or;  cos(0/2)" Oxy  cos(0/2) Oxz Oz
dpy  Opy 0 Oy sin(¢y) Opy  cos(¢z)

— 0, (4.347)

T, = d = . 4.34
Ory 0wy " O sin(6/2) an Ory  sin(6/2) (4.348)
Then, it can immediately be calculated that
4 00°
= — 07, —z’x;)d = d 4.34
T [, Jamegs| (8% =20 dlgs) =0 o (4.349)
0 —1.0 O
4 00 . 00 _mMa |1 0 0 O
10 = T [y J000 <xfaxJ o oat pl) dlgss) === 1o o o —1| 30
0 0 1 O

This result justifies interpreting the original metric - equation [4.320] - as containing two equal
1ndependent angular momenta mMa/2. If one measures angular momenta with respect to a 7
and a_¢ instead, then since @ = '<aT>1 + —) and a_¢ = 1(% - %) the angular momenta
would be mMa/2 and 0 respectively - matchlng the result in [78] up to a factor of two, which
is only a matter of conventions.

From equation 4.139] the positive energy theorem reduces to saying

TM(a® + 3)

E > |J12|+|J34| < 1

>nrMa <= (a—1)(a—3)>0. (4.351)

Therefore, a supersymmetric limit is reached by taking a — 1~. The supersymmetric limit is
singular, as observed in [33], but this is because of the lack of any further matter fields; for
example, even minimal gauged supergravity has a Maxwell-Chern-Simons field in 5D.
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There is also a charged version of the equal angular momentum Myers-Perry solution and
it can be used to illustrate some of the results in section [4.4] In the form presented in [84] [77],

R2W 1 1, .
9=z dt®dt+WdR®dR+ZR (df ® df + sin“(0)d¢ ® do)
+ b*(dyp + cos(0)dg + fdt) @ (dy + cos(f)de + fdt) (4.352)
QV3 j
and A = — SR dt — §(d¢ + cos(0)do) |, (4.353)
2P — 2 2+ 2Pj?
where W =1 44b° — — 9,9 ;4 2, (4.354)
_J (2P-Q @
f= 57 ( 72 71 ) (4.355)
1 2]2P j2Q2
2 _ T2 _
b* = 4R (1 +F 26 (4.356)

and P, @) & j are constants. For the Fefferman-Graham coordinate, % plays the same role
here as f? in the previous example.

2j2P j2Q2 2P —2(Q) Q2 + 2Pj2

_ 2

W=1+R (1+ T 2 + 7 (4.357)
2((2 = 1P 1 — 42 252P

R? R?
Comparing with the previous example, the analogue of M Z in equation [4.325|is (1 —j2)P — Q.
Hence, from that analysis, I immediately get

1 1—j3)P—
¢ = SRV ) (1 ! 1}24 Q) and (4.359)
2 2r 1 —2r ? 1 2 —4r
R —e - e +§((1—3)P—Q)e : (4.360)
These expansions fully determine the other coefficients in the metric. In particular, I find
2 1 2r 1 —2r ? 1 -2 —4r
b= e L—e +5 (1+3/)P—-Q)e : (4.361)
W, 1 ,\° 1 p ar
e e 1+ 1° + 5 (3Q — (j*+3)P)e and (4.362)
2 j(2P-Q @ JR2P—-Q)
= - - = —— e . 4.
b° f 5 ( IE 7 — 5 e (4.363)

Substituting these into equation gives
2 15 1 1 o) .
g=¢e"| — 1—1—16 4 dt@dt+1 1—Ze ") (df @ df + sin*(0)d¢ ® d¢
+ (dip + cos(#)de) ® (di + cos(F)de))
1 1
+ e—‘“‘( — 5(3@ —(J2+3)P)dt ® dt + g((l — P — Q)(df @ df + sin®*(0)d¢ @ do)

+ (14352 P — Q)(d¢) + cos(0)d¢) @ (dip + cos(0)do)

N|— o]

J(2P — Q)(dt ® (de) + cos(0)de) + (dy + cos(f)de) @ dt))) +dr ® dr. (4.364)
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Therefore the metric is indeed asymptotically AdS; it has

fo) = fo) = —dt®@dt + - (dw + cos(0)de¢) @ (dap + cos(f)dg)
+ }l(dﬁ ® df + sin?(#)d¢ ® d¢) and (4.365)
fay— fy = —%(3@ — (J2+3)P)dt ® dt + é(u — )P — Q)(df ® df + sin*(0)d¢ ® do)

" é((l 352)P — Q)(d + cos(8)de) ® (di) + cos(8)d)
_ %j(gp — Q) (dt ® (¢ + cos(0)de) + (dy + cos(0)de) @ dt). (4.366)

These are the same form as equations 4.340| and [4.341] Analysing them the same way yields

E= 4((y +3)P—-3Q), Pp=K, =0 and (4.367)
0 -1 0 0
_7mi@2P-Q) (1 0 0 0
J==2— 00 0 0 - (4.368)
00 1 0

My result for E matches the result calculated in [77] using the completely different methods
of [4], while the angular momentum matches up to a convention-dependent factor of -2. The
only remaining quantity in equation [4.302|is the electric charge. For that,

F=dA= Q]de A (dt - %(dw + cos(a)dqs)) ]Q\[ in(0)do A do (4.369)
— QV3edr A (dt - %(d@b + cos(@)dqb)) A Qf e sin(0)dI A dé  (4.370)

— E, = Fig = QV3e™" and therefore (4.371)
g = % A= WQQ\/; (4.372)

Substituting all these quantities into equation implies

T, imj(2P — @ 3rQ
7" +3)P=3Q)1 + %’yo (" ) -7 (4.373)
is non-negative definite. The eigenvalues of this matrix are
T, 9 InQ T, o, 377@ (2P — Q)
- pP_ e 2 pP_
3 (2P —
and %((f +3)P —3Q) — ZQ _ 7 5 Q) (4.374)

Which of these is the lowest eigenvalue depends on the choices of j, P and (). Nonetheless,
they all have to be non-negative. Therefore,

%((f +3)P —3Q) + # >0 < P>0, (4.375)
T, 3r@Q wj(2P — Q) 20
Z((j2+3>P_3Q)_ 1 + 5 ZO < sz—i-l and (4376)
T, 3nQ  mi(2P — Q) 20Q)
Z((] +3)P —-3Q) — YR 5 >0 «— P>—j_—1 (4.377)
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From [84], each inequality is saturated by a known supersymmetric solution. In particular,
P =0 is the Klemm-Sabra solution [75] and P = i—% are the Gutowski-Reall solutions [55]
with their e = F1 respectively.

As an extension to this example, consider a Z, quotient of each constant ¢ and R sphere
so that the asymptotic end becomes R? x L(p, 1) instead of R?> x S3. Note that the metric
components have no explicit dependence on 1 and hence this quotient is well-defined from
that point of viewE Furthermore, since >; only extends up to the event horizon, any orbifold
singularities or other issues which may arise from the quotient are shielded. Therefore, theorem
should apply.

From equations [.182] to [4.191] [4.181] & [4.368] definitions & and the fact the
components in equations [£.365] & [£.366] don’t depend on v or ¢, the angular momenta on the
lens space are related to the angular momenta on the sphere by

1 3 3 7Tj(2P - Q) L(p,1) 1 3 3
JL(PJ):_<JS —|—JS>:— 7JP7 :—(JS— 5)207
1 p \712 34 T gy R p\712 34
1 1
JHen — 2 (Jﬁgf + Jf;’) —0and JE®D = = (ij - J§3‘°’) —0. (4.378)
p b
Hence, theorem [4.21| reduces to saying
T, .9 3rQ)
4—((j +3)P—3Q)+4—+020 — P>0. (4.379)
D P

This time, saturating the theorem only yields the (quotiented) Klemm-Sabra solution, even
though both the Klemm-Sabra and Gutowski-Reall solutions have well-defined metrics on the
domains of outer communication after the quotient. The obstruction instead comes from the
Killing spinors, i.e. the solutions to V,e = 0, not surviving the quotient. This is much the
same as lemma [£.15] where the quotient removed half the Killing spinors on the sphere.

From equations 5.2 and 4.2 of [75], the Killing spinors for the Klemm-Sabra solution are
independent of ¢ and are therefore unaffected by the quotient. Thus, the Z, quotient of
the Klemm-Sabra solution remains a supersymmetric solution - this time with L(p, 1) cross-
sections - as shown by the application of theorem above. On the other hand, setting a = b
in equation A.12 of [I8] gives the Killing spinors of the Gutowski-Reall solution. Since these
Killing spinors have an overall e¥/2 factor, they do not survive the quotient. Hence, although
the metric is well-defined after the quotient, it is no longer supersymmetric.

12From equations [4.322| and the Z,, quotient acts by ¢ ~ ¢ + 4?” in these coordinates. A tensor or
spinor must be invariant under this 1dentification to survive the quotient.
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Chapter 5

Quasilocal mass for spacetimes with
negative cosmological constant

“Roads?” Where we’re going, we don’t need “roads.”
- Dr. Emmett Brown in Back to the Future

In this chapter, I leave behind the well-driven road of asymptotics and global definitions of
energy to embark on a journey towards quasilocal mass. The main result of this chapter will be
a new definition of quasilocal mass for spacetimes with negative cosmological constant based on
the Dougan-Mason definition for A = 0. T will subsequently prove that my definition satisfies
a number of physically desirable properties. A, is set to zero throughout this chapter.

5.1 New quasilocal mass and its positivity

The set-up for this chapter is the same as section and figure 2.1} In particular, let S be a
compact, closed, 2D spacelike surface in a 4D spacetime with negative cosmological constant.
Let {P,Q, X,Y} be orthonormal with X & Y tangent to S, P being a future-directed, timelike
normal to S and ) a spacelike normal to S. Let ¥ denote a 3D, spacelike region bounded by
S with @ tangent to . Given this set-up and the use of spinors, it will be very natural to use
the GHP formalism adapted to S, as reviewed in section 2.1} The main task in this chapter is
to define a geometric invariant, m(S), which quantifies the mass within S.

A key element of the construction to follow will be Dirac spinors, ® = (¢4, £4)T, satisfying
m*V,® = 0 on S. A basis for the solution space will be denoted {®* = (¢, £44)T} and
A, B, ... will be indices on this spacd']|

Lemma 5.1. Applying the GHP formalism and NP coefficients, m*V,® = 0 is equivalent to

0 = 3¢, + o, — ikV2E,, (5.1)
0=0¢ — p, — ikvV2 ¢, (5.2)
0 =0y, — 6p, and (5.3)
0 =0¢, + AE,. (5.4)

Proof. In terms of two component spinors,

__q . ma‘DaSOa c1—a 0 (O'a>ad Pa| Sgoa—ik\/igooa
m Vaq) = |:maDa€d:| +ikm |:(5'a)da 0 :| |:§_d:| - |:5§_d —1k\/§<pbio‘} . (55)

!Note that A, B, ... are not vielbein indices running 2, 3 in this context. More fundamentally, this labeling
implicitly assumes the solution space has countable dimension. As I will explain later, this is expected to be
the case for generic S.
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Contracting the top half with 0%, applying the NP coefficients from appendix [B and equations
& yields

0=o0" (&% - ik‘\/ﬁgooa> (5.6)
= 0o“ (5 (0000 + Pula) — ik\/ﬁgooa> (5.7)
=0+ p,0%00, — \/E&pb + 0,0%01o — 0 (5.8)
- \/55—900 - \/55(1@ + \/E@LB (59)
= \/§ (5@0 - 8()DL) ) (510)

which proves equation [5.3] Similarly,

0=.° (5_(pa k32 ana) — V2 (6% ¥ g, — ik\/ééo) , (5.11)
0=04 (Séd . ikﬂgpﬁ) — V2 (SEL e, — ik\/§%> and (5.12)
oz@@@_m¢@w§:—%ﬂ&ﬁ4@) (5.13)
prove the remaining three equations. 0

Definition 5.2 (Q4?). Define the hermitian matriz, Q42, by
_ =B =B _
QY =4 / (pwfsof + e, — pele, — el
s
T+ ikV2(EME — FIE — ol +BLE)) )dA. (5.14)

Theorem 5.3. If the dominant energy condition holds on % and the null expansions on S
satisfy 0, > 0, 0, < 0 & 0,0,, < —8k?, then QP is a non-negative definite matriz.

Proof. From lemma [3.4]

Q@) =4 [ (93, + 780 — E,06 &5, + sl + o+ Pl + .
V(g0 + 060 — P, — PE,) )dA. (5.15)
From equations [5.1] and [5.2] this reduces to
QP) = 4/5 (plol? = mlpul? = plEol + Hl&I +ikv2 (006 — & = B, + E,,) ) AA. (5.16)
Let Z = (¢a, (%) be any Dirac spinor on ¥ with sufficient regularity so that 4/V;Z € L2.

Furthermore, choose Z to have ¢, = ¢, and (, = £, on S. Therefore, by theorem [3.12 FV’ € H
such that D (V') = —y'VZ. Thus ¥ = ¥’ + Z satisfies v/ V;¥ = 0 and by corollary |3.2.1]

QY = /Z (Vi(0)' VW — 47T Wy*T) dV > 0, (5.17)

where the first term is manifestly non-negative and the second term is non-negative by the
dominant energy condition. Furthermore, since every element, W' € ‘H, has ¢, = x/ =0 on S
by construction, it follows that W has ¢, = ¢, and x, = & on S.
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Therefore, by lemma and the fact all the derivatives in the lemma are tangent to S,
Q(V) can also be written as

QY) =4 / (.05, + 6,800 = X,06 = Xo0E, + pliol? + ultel? + plxol® + plé.f?
s
V(g0 + YiXo — B, — DX) ) dA. (5.18)
Then, from equations [5.1] and [5.2]
Q(\I/) - 4/5' (,LL( - ¢L¢L - @LSOL + |77Z)L|2 + |§L|2) + p( - Xogo - Xogo + |S00|2 + |XO|2)
+ lk\/ﬁ( — 8o+ ELEO +Xo®, — Xo®u + Pl + YiXo — @OEL - ELYO)>dA‘ (5’19)
Therefore re-writing equation in terms of Q(V) yields
Q((I)) = 4/5 < - H’(|90L|2 - ¢L¢L - EL()OL + |¢L|2) - p(|£O|2 - Yogo - XOEO + |X0|2)

- 1k\/§( - wao + ELEO + YO@L — Xo¥.

X = DKo + o — E7,) ) AA + Q(U) (5.20)
—4 /S (= ikV2((& = x0) (0 — ) = (€~ Xo) (@, — )
= plie, = B = Pl — Xof?)dA + Q). (5.21)

As done previously in section [3.2] let p' = u/|2[%, p' = |2*p, & = & /2, X = Xo/2, €, = 2,
and ¢ = z1,. Again, choose z = {/p/p so that i/ = p = —\/up = —3/=0,0, < —kV/2.
Hence,
Q@) =4 [ (= V(€& =)l ~ v — (€~ V)7~ )
= g = Ul = 1 — X2 )dA + QW) (5.22)
— 1 [ (Vahlg, — x, + 7l - i
s
= (6 + VIR, — Ul = (0 + VIR, - X ) dA + Q) (5.23)
> 0. (5.24)

Since {®“} is a basis for the solution space to m*V,® = 0, I can let ® = c,®* for any

constants, c4. Hence, ¢, = ¢ Aapf, Y, = cAgpLA, EO = cAEf and EL = CAE:L‘. Finally, definition ,
equation [5.16| and equation [5.24] imply

0 < Q(P) = caQ*cp. (5.25)
Since cy4 are arbitrary, it must be that Q4 is non-negative definite. U

While this theorem achieves a manifestly non-negative object, some auxiliary constructions
are still required to extract a mass from Q45.

Definition 5.4 (T42). Define the matriz, T4, by

o GBFAF —B=A —A=B
TAB — Pl — PENEE — 2 (ool — Bt + B8 -TE) . (526)
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The notion of a surface, S, being “generic” can now finally be stated precisely.

Definition 5.5 (Generic - T4E form). The surface, S, is said to be generic if and only if TAP
15 tnwvertible.

Definition 5.6 (Generic - ®* form). The surface, S, is said to be generic if and only if the
solution space to m*V,® = 0 on S is four (complex) dimensional and the basis, {®4}4_,, is
pointwise linearly independent at least at one point of S.

I will show later that the ®4 version of generic implies the T4% version, although only the
TAB version will be needed for defining m(S). More importantly though, surfaces generic in
name should be generic in practice too. For the T4® form, it could be argued that since the
set of singular n X n matrices are measure zero in the set of all n x n matrices, this is indeed
a valid notion of generic. However, it’s not obvious the solution space is finite dimensional
and this argument doesn’t consider the possibility there is something specific to this situation
precluding T45’s invertibility. Furthermore, the examples considered in sections and
either satisfy both notions of generic or neither notion of generic. Hence, it’s unclear whether
m(S) constructed on a surface satisfying the T4# form, but not the ®* form, of generic has
physical meaning beyond simple mathematical validity. Finally, from a practical point of view,
one would like to know what size of matrix to expect for 74P - and for that matter, Q4Z. As
defined so far, they could be of arbitrarily large size, maybe even infinitely large. Fortunately,
at least for topologically spherical S, there are reasons to believe the ®* form is also a valid
notion of generic, implying 742 is only a 4 x 4 matrix.

It is known - e.g. from section 8.2.2 of [I12] - that ¢ is an elliptic operator and the com-
pactness of S then guarantees ¢ has finite dimensional kernel. Then, it is also known [I12] that
s index (dimension of kernel minus dimension of cokernel) is 4(1 — g) when S has genus, g.
The difference between m®V, - the actual operator of interest - and ¢ is ikm®y,, which is a
compact operator since S is compact and ikin%y, is just a smooth, 4 x 4 matrix? Therefore by
Fredholm theory, index(m®V,) = index(d) = 4(1 — g). Thus, if S is diffeomorphic to a sphere,
then m*V,® = 0 must have at least four linearly independent solutions.

In the spherical examples of sections[5.2.1]and [5.3], there happen to be precisely four linearly
independent solutions. From a similar situation, Penrose then argues [99] as long as S is not
too far from “canonical” situations - such as the examples to be considered - there would still
remain precisely four linearly independent solutions. At least for spherical S, this justifies
the first half of the generic definition in ®4 form. For non-spherical S, the situation is far less
constrained and I can’t immediately say whether either definition of generic is actually realistic.
In section [5.2.2] T study two examples with toroidal S. In the first, it will be shown m*V,® = 0
has two linearly independent solutions and the corresponding T4 is just zero, while in the
second, m*V,® = 0 won’t even have a single non-zero solution. Hence both definitions of
generic fail. However, the wider implications of those examples are unclear to me.

The second half of definition is motivated by a possibility that occurs in the Dougan-
Mason definition, where one needs to solve the analogous equation, dp, = 0. It turns out
there exist “exceptional” surfaces - bifurcate Killing surfaces are one example - where there
are two solutions to d¢, = 0 (the number expected and desired in that context) which are
linearly independent as functions despite being pointwise linearly dependent at every point of
S. The Dougan-Mason mass cannot be defined on such surfaces because the analogue of T45
just becomes zero. However, based on considerations of holomorphic spin bundles, Dougan
and Mason argue such surfaces really are exceptional and not generic. Similarly, definition
insists {®4}4_, are pointwise linearly independent at least at one point of S for S to be called
generic in the ®4 sense.

2Compactness is again essentially due to the Rellich-Kondrachov theorem, as explained in the proof of
theorem in the non-compact case.
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Lemma 5.7. T4B is antisymmetric and constant on S. Furthermore, the notion of generic in

definition [5.6 implies the notion of generic in definition [5.5
Proof. Antisymmetry follows directly from the definition. Next, observe that by equation [5.5]
ST = e5(p)f + P pidpf — eB(ENEL — e*ELo] (
= 5O‘Bik\/§€;40agog + e plikv2EB oy — eaﬁlk‘\/_goL Laé’ﬁ dﬁéﬁikﬂﬁzg (5.28

(<A —B —A
:21k<§090?_€090:4+90bgo_SOL€0> (
= 0. (

Therefore for each A and B, T4 is a holomorphic function on S. Then, since S is compact,
Liouville’s theorem implies T4Z is constant on S.

To prove invertibility, it’s easier to work in Dirac spinor notation. With the charge conju-
gation matrix given in appendix [A] observe that

af . 5
(CI)A)TC 1<I)B [@é gAa] |:50 0 :| [20]355:| _ ¢é€a'89053 &-AanBfBﬁ — TAB. (531)

Let v4 be a vector in the nullspace of 748 ie. T4Pvg = 0. Let Z = v,®*. Then,
T4 =0 <= (@N'CT'Z2=0 <= wy(®HTC'Z2=0 (5.32)

for any vector, w,. Definition says there are four different ®4 and they are pointwise
linearly independent at least at one point, say p, on S. Since Dirac spinors also have four
components, {®4}4_, must form a pointwise basis at p. Hence, w,®* can be any Dirac spinor
at p, which then implies C™'Z|, = 0. But C~! is invertible, so it must be that Z|, = 0.
However, then v4 = 0 by the linear independence of {®4}%_, at p, which is equivalent to 745
having trivial nullspace. U

Before T4 can be put to use in extracting information from Q4#, one more auxiliary result
is required.

Lemma 5.8. For any non-negative definite, hermitian matriz, H, and antisymmetric matriz,

A, tr(HAHA) is real and tr(HAHA) <0

Proof. In this proof I will write all indices downstairs and all summations explicitly. Then,

tr(HAHA) = > HapApcHepApa=— Y HapApcHepAap (5.33)
A,B,C,.D A,B,C,D

is non-positive because H is non-negative definite, H,p acts like a metric on the first index of
A and Hep acts like a metric on the second of A, i.e. the expression is just the (negative of
the) norm of A with respect to the metric, H. The result is real because the cyclic property of
the trace implies tr(HAHA) = tr(HAHA) = tr(HAHA).

As an alternative proof, first note that every hermitian matrix is orthogonally diagonalisable
and has real eigenvalues. Therefore, 3 vectors, {v(4)}, such that U(TA)U(B) = 0aB, Hv(a) = Aav(a)
for some Ay € R and Uap = v(p)4a is the change of basis matrix that leads to diagonalisation.
Then, it can be checked that

tr(HAHA) = =) " Aadglvly Ao, (5.34)

A,B

which is manifestly real and non-positive. O
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Definition 5.9 (Quasilocal mass). Suppose the dominant energy condition holds on X, the
null expansions on S satisfy 6; > 0, 0,, < 0 & 0,0,, < —8k* and S is generic (either definition).
Then, construct QA2 and TAP by definitions 8 and define the quasilocal mass, m(S),
to be

m(S) = 16% e (QT1OT ), (5.35)

Theorem 5.3} lemma and lemma ensure m(S) is well-defined and manifestly non-

negative. Furthermore, m(S) is independent of the choice of basis, {®4}, as follows. Define
®'4 = BA,®5 for a constant, invertible matrix, B. Then, by definitions and ,

QP = BA,Q°PB?, < Q' = BQB” and (5.36)
748 = BA, T°PB®, «— T' = BTB". (5.37)
Thus, the object in m(S) transforms as
tr(Q(T) Q' (T) ™) = tr(BQBT"B'T'B'BQB" BT 'B™) = tr(QT'QT ). (5.38)
Lemma 5.10. m(S) = 0 for every surface, S, in AdS that is generic in the ®* sense.

Proof. With this notion of generic 3 exactly four linearly independent solutions to m*V,® = 0.
However, AdS already has a four dimensional space of Killing spinors, i.e. solutions to V&, = 0.
Therefore, since V,e, = 0 is a stronger condition, one can use the Killing spinors of AdS as
{®4}4_,. Then, ® =gy and Vo, =0 = E%(P)=0 = Q(®)=0 = m(S)=0. O

It’s natural to consider the converse, i.e. study the implications of m(S) = 0. This problem
is considerably harder even in the context of an asymptotic end - see [61], 60, 62] for recent
progress - and [ will not consider it in this thesis.

My new definition of quasilocal mass is perhaps closest in spirit to Penrose’s definition,
albeit there is no need for twistors. In particular, Q4% is analogous to Penrose’s “kinematical
twistor” - see the material around equation 23 in [99] - while 7% is analogous to his surface
“Infinity twistor” - see the discussion between equations 25 and 26 in [99]. Meanwhile, my
definition is also closely related to the Dougan-Mason mass. When A = 0, the left-handed
and right-handed sectors of all the equations decouple, meaning it suffices to simply set the
right-handed sector to zero. Then, A, B,--- only run 1,2. Thus, 748 can be normalised to
£48 and one can use it to manipulate two-component spinors with Q4Z now viewed as P44, a
4-momentum converted to two-component spinors. Then, my definition reduces to

—2567*m(S)? = tr(QT QT ) = Q*PTcQ“PTps = P espPPPe sy, (5.39)
which is the Dougan-Mason mass (up to normalisation). However, since Dougan and Mason
have a full energy-momentum vector, P44, they are able to further decompose m(S) into a
quasilocal energy and quasilocal linear momentum. This decomposition is lost in my definition
- as it is in Penrose’s definition when S'is away from Z. While the technical reason is simply that
A, B,--- run over four indices, instead of two, a more physical reason could be the difference

between the Casimir operators of 0(3,2) and is0(3,1), as I will discuss further at the end of
section 5.3l

5.2 Highly symmetric examples

For an arbitrary surface, S, the quasilocal mass of definition will likely be very difficult,
if not impossible, to calculate analytically. However, if the surface has a high degree of sym-
metry, then more progress can be made. In section [5.2.1T will focus on spherically symmetric
spacetimes, where I will show definition reduces to the Misner-Sharp massﬂ [89] of such

3The Misner-Sharp mass is usually taken as the standard mass for spherically symmetric spacetimes [112].
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spacetimesﬁ. Likewise, section explores two examples with toroidal symmetry, where it
will turn out that a number of assumptions required for definition [5.9 don’t hold. The canon-
ical examples of spacetimes with such high symmetry are the Schwarzschild spacetime and its
variations, described by the metric,

dr @ dr 2 ()

2M
=—|c—=—+4kr* | dt ®dt 5.40
g (C P T) © +c—2M/r+4k2r2+rg ’ (5.40)

where ¢ = 1, 0 or —1 and ¢ is the standard metric on the round 2-sphere, the 2-torus or a
compactified 2D hyperbolic space respectively.

5.2.1 Spherical symmetry

Given there is a heavy reliance on null normals in the NP and GHP formalisms, it will be be
easiest to study a general, spherically symmetric spacetime by deploying double null coordi-
nates. In particular, for any spherically symmetric spacetime, let r be the area-radius function
and let v & v be null coordinates normal to the symmetry spheres, S?. Then, in such “double
null” coordinates, spherical symmetry dictates the metric is

g=—Qu,v)*(du ® dv + dv ® du) + 7(u, v)*gs2, (5.41)

for some function, Q(u,v). Without loss of generality assume u is outgoing and v is ingoing,
ie. Oyr >0 and 0,r < 0.
For any S? in this spacetime, a natural NP tetrad is

10 10 1 0 i 0
l=—— n=——andm=——7|—=+—=7— . 5.42
Qou " a0 T s (aa T ) a¢) (5.42)
For this tetrad, it can be checked by directly evaluating any necessary Christoffel symbols that
Our Oy 1
== = —— = — d f=—a=——=cot(h). 4

Theorem 5.11. The general solution to m*V,® on S? is

(2 V2

Do = 681)(7“)03 + 2il<:7"02> (12Y1/2,-1/2) — (631;(7“)04 — ZikTC1) (1/2Y1/21/2),  (5.44)

2 G 2 _ -
§L == (\/ﬁ_au(T)Cl + 21]{?7“64) (_1/2Y1/2y_1/2> + (%@(r)cz — 21]{77“63) (_1/2Y1/271/2) s (545)

§o =201 (1/21/1/2,71/2> + Co (1/2Y1/2,1/2) and (5.46)
Y, =C3 (71/2}/1/2,71/2) + ¢y <71/2Y1/2,1/2) ; (5.47)
where c4 are arbitrary constants and (sYj,,) are spin-weighted spherical harmomc&ﬂ

Proof. Let 0, and 0, be differential operators that act on functions on the sphere, F, by

0, F = scot(0)F — (% + m{%) F and (5.48)
_ 0 i 0
3,F = —scot(0)F — (% - sml( 5 a—¢) F. (5.49)

4While this could appear to be merely a sanity check, in fact it is non-trivial. For example, the Brown-York
mass [15] does not agree with the Misner-Sharp mass and in fact produces m(S?) = r(1 — /1 —2M/r) in the
Schwarzschild spacetime (with A = 0) despite being physically very well-motivated.

5The exact expressions for the four spin-weighted spherical harmonics used are listed in appendix
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Then, since ¢, & &, are type-(0,—1) and ¢, & &, are type-(0,1) in the GHP formalism, the
chosen tetrad and the NP coefficients in equation imply the equations of lemma can
be written as (after multiplying by —rv/2)

0= 3y/200 — \ga (r)p, + 2irké,, (5.50)
0= 81126, — 20,0, — 2k, (55)
0= 5,1/2% and (5.52)
0= 51/250- (553)

The spin-weighted spherical harmonics, (;Yj,), are known [100] to be eigenfunctions of d, and
J,; in particular

0, (Yjm) = V(G = 8)(G +5+1) (s61m), (5.54)
0, (sYjm) = =V (G +5)(J = s +1) (s-1Yjm) and (5.55)
(stm) - (_1)S+m (—st(—m)) . (5’56)

Furthermore, they form a complete basis for expanding functions on the round sphere. Hence,
it immediately follows that the solutions to equations [5.52] and [5.53] are

@, =3 (12Y12,-12) + ca (L12Y1/2,1/2) and (5.57)
& =201 (12Y1/2-1/2) + G2 (12Y1/2,1/2) (5.58)

for some constants, cq, ¢, c3 and c4.

Substituting these into equations [5.50 and [5.51] then says

_ V2 .
01/200 = (ﬁ&,(r)cg + 21/€7”02> (—1/2Y1/2,—1/2)

V2 .
+ (6&(7“)04 — QIkTCl) (_1/2Y1/2’1/2) and (559)

V2, V2,
0_126, = (ﬁau(r)cl + 21]?704) (1/23/1/2,71/2) + (ﬁau(T)CQ - 21/47@3) (1/25/1/2,1/2) . (5.60)
The claimed expressions for ¢, and &, then follow by once again applying the completeness and
eigenfunction properties (under d; and Os) of spin-weighted spherical harmonics. O

The mass definition will be compared against is the Misner-Sharp mass, as given in
equation 2.170]

Definition 5.12 (Misner-Sharp mass). Including a cosmological constant, the Misner-Sharp
mass for spherically symmetric spacetimes is defined to be

mus(S7) = = (14 4k — (¢*° — B*°) Do(r) Dy(r)) (5.61)

l\.'JIﬁ

where By s the induced metric on each S2.

Theorem 5.13. m(S?) agrees with the Misner-Sharp mass (with cosmological constant) for
spherically symmetric spacetimes.
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Proof. Taking the four c4 to be the coefficients multiplying the four linearly independent
solutions, it follows from theorem that

Our 0 0 —1kQrv/2
ap _ Ar(20,(r)0,(r) + Q3(1 + 4k*r?%)) 0 Our  ikQrv2 0
QY = : , (5.62)
Q3 0 —ikQrv2  —d,r 0
1kQry/2 0 0 —0,r
0 —Oyr  —ikQry/2 0
1 O 0 0 —1kQrv/2
AB — _— U
T4 = 0 |ikQr/2 0 0 o and hence (5.63)
0 kQryv2 Oy 0
0 Oyr  —1kQrv/2 0
— ey —0,r 0 0 —ikQrv/2 (5.64)
©0u(r)0y(r) + 2K20272 |ikQryv2 0 0 our | '
0 kQrv2  —0,r 0
Then, one finds
m(S?) = 1 —tr(QT-1QT1) = L ia (1)0y(r) + 1 + 4k>r? (5.65)
" 16m 2 \ 27 ’ '

which is the Misner-Sharp mass in double null coordinates (note the Misner-Sharp mass is
manifestly coordinate independent). U

Corollary 5.13.1. For the Schwarzschild-AdS spacetime, m(S?) coincides with the mass pa-
rameter, M, in the metric.

Proof. The Misner-Sharp mass for Schwarzschild-AdS is most easily calculated in the standard
(t,r,0,¢) coordinates instead of double null coordinates. Hence,

2 r 2.2 1 2 2.2 2
=—(1+4k — (1 +4k*r° —2M ) =M (5.
m(S7) 5 ( + 4k“re + T a2 = 2M/rat(r) (1 + 4k=r /1)0, (1) ) (5.66)
as expected. U

In theorem it was assumed that 6,0, < —8k?. However, that assumption never came
up in the preceding spherical symmetry discussion. In the standard (¢, 7,6, ¢) coordinates, the
most natural tetrad to choose is

j_ L (1o .0 1 (10 ,0 A L
-sGata) = Gaim) mim= g (

where f = /1 —2M/r + 4k?r2. Then, one finds

i 0
*m(e)@?)’ (5.67)

gl

2f2 2 4AM
p=j= S and hence 6,6, = 2 + —— — 8k%. (5.68)
rv2 r rz o3

Therefore 0,0,, < —8k?> <= r > 2M. This result is quite mysterious to me because r = 2M is
no longer a special radius when a cosmological constant is added to the Schwarzschild metric.
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5.2.2 Toroidal symmetry

In this section, the round spheres in section |5.2.1| are replaced with tori. Because the torus is
flat, it serves as the simplest - and most practically tractable - example where the constructions
of section |5.1| can be studied on a non-spherical surface, S. Since index(m*V,) = 4(1 — g) for
a genus, g, surface from earlier, there might not be any solutions to m*V,® = 0 in general.
Furthermore, it’s possible the number of solutions varies with sufficient deformations of the
torus in question. The aim of this section is to illustrate these possibilities via counterexamples
to the assumptions underpinning definition |5.9] First consider the ¢ = 0 case in equation [5.40}
To summarise, the domain of outer communication of the toroidal Schwarzschild-AdS spacetime
is R x ((M/2k*)'/3, 00) x T? with the metric,

dr @ dr
f(r)?

2M
where f(r) = \/_T + 4k2r2 (5.70)

g=—f(r)dt ®dt + +72(df ® df + d¢ ® do), (5.69)

and (0, @) are coordinates on each T?> = S* x S*.
Then, one can follow the same steps as section [5.2.1| In particular, with

1 /10 0 1 (10 0 1 g .0
=5 n) - Gaw) e @ em) e
as a NP tetrad for T, one finds

azkzazﬁanndp:u:—i. (5.72)

V2

Consequently m*V,® = 0 is equivalent to

0 =200, — fip, — 2ikré,, (5.73)
0 = 20.6, + f& + 2ikry,, (5.74)
0= 0:p, and (5.75)
0= 9.5, (5.76)

where z = 6 — ip. Note that 0, is globally well defined even if # and ¢ are not.
Liouville’s theorem immediately implies ¢, and &, are constants, say c3 and ¢4. Substituting
these into the other two equations says

1 1
Dz, = é(fc;; + 2icykr) and 9., = —§(f54 + 2iczkr). (5.77)
Since r is also just a constant on T2, the equations can be immediately integrated to
1 . _ 1, . . _
0o = §(f63 + 2icykr)z + ¢1(z) and &, = —§(fc4 + 2icskr)z + ¢a(2) (5.78)
for some holomorphic functions, ¢; and ¢;. However, by Liouville’s theorem, ¢; and ¢, must
actually be constants. Furthermore, T? has 27 periodicity in the 6 and ¢ coordinates which

neither (fes + 2icykr)z nor (féy + 2icskr)z do. Hence, ¢, and &, can only be well-defined if
cs = ¢4 = 0. In summary,

vo=-c1, & =0, ¢, =0 and & =G, (5.79)
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for constants, ¢; and co. Note that the ®* form of generic immediately fails because there are
only two linearly independent solutions, not four. Furthermore, 6,0, < —8k? fails to hold at
any radius. By taking c¢; and ¢y to parameterise the two linearly independent solutions, direct
calculation shows

Q4P = 8v2r?r {2;;’; _Elﬂ and T2 = 0. (5.80)
Hence, the T4 form of generic also fails and m(T?) cannot be formed via definition .
Furthermore, even Q47 is not non-negative definite - an effect of the 6;,, conditions failing.

It’s unclear to me exactly what conclusions can be drawn more generally from this example.
The failure of the ®# form of generic is unsurprising given the earlier discussion of index(m?V,).
However, the failure of the 748 form of generic could potentially be explained by the high
degree of symmetry and flatness of the chosen surface. While deforming T? slightly is unlikely
to change the number of solutions to m*V,® = 0, it may yet result in an invertible 747 and
a well-defined m(S). It’s also unclear to me whether there is any relation between the 6,
conditions and the generic conditions.

As the next example shows though, optimism needs to be tempered because the situation
can in fact be even worse. Consider an “AdS solition,” constructed from equation [5.69] via
the procedure in [64]. In particular, define new coordinates, 7 = if and w = it. Analytically
continue the coordinates so that 7 & w are real and the metric is

dr®dr+
f(r)?

Unwrap the 7 coordinate so 7 € R and compactify the w coordinate so that (w, ¢) are coordi-
nates on a torus. Avoiding a conical singularity as r — ro = (M/ 2k2)1/ 3 forces the periodicity,

g=—rXdredr+ F(r)?dw ® dw + r’d¢ @ do. (5.81)

™

5.82
3]627'07 ( )

w~ W+

although the period won’t actually matter for what follows.
Once again consider constant-r tori, T2. With the NP tetrad,

1 /10 0 1 /10 0 1 /10 i0d
ZZE(;E—F]CE), n:ﬁ(;a—fg) andm:E(?%—i—;%), (583)

Tavaey M T T ey T ey

Package the GHP components of ® into a vector, v = (©,, 0., &, &)T. Then, with these NP
coefficients, the equations of lemma [5.1] become m*d,v = Av, where

3M 8k*rd — M f* 412k

a=B3=00=\= (5.84)

0 —p ikvV2 0 0 8k —M dikr?f 0
g 0 0 0 1 —3M 0 0 0

A=1p o 0 =Xl 2y2r2f | O 0 0 sar|  58)
0 ikv2 p 0 0 4ikr?f  —(8k* = M) 0

is effectively a constant matrix on T2

{m,m} induces a complex structure on T2. Choose a corresponding complex coordinate on
the torus, z :ji(fw — ir¢), so that m#d, = 9, and m*9, = 9; on T2. Then, the equation to
solve is 0;v = Av. Integrating immediately yields

v =e"c(2) (5.86)
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for some holomorphic vector, ¢(z). However, by Liouville’s theorem, ¢(z) must be a constant
vector, ¢. But, then v would be a globally defined, non-constant, antiholomorphic vector on
the compact space, T2, contradicting Liouville’s theorem. The only way around this is to have
¢ € nullspace(A), so that the z dependence falls outﬁ in v = e*lc. However, it turns out

det(A) = (u* — 2k*) A2 (5.87)

Hence, by 1 = p and lemma [2.6] A is invertible whenever the 6,0, < —8k? assumption holds.
In this example, this inequality always holds since

p? > 2k = (f* +12k*r?)? > 64k%r% f? (5.88)
= f 4 144kt > 40k f? (5.89)
2

AM
= 64krM + —;
.

> 0. (5.90)

Therefore, the only solution is v = 0 and m*V,® = 0 has no non-trivial solutions.

As explained in section , the AdS soliton famously has negative energy [64] and avoids
spinorial positive energy theorems because the torus has two inequivalent spin structures and
the soliton’s spin structure is incompatible with the one required to apply Witten’s method.
It’s unclear to me if any of these properties is linked to m*V,® = 0 having only trivial solution.

5.3 Asymptotic limit

The next property of m(S) I'll study is the large sphere limit. In this section, it will once again
be convenient to set the AdS length scale to 1, i.e. choose units such that A = —3 and k = 1/2,
like I did in chapter 4] The length scales can always be restored on dimensional grounds. My
main aim here is to connect the quasilocal mass defined in this chapter with the asymptotically
AdS analysis in section 4.3.3]

Theorem 5.14. If S = S2, i.e. the sphere at infinity in an asymptotically AdS spacetime,

then Q(®) = Q(er), where ¢y is a Killing spinor of AdS.

Proof. First note the ®* form of generic holds in this instance because S? becomes increasingly
round as r — oo and spherically symmetric spacetimes are known to satisfy this notion of
generic from section [5.2 AdS itself has four globally defined, linearly independent solutions
to V,® = 0, namely the the 4D space of Killing spinors, ¢,. Therefore in AdS, the space
of solutions to m*V,® = 0 on any generic surface can be spanned by simply restricting the
Killing spinors to the surface.

By definition , the difference between g and gaqs is O(e™"). Hence, in the asymptotic
region of (M, g), ® = &, + Z for some Z that is O(e™®") below leading order. From theorem
[4.4] &), is O(e’/?) and thus Z must be O(e~/2).

In vierbein indices P, = —d,9 and @), = 641 = dr. Therefore,

Q(P) = /S E%(®)dA (5.91)

2
oo

=Q(er) + / 2 (219 92V aey, + efy' VAV AZ + 2Ty AV 4 Z + Va(er) Ty 2
SOC

+ Va2) Iy e, + Va(2)y4' 2)dA. (5.92)

6In fact, the toroidal Schwarzschild-AdS example earlier can be analysed in exactly this way. Since o = A =0
in that example, the analogue of A has two rows of zeroes, which then yield a 2D nullspace and the two constant
solutions in equation m
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From equation dA is O(e?*). Consequently, Zi4!v4V 4(Z)dA and V4 (Z) 4441 Z2dA
are both O(e™®") and go to zero as r — oo. Meanwhile, from equations [3.116] [3.115] [3.129)|
and , V ¢k is also O(e™®/?) in the asymptotic region, implying Z1y'74V 4(ex)dA and
Va(er) vyt Zd A also go to zero. That leaves

Q@)= Q)+ [ (7' Va2 + Va(2)r M)A (5.99)

oo

The 2nd term is the complex conjugate of the first so it suffices to prove the 1st term integrates
to zero. This term can be re-written as

i
ek’y LAV Z = 5,1717ADAZ + és,tfylfyA”yAZ (5.94)
= Du(el A 2) — Da(er)fy'94Z —iclyt 2 (5.95)
- t
1 .
= Da(efy'v*2) = Valer)W' 42 - (_§7A5k> VA2 —iely'Z (5.96)
i .
= DA(szfyl'yAZ) — Valer)' Y42 + 5527,4717‘42 — 152712 (5.97)
= Dae}y' " 2) = Valer) 'Yy 2. (5.98)

From above, V 4(g;)Ty!v4Z contributes nothing to the integral, leaving
/ el AV 4 (Z)dA = / Da(elr'442)dA. (5.99)
53 S%

Let D ) be the intrinsic Levi-Civita connection of S, let K;j be the extrinsic curvature of X
in M and let c4p be the extrinsic curvature of S in . Then,

Dy (@ﬂ Y Z) (D,(f)é?k - %KAWIVO& - %CABVBVIQ)TVIVAZ
+ el (DFAS)z - %KAWHOZ - %CAB’)/B’ylZ) (5.100)
= D (el 2) + %KAz(aw VANAZ — ely' v 40 2)
- %CAB(gk’Y YoV AZ +efrty iy Py 2) (5.101)

1
S
= DY (' 2) + SEarEl Y E — gty 2) 0. (5.102)

The measure, d4, is O(e*") while the g,-Z products are already O(e™%"). Since AdS is time-
symmetric, K;; = 0 to leading order, meaning the second term contributes nothing to the
integral. That leaves

/ eV Va(2)dA= [ DY (el 2)dA =0 (5.103)
S2 52,
by Stokes’ theorem. Equation then implies Q(®) = Q(&y). O

Corollary 5.14.1. When S = S%, m(S) = \/E* — ||P||2 + ||J||> — || K|[>.
Proof. From theorem [.12]

Q(er) *87T€T —iv%t/2 (EI IP[’Y +K17 7 + = J]J’VO U) ol t/260. (5.104)
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The four components of the constant spinor, ¢y, can be used to parameterise the four linearly
independent solutions, ®4. Hence, as a matrix,

QAP = 8o 11/2 <EI — 1Py + Ky + %Jffyo’y”) /2, (5.105)
The other matrix required for m(S52) is T4P. In the present context, it will be easiest to use

the alternative expression, 748 = (®4)TC~1®5, of equation [5.31] In the conventions chosen,
(7a)T = —=C~14,C. Therefore,

T4 = (e)'C7 ey (5.106)
1 i~r0 T . _ . i~0
=12 (€0)" (e” “2) (I =iz (Y)T) O™ (I —iwpy”) €7 eg] (5.107)
1 : .
1 (ENTO e ™20 (I 4 12,0711 C) C7H (I — i yry”) 720 (5.108)
1 : .
e 2(564)TC"16’WO'§/2 (I +izy") (I —izsy?) 2D (5.109)
—p
1 . .
= ——(f)TC e ™2 (I 4 wyzyy!y”) 72D (5.110)
—p
1 : .
— ﬁ(gg)TC—le—yyot/Q(l . p2)Ieln/0t/2€OB (5111)
—p
= (CH8. (5.112)
Finally, with the Q48 and T4P derived, definition reduces to
1 —_
m(S%) = F\/—tr(QTlQTl) = VE? - PPT 1 JJT — KK, (5.113)
7T
where J[ = %éijJJK. O

The question naturally arises whether \/E? — [|P||2 + || J]|2 — || K|]? is an appropriate no-
tion of mass in asymptotically AdS spacetimes. For example, from special relativity, one thinks
of mass as just \/E? — || P||?, without any contributions from angular momenta, .J;;, or boost
charges, K;. However, I argue this is an artefact of Minkowski space’s symmetry group, namely
the Poincaré group. As in quantum field theory, one could define m? to be proportional to a
quadratic Casimir operator of (the Lie algebra of) the symmetry group [I7] in an irreducible
complex representation. Therefore, in the AdS context, one should seek a quadratic Casimir
for o(3, 2).

Choose generators, {Jyn = —JNM}}E’\LN:D for 0(3, 2) such that the defining Lie bracket isﬂ

where ny v = diag(—1,1,1,1,—1) and all M, N, - -- indices are raised /lowered by n~!/n. Then,
it immediately follows that C' = %JMNJMN is a quadratic Casimi foro(3,2),i.e. [C, Jyn] =0.

Interpret J° as a 4-momentum generator, P?, J° as boost generators, K/, and J'/ as angu-
lar momentum generators, J; = %51 srJ7E in line with [30] and the heuristics accompanying
definition [4.11] Then,

1
C = JJs, + §J”J1J + J% Jor = P°P° — PTP; + 373, — KIK;, (5.115)

suggesting that the limit in corollary [5.14.1}is physically reasonable.

"The fact such a basis exists can be seen immediately by following the analogous steps in [124] for o(3,1).
8 Assume we are working with a faithful matrix representation of the Lie algebra so that multiplying two Lie
algebra elements is well-defined.
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5.4 Linearised gravity

This section concerns perturbations of AdS sourced by a matter field. In particular, the metric
is assumed to be

Jab = Bab + nhap, (5.116)

where B = gaqs is the background metric, h is the perturbation and 7 is assumed to be an
infinitesimal parameter. Furthermore, the energy-momentum tensor, 7,,, is assumed to be
O(n). The aim is to show that definition captures a mass associated with 7,;,. Throughout
this section, the coordinates and tetrad will be the same as in equations [4.109] to [£.115] It will
once again be convenient to set the AdS length scale to one, i.e. choose units where A = —3
and k= 1/2.

A natural way to construct physical quantities, like mass, out of the energy-momentum
tensor is to contract T, with the Killing vectors of the background metric. It can be checked
that the Killing vectors of AdS are spanned by

=0, (5.117)
Jrg = x10; — x,0r, (5.118)
2z 1 .
pr = TIpQ cos(t)0; + 5 (1 + p*)67; — 227 2) sin(t)d; and (5.119)
21 . 1
by =~ L )0+ 5 (14 )0, — 20a) o) (5.120

In analogy with definition [£.11] define the following “matter charges.”

Definition 5.15 (Matter charges). Let matter charges on 3 be defined as
E:/TOQTadV, Plz/To(lp?dV, JU:/TOGj?JdV and Klz/T()ak;}”dV. (5.121)
b b b b

Theorem 5.16. For gravity linearised about AdS, if S is generic in the ®4 sense, then

m(S) = v E* —||P|* + [|J]]2 — || K][> (5.122)

This expression is formally identical to corollary and therefore the result can once again
be thought of as a Casimir mass, but this time for T,,.

Proof. AdS already has four linearly independent Killing spinors, i.e. global solutions to
VgB)sk = 0. Hence, in AdS, if S is generic in the ®4 sense, then solutions to m*V,® = 0
can be spanned by simply restricting €5 to S. Since gup = Bap + nhay though, one can therefore
let ® = ¢ + nZ for some Dirac spinor, Z.

Extend Z’s definition off S in an arbitrary, but sufficiently regular, way so that & = ¢, +nZ2
is defined on all of 3. Then, by corollary [3.2.1],

Q(P) =2 / (Vi(@)IV'® — 47T P, @ — (v VD)1V ;@) dV. (5.123)
b

Ve, = 0 implies V,® = O(n) and thus the first and third terms in equation [5.123| are both
O(n?). Meanwhile, since T, is assumed to be O(n), the second term is —4xT%&,y,ex + O(n?).
In summary, the linearised limit yields,

Q(CI)) — 87T/ Tgagk’}/agkd‘/. (5124)
DN
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Equations [4.126| and [4.130| say

1 : .
agefwot/z((l + p))I — 2izy7)e" ey and (5.125)

exyer = e

1 .
Sebe (1 + pP 0y = 2ix 70" — 22729097 )e e (5.126)
p?

Exyler = 1=

Substituting back into equation [5.124] applying definition [5.15| and converting to vierbein
indices where required then gives

1 1+ p2 : L1 —in0t I :
Q(P) — 8me), 5 ToodV I — 2i 5 Tooe dV~' —2i
sl—p sl—p »1-
1 .
+ / 7 p2T01 ((1 + p?)é%, — 2.%13:]) e Ntqy 707J> €0 (5.127)
s 1—
1+ p? . 1
= 87758(/ 7 '22 ToodV I +1/ =7 (xrToy — x;Tor)dV 70 IJ
s 1— s 1—

2 t in(t
- i/ ( 71 cos| >T00 + sint) Tor ((1 + p2)61J — 2xIxJ)) deyI
o

T()[dv ’YO 1J
p

1—p? 1—p?
2 sin(t t
+ / (_&“g)%@ + ﬂ(?ﬁm ((1+ 25", — zxfo)) dv 7071) e (5.128)
> L—=p 1—p
= 871'60 (EI + Iy — 1Pyt + KWOVI) £0. (5.129)

Taking the four components of the constant spinor, €g, to parameterise the four linearly inde-
pendent solutions, ®#, then gives

QAP — 8r (EI + %J;ﬂ%” — Py + Km%f) . (5.130)

Since this Q4P is already O(n), for the linearised limit it suffices to take T4P to O(1) in
definition Thus, T4% — (e)TC el = (C~1H)AB, borrowing the calculation from the

proof of corollary [5.14.1}
Finally, evaluating m(S) for this Q42 and T4? results in

m(S) = 1/~ (QTQTY) = VB2 + JpJ! — PiPT — KK, (5.131)

where J[ —€[JKJJK. |

To better understand the matter charges in this section, an instructive example to consider
is a collection of point particle test masses moving in an AdS background.

Let {M,}a be a set of point particles moving along arbitrary (timelike) trajectories, z#(s).
For each particle, introduce its proper time by

dr, = \/—gw(ﬂva(s))dxf;s) dxj‘is)ds. (5.132)

Given the matter action of the point particles is

—;Ma/\/—guu(%(S))dxg; )dxys ZM /dTa, (5.133)
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the energy-momentum tensor is well-known to be

Ta) d2g(7a) o4
T (x) = M, 0N — 20(70))dT,. 5.134
W= = [ ) s ) (5.134)
Introduce a “3+1 split” adapted to X so that
g=—N?dt @ dt + h;;(dz’ + N'dt) ® (dz’ + Ndt). (5.135)

Then, P, = —Ndt, \/—g = N+vh and dV = v/hd3z. This implies that for any vector, v*,
/ Toov*dV (5.136)
b

/ ™ P, dV

=— ! Tadx<)4x—x7 — v Sxdr
_ ZM//N\/_ : 54 @ — 2 () (= NOyo oV h dPedr,  (5.137)

T, dr,

_ Z M, / / ol A26(Ta) 530 _ (70000t — to)uuda d, (5.138)
=> M, . (5.139)

aeX

As a special case, if z#(7,) is a geodesic and v* is a Killing vector (like 7, pr, j;; or kr in

definition |5.15[), then %vu is exactly the conserved quantity associated to v* along the
geodesic. Meanwhlle if > contains a single particle (travelling along an arbitrary timelike

curve, z*(7)), then equation [5.139| says

dat(7) dav (1) 1
m(S) = M\/ T T TuTy — PruPL + éjjjuj,{‘] — ki kL ). (5.140)
It can be checked that in fact
1
TuTy = Prapy, + 2]1Ju]y — krk! = —(gaas) (5.141)

Since T is proper time, it follows that m(S) = M, i.e. the quasilocal mass exactly captures
the mass of the particle contained within the surface. However, if there was more than one
particle within 3, then m(S) would be some complicated function of the different M,. This is as
expected though, because even in special relativity, P* = P}'+ P}' does not mean M = M+ M.

5.5 Kerr-AdS horizon

As a more complicated example where the new quasilocal mass can be calculated, I will consider
the horizon of the Kerr-AdS spacetime. This calculation will be analogous to the A = 0
calculation for the Dougan-Mason quasilocal mass in [11]. In Kerr coordinates, the Kerr-AdS
metric is [20]

_79 2 29 >
g:_$dv®dv+du®dr+dr®dv+5d9®d9
.9 (2 2 in?
.9 2, 2\ 22
| sin (0)(9(r +£LZ)2 a® sin (9))dX ® dy, (5.142)
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. Al . .
where (0, x) are angular coordinates on a sphere, a? < IAl'is a constant rotation parameter and

3
the various functions are

A 2
= (r? 4 a?) (1 - ?7’) — 2Mr for a constant, M, (5.143)
¥ = r? 4 a? cos?(h), (5.144)
A 2
Z=1+ T"’ and (5.145)
Aa2
9 =1+ Ta cos?(0). (5.146)
The event horizon is the constant r surface where = 0. The most natural NP tetrad to use
is the Kinnersley tetrad,
i =2(r* +a*)0, + 0, +22ad,, (5.147)
1
ng = —i&. and (5.148)
! ( n(0)0, + 9 + — =0 > (5.149)
myg = ia sin 5 —_— , )
BTy 20(r +ia cos(f)) * T sin(6) X

because [ and ng are the principal null vectors. In this tetrad, it can be checked that the
relevant NP coefficients are

Ny e 1 o ia sin(6) ﬁ
R=A= 0. r —iacos(f)’ a 2% (r —iacos(d))’ (r —iacos(f))2V 2’
_1d o cos(0)(Z — 29) + ia(sin?(0) + ) and G — (20 — Z) cot(0)
T oar 2v/20(r — ia cos(6))2 sin(h) 45 2v/20(r + ia cos(6)) (5.150)

However, since p and p are not real, by lemma this tetrad is not surface forming.
Finding the NP coefficients for a general surface-forming tetrad is very difficult for this
spacetime. However, in this section I am only interested in one surface, S, ,,, i.e. a constant v
and r surface where r =1y = = 0. Therefore, I only need p and p to be real on this one
surface for lemma to guarantee the tetrad is admissible for the calculation.
Following [I1], perform what Chandrasekhar defines as a “type-I” tetrad transformation
[21]. In particular, for a function, F,

I =k, (5.151)
n=ng + |F2lx + Fmg + Fimg and (5.152)
m® is tangent to S, if and only if m® € span({0p, 0y }). Therefore, one must choose
0 sin(0
F= lasin(6) (5.154)

2y 20(r2 + a2)(r +ia cos(h))
Under this transformation the new NP coefficients (denoted with primes) are related to the
old ones by [21]

P =p+kF, (5.155)
f = pu+28F +nF + 2| F|> + k|F|°F + 0 F* + §F + FDF, (5.156)
o' =0+ KF, (5.157)
N =X+ Qa+m)F+ (2e+ p)F? + kF?+ 6F + FDF, (5.158)
o =a+(p+e)F +kF? and (5.159)
B'=pB+eF+0F +k|F|. (5.160)
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Since = 0 on the horizon and x = 0, p’ = 0 on the horizon. Luckily, while x4’ is very
complicated, it nonetheless turns out to be manifestly real when = 0. Hence, {l,n,m,m} is
a valid tetrad for defining the quasilocal mass, m (S, ).

Like p', o’ remains zero after the transformation. However, X is no longer zero. Hence,
dropping primes from hereon, the m*V,® = 0 equations to solve are

0 = D, + pup, — ikV2E,, (5.161)
0=0¢, —ikvV2¢,, (5.162)
0 =0y, and (5.163)
0=0&, + A, (5.164)

Conveniently, the third equation has only one variable. Therefore, one might hope to solve the
third equation for ¢,, use that to solve the second equation for &, use that to solve the fourth
equation for £, and then finally solve the first equation for (. At each stage, the equation to
solve is a first order linear PDE in one variable. Therefore, it is natural to look for solutions
by separation of variables.

The simplest solution to dp, = 0 is ¢, = 0. Hence, the next equation to solve is 9¢, = 0.
With the separated variable ansatz,

£, = Be(0)Be(x), (5.165)
the PDE becomes

Be(6) df

Lo dB() _ L (., 1 dB(0)
o m( ) (5.166)

Since the LHS depends only on x and the RHS depends only on 6, both sides must be constants.
The LHS is then immediately integrable, meaning

€, = Be(0)eX (5.167)

for some constant, s. For &, to be a well-defined spinor component, it must be that s € %Z.
Then, the ODE for Be(f) immediately integrates to

B¢ = exp (/ %(a — 1sm3)d9> : (5.168)

Miraculously, there is a closed-form expression for the RHS. While the actual expression is a
mess, it schematically takes the form of sin™*"%/2(6/2) cos®~'/2(#/2) multiplied by something
manifestly regular.

However, since sin™*"/2(#/2) cos*~1/2(§/2) is not regular on the sphere for any value of s,

it must be that in fact {, =0 too.
Thus, the next equation becomes 9¢, = 0. This time a separated variables ansatz implies

— _ . - 1
€, = Ae(0)e’™X for A = exp (/ ﬁ(a + ism3)d9) : (5.169)

This is the same integral, but with s — —s. Hence, the integral is sin’/?7%(6/2) cos'/?*5(6/2)
multiplied by something manifestly regular.

Thus, Ag is regular across the sphere if and only if s = :I:%. A separated variable ansatz for
the remaining variable, ¢,, is therefore only possible if

po = Ap(0)e™ /2. (5.170)
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Oy, — ik\V/2€, = 0 then reduces to a first order, linear ODE for Ay(0), which can immediately
be solved using an integrating factor. In particular,

= ikv/2exp (—/%(5 +ism3)d0) /eXp (/ %(5 + ism3)d0) %Af dg  (5.171)
1 1
and exp (— / ﬁ(ﬁ +ism )d9> x 7 (872) cos (8)2) (5.172)

The bounds of the integral involving A¢ must then be chosen so that the singularities in
s 9 73) and - 10 respectively are canceled out. In summary, I have found two solutions to
m*V,® =0 SO f/ar They have

=9l =E=€=0, (5.173)
& = MPAU0), & = e N2ALD), (5.174)
Af =exp </ T:L (o + 1m3/2)d9) (5.175)
A7 =exp (/ %(a - im3/2)d9> : (5.176)

5 im? (0’ J .
@) + — 2< )) d9’> — 0/>A§(8’) 40/ e/ and  (5.177)

B0 — @) d@’) m%Ag(e') dg’ e~ X/2, (5.178)

Serendipitously, it turns out that

o ([ 5 (5T i) 2O ([ 1 (5T ) 2Oy amg

with the proportionality constant determined by the integration constant in the indefinite
integral. Hence, with the appropriate choice of integration constants,

1 3 .
ol = 2ikv/2exp (—/ <B + %) d0> sin?(6/2)eX/? and (5.180)

©? = 2ikv/2exp (—/ (5 — —) d0) cos?(0/2)e /2, (5.181)

Moreover, the removal of the - (9 73) and m singularities is now manifest.
Next, suppose that ¢, was not initially zero. Proceeding completely analogously, this time
the separated variable solution is

Y, = Bg,(@)eisx for Bip = exp (/ %(6 — 157713)(19) s (5182)

exp ( / %(B _ ism3)d0> oc sin/2-(8/2) cos 2+ (62) (5.183)
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and the proportionality function being manifestly regular. Therefore, ¢, is regular if and only
if s = j:%. With this solution, I can separate variables and integrate the 9¢, equation to get

£, = e*XB(0) for (5.184)
Be(0) = 1k\/_exp</ ! (a—lsm)dQ)
« / exp (— / % (a(0') —ism3(9'))d9') m21( 77 BA0) 0. (5.185)

Again, the bounds of the df’ integral must be chosen to be foe or — f; to cancel the

or m singularity respectively coming from the leading factor. Again, it turns out the
integrand of the df’ integral is just sin(f), up to a proportionality constant determined by the
integration constant in the indefinite integral.

Having determined B¢ (), one could then continue analogously to earlier to determine £,
and @,. In summary, I find the following two additional solutions to m*V,® = 0.

= A3(0)e2, P = B3(0)e2, €, = AL (0)e/?, € = BY(9)e™? and (5.186)
o= AL0)e N, ot = BY(0)e N, €, = AL(0)e /%, € = BH(0)e ™2, where (5.187)
B}(0) = exp (/ % (B — ?) d9> , (5.188)
BE(0) = 2ikv/2exp ( / ;LQ (a— ; de) sin(0/2), (5.189)
A%(0) = —exp (— / % <Oz + ?) d9)
« /0 " exp ( m21( 77 (00 + lmg’#) d6’> ﬁi\,g(eé))Bg(Q’)d@’ (5.190)
i

X /09 exp< ! B(O") + @) d9’> V2440 _M@/)Bi(el)de’, (5.191)

m?(6) m*(6)
B () = exp </ % (B + ?) de) , (5.192)
B(0) = 2ikV2 exp (/ % o+ ?) de) cos?(6/2), (5.193)
0 e (- [ 2 (-2 o)
” /9 " exp ( / mzl( 7 <a(9') - imzw/)) d9’> égﬁéé)ég(ef)def and (5.194)

2
o] (10 ) ) SO,

If S, is generic, then these four solutions form a basis for the solution space of m*V,® = 0.
It remains only to calculate the quasilocal mass using definitions E - 2] and [5.4 Since
p=opl=¢ =¢>=¢ =0 and all the y integrals are trivial (namely f e Xdy = 2mdp), it
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can be seen that the only non-zero components in Q4” are
0% —sr | ( (1B — |B3?) + ikv2(B2A2 — A3B2 — A2B3 + B3A3)> JBdo,  (5.196)
- 0 M1 B ® § %0 € §p P ) :
1 _ g [T (B — B + ikVE(BIAL — ALBE — AIBY 4 BLAY) /B 1

Q *87T0 (| Be | |B,|7) +1 (Be A, oDe ¢B, + B,A:) Bgde, (5.197)

Q" = Q¥ = —8rikv2 / (ALBE + ALB2) \/Bdf and (5.198)
0

Q* = Q¥ = —8rikV2 / (A2Bf + AB2) \/Bdf, where (5.199)
0

VB = \/det(Bap) = Uk a;) in(6) (5.200)

Meanwhile, since T4% is constant, it can be evaluated by setting § = x = 0. Then, since
pl=p?=ypl=pl=¢ == =¢=¢ =0at § =0 by construction, it follows that the
only non-zero components are

T = —T* = —v2AL(0)B(0), (5.201)
T% = —T% = \/2A2(0)B%(0) and (5.202)
T3 = —T*% = —v2B3(0)A%(0). (5.203)
Now, all that remains is to evaluate the quasilocal mass,
M(Syry)? = — ! tr(QT'QT ™) (5.204)
o 25672 ’

by numerically integrating the relevant quantities. The result is the pink graph in figure [5.1]

The most striking feature of the graph is that m(S,,,)? < 0 for large values of (rg,a). This
is not a contradiction of previous results because §; = 0 on the horizon. Therefore, the technical
condition, 6,0, < %\, is not purely a limitation of proof technique, but instead a non-trivial
physical restriction. It’s not clear whether the restriction is sharp though.

When A = 0, the new quasilocal mass reduces to the Dougan-Mason definition, which only
requires 6, < 0 to be non-negative. The A dependent terms that turn the Kerr metric into
the Kerr-AdS metric are proportional to Ar?, Aa? or Ara, in terms of dimensionless quantities.
Thus, whenever 2, a? roa < %, the quasilocal mass, m(S,,,), will be only a small correction
to the Dougan-Mason quasilocal mass of the Kerr horizon. This is why m(S,,,,)? only becomes
negative in figure for large values of horizon radius or rotation parameter. Furthermore,
even for large o, if Aa? < 1, the quasilocal mass remains positive because the metric is only
slightly perturbed from spherical symmetry, where positivity is guaranteed by section [5.2.1

It should also be mentioned that m? < 0 is not unprecedented in AdS. In particular,
from sections and , m(S) appears to be a Casimir type mass and it’s known from the
representation theory of 0(3,2) that m? can appear negative [13, [47]. However, unlike [13, 47],
figure [5.1| strongly suggests that m(S;, )* is unbounded below.

More broadly, it’s unclear what the “right” answer should be for the quasilocal mass of
the horizon. I have provided a few alternatives in figure 5.1 The simplest is just the mass
parameter, M, in green. The next simplest is the Hawking quasilocal mass of the horizon,

~ JA(Su0) AA(Syr,) 1
mu(Spr,) = BT (1 15, + o /SMO pudA (5.205)

o ta® (o AQ§+a?)
=/ (1 =), (5.206)
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L Mass atinfinity | Hawking mass [ Mass parameter i New quasilocal mass

Figure 5.1: The new quasilocal mass defined in this chapter is evaluated on the horizon of Kerr-
AdS for various values of the horizon radius, ry, and rotation parameter, a. Both parameters
are in units where A = —3. Points where ry and a are simultaneously large are not plotted
for numerical stability reasons. For comparison, the mass at infinity, m.,, the Hawking mass,
mp(Syr,) and the mass parameter, M, are also plotted. To avoid huge numbers on the vertical
axis, instead of a quasilocal mass, mqrar, the vertical axis instead plots (mg, a)Y/3. This allows
m(S,.,)? to be negative for the new quasilocal mass. The pink mesh is created by interpolating
between the m(S,,,)?? values for 118 evenly chosen points in the (79, a) domain.

in blue. Finally, I've also plotted my,, the mass measured at infinity, in orange. From [54], the
global energy and angular momentum of the Kerr-AdS spacetime should be

M Ma

Therefore, based on the discussion in section the mass measured at infinity (in A = —3
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units) i’
M
Mmoo = VE? + 7 = ZV1+a. (5.208)

It’s clear from figure that the new quasilocal mass behaves very differently to all three
alternatives considered.

9The F and J appearing in section are the energy and angular momentum defined using Fefferman-
Graham expansions in chapter @] In principle, these could be different to the energy and angular momentum
defined using the prescription in [54]. However, from [78], the energy and angular momentum I derived for the
equal angular momentum, 5D Myers-Perry black hole in section agrees with the 5D discussion in [54]. For
this reason, I am assuming my definition will also agree with [54] in 4D. As this is all purely for a qualitative
comparison, it doesn’t really matter if there is in fact a discrepancy.
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Chapter 6
Outlook

Deep in the human unconsciousness is a pervasive need for a logical universe that makes sense.
But the real universe is always one step beyond logic.
- Muad’Dib’ in Dune by Frank Herbert

In this thesis, I have applied spinor methods to study energy in general relativity. The main
results have been new positive energy theorems & BPS inequalities for asymptotically, locally
AdS spacetimes and the development of a new quasilocal mass for generic surfaces in space-
times with negative cosmological constant. Some avenues of further research are immediately
apparent at this juncture.

The over-arching constraint in this thesis is the use of spinors. As explained in chapter
[2, not every manifold admits a spin structure and a given manifold may admit multiple spin
structures. As I've seen in section [£.3.5] at times this can be a serious limitation on the positive
energy theorems derived. There is hence a pressing need in this field for further development
of non-spinorial methods in studying energy in asymptotically, locally AdS spacetimes.

Most of the natural research directions suggested by this thesis are at the quasilocal level
though. In terms of physical properties, one scenario I didn’t study in chapter [5] is the small-
sphere limit, i.e. property VI in section [2.3.2] This limit has been studied in the A = 0 case
for both the Dougan-Mason and Penrose quasilocal masses [37, [73]. It would be interesting to
study this limit for the quasilocal mass I defined in chapter [5| and see if it too leads to a kind
of Casimir mass like the large sphere and linearised gravity limits.

Even for the definition of quasilocal mass itself, some improvements could be made. Two
different definitions of generic were given in chapter [5| and it may be interesting to study
further how the two definitions relate. It would be particularly desirable to find an example
with toroidal S where the quasilocal mass construction can be carried out in full, unlike the
examples in section Then, perhaps a more concrete conclusion can be made about
whether either definition is generic in practice or physically relevant for higher genus surfaces.

Likewise, there is the assumption of §,0,, < —8k?. As I found in section this assumption
is not purely technical, but instead has some physical meaning, albeit meaning that isn’t fully
understood. At a heuristic level, it can be understood as the surface being slightly more curved
than the ground state, AdS, which has 6,0, = —8k? on every S?. But, this doesn’t really mean
anything concretely. Given the spherical symmetry calculation worked in section even
when this assumption failed, it needs to be further investigated how sharp this assumption is.

Another possible extension would be to consider spacetimes with A > 0 instead. Not only
is the A > 0 case potentially most relevant to the real world, it is arguably also a pressing need
for mathematical general relativity. Many familiar properties of conformal infinity break down
when A > 0 [3] and this precludes defining anything directly analogous to the ADM [2] or
Wang [121] masses. Nonetheless, a number of energy-momentum definitions have been devised
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in this context - see [114] for a review. Particularly relevant to this thesis are extensions based
on spinor methods [71) 113]. Ultimately though, these successes still have to work around
the global challenges imposed by A > 0 - e.g. compact Cauchy surfaces, spacelike ZT or
cosmological horizons. It may be that quasilocal mass is a viable alternative for avoiding these
issues. In fact, an analogue of Penrose’s quasilocal mass can be defined for asymptotically de
Sitter spacetimes, albeit it no longer retains some key properties, such as positivity [113], 115].
In the next section, based on the work in chapter [5 I'll collect some calculations that may go
into a spinorial definition of quasilocal mass for spacetimes with positive cosmological constant.

6.1 Towards quasilocal mass for spacetimes with posi-
tive cosmological constant

The foundational principle of Witten’s method is the Lichnerowicz identity. With A > 0, the
modified connection should now be

VU = D,V + kv, 7T, (6.1)

where £ = \/A/12 now. In terms of the modified connection, the Witten-Nester two-form is
formally identical, namely

E® (V) = Uy™*V ¥ — V. (1)U, (6.2)

Indeed, these were the same connection and two-form used in [I13] [71]. A curious fact, whose
implications are not fully known to me, is that
E®(U) = UV U — V. (T)y*V (6.3)
= Uy DU + kU U — D, (W)U — Wy, y*ew (6.4)
= Uy DU — D (U)y**V,
i.e. the Witten-Nester two-form is the same as it would be if there was no cosmological constant
at all. Following the proof of theorem this time the Lichnerowicz identity says
P,DyE* (V) = 2(V(0) VW — (v/V0) 10/ VU 4 47T, Ty W
+ 25UV U + 2k (7', 0)TT), (6.6)
This differs from the A < 0 case in that there are now cross-terms between ¥ and V;W.
Nonetheless, if v/V;¥ = 0, then P,D,E"(¥) > 0.
If T follow the same idea as chapter |5|to extend the Dougan-Mason definition, then it makes

sense to start with a spinor, ® = (., £%)7, which solves m*V,® = 0 on S. Following the same
steps as lemma [5.1]

MOV,® =0 < 0=20p, + pp, — kV2€E,, (6.7)
OZ%EL_pEO_k\/iSOM (6 8)
0 =0y, — 5y, and (6.9)
0=0¢, + A, (6.10)

on S. Then, the arguments in the A < 0 case regarding the number of solutions to this system
of equations is unchanged. Likewise,

N ai=A=B —A=B
TAB — e Aol — SPELE] = V2 (plof — B+ BB -8E))  (61))
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remains constant on S by the m*V,® = 0 equations and Liouville’s theorem. Hence, a natural
candidate for quasilocal mass is once again

1 —
m(S) = —5= QT QT Y, (6.12)

like in the A < 0 case. Note that in light of equations [6.5] & and lemma this time

Q(P) = 4/5 (.08, + 8,00, — £,06 — £,08, + plwo|* + ple|* + pl&l* + pl&?) dA - (6.13)
= 4/5‘ <()0L(_H’¢L + \/Eka) + @L(_/J’SOL + \/ngo) - go(pgo + \/Ekf@L)
— &8, + V2hi) + pliol + ull? + plEol? + ul6|?) dA (6.14)

— 4 [ (pAeul — e = e + i) a4 (615

However, problems start to arise from here. First, imitating the positivity proof in the A < 0
case would suggest that I start with a Dirac spinor, ¥ = (1, x*)?, such that v/V;¥ = 0 on
Y and ¥, = ¢, & x, =& on S. Then, from equations & and lemma [3.4]

o 4/s (.80 + 0,800 = Xo0X, = XoOX, + ool + pltl* + plxel” + il [) dA (6.16)
= 4/5 (M(—/@L FVRE) + D, (— s + V2EE,) — X (0E0 + V2K,

= XolE, + Vo) + plpol® + il + plxol? + lgl? ) dA (6.17)

= Q(®) + 4/5 (1, — @ + plxo — Eol* + V2k(1.&0 + ¥,€, — XoP, — o) )dA, (6.18)

from which I can’t see any obvious positivity property for Q(®). Incidentally, loss of positivity
is a feature of Tod’s generalisation of the Penrose quasilocal mass to spacetimes with A > 0
[T15], so perhaps it is not surprising if the present prescription were to also suffer from the
same affliction.

When A < 0, McSharry and Reall [88] show that producing a positive geometric invariant is
easier when choosing ® to solve an equation from m*V,® = 0 and an equation from m*V,® =
0. Briefly suppose once again that A < 0. Then,

miV,® =0 < 0=23p, — pp, +1kV2E,, (6.19)
0= 03¢, + pu, +ikV2 ¢, (6.20)
0 = 0y, + \p, and (6.21)
0=20¢, —af,. (6.22)
Suppose P solves
dpo + pup, —1V2kE, = 0 and BE, + ué, +iv2kp, = 0 (6.23)

on 9, i.e. one equation from the m*V,® = 0 set and one equation from the m*V,® = 0 set.
Then, [88] show

Q®) = Q(I) — 4 / b (1 — @+ I — &) A, (6.24)
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which implies Q(®) > 0 whenever #,, < 0, which is a much weaker condition than I needed in
theorem McSharry and Reall [88] were interested in the third law of black hole mechanics,
rather than quasilocal mass, which meant that wider applicability of a non-negativity result
was more desirable to them than the other properties which I studied in chapter 5]

Nonetheless, if I am seeking a non-negative geometric invariant when A > 0, it’s worth also
trying their approach. Hence, suppose

Do + pp, — V2kE, =0 and OE, + p€, + V2kp, = 0 (6.25)
on S. Then,

Q(®) =4 / (plol? + pl&cl? = uloul? = wlEl? + VEk(28o — 2ok + BE, — 7,8, )AA.  (6.26)

Again, suppose Y/V;¥U =0 on ¥ and ¢, = ¢, & x, = & on S. Then, this time the result is
Q@) = Q) =4 [ (ulis = o+ ks~
+ ﬂk(&)&ﬁb — ) + 9o (& — x.) + EO(EL -p,)+ %(EL - Z)))dAa (6.27)

which again doesn’t seem to me to have any obvious positivity property.

Continuing again with my m*V,® = 0 prescription and equation [6.12], one might hope that
although positivity might fail, the other desirable properties may still hold. Alas, I will show
this is not the case.

The simplest property to study is the behaviour of the candidate quasilocal mass in spherical
symmetry. Once again, I will use double null coordinates, where

g=—Qu,v)*(du ® dv + dv ® du) + 7(u, v)*gs2, (6.28)
dur > 0 and 9,r < 0. Once again, the natural NP tetrad for any S? is
10 10 1 0 i 0
|]=—— n=—-——and — — . 6.29
Qow " T Qo0 T ( ) 8¢) (6:29)
Then, following the same steps as section |5.2.1],
Our 8 r 1
o=A=0, p=———, =—, = = cot(h), 6.30
= (1/2Y1/2 1/2) + C (1/23/1/2,1/2) ) (6.31)
=C3 ( 1/2Yl/2 1/2) + ¢y ( 1/2Y1/2,1/2) ) (6.32)

V2
03 + 2kTC2) (1/2)/1/2,—1/2) - (ﬁau(r)cz; - 2kTC1) (1/23/1/2,1/2) ) (6-33)

2

o \/_ :
£ = (ﬁau(r)q - 2k:r04) (-12Y1/2,-1/2) —(9 r)ey +2kr03) (-12Y12172), (6.34)

0 —0u(r)  —V2Qkr
_ 1 8u(’f’> 0 0 _\/_leﬂ
TAB — L . X 0 ou( ] (6.35)
0 V20kr Oy (1) 0
Ou(r) 0 0 0
47 (20, (1), (r) + Q2(1 — 4k 3
5 = 2r20r) (”53 (1 D10 a0 —ag(r) 0| and (630)
0 0 0 —0,(r)
292k2 2
S = (14 gm0y o) st (6:37)
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where mys(S5?) is the Misner-Sharp mass for A > 0. Hence, there is never agreement with the
Misner-Sharp mass.

While this result is not encouraging, it is not necessarily terminal for this definition of
quasilocal mass. In the standard Schwarzschild spacetime (i.e. where A = 0), one recognises
the parameter, M, as the mass by taking the Newtonian limit. However, when A > 0, there
is typically no such weak, far field regime. Therefore, it is not necessarily clear whether the
paramater, M, in the Schwarzschild-dS metric represents mass. Hence, disagreement with the
Misner-Sharp mass (which yields M for every S? in Schwarzschild-dS) is not guaranteed to be
a result of any deficiency in the candidate quasilocal mass definition.

Another test which may help navigate these rocky shores is the analogue of section [5.4] i.e.
gravity linearised about dS due to some infinitesimal energy-momentum tensor, 7,;,. dS has
the full set of solutions to V,&; = 0. In particular, in cosmological coordinates (which are the
simplest coordinates for dS, albeit they are not global coordinates) and k = 1/2 units,

gas = —dt @ dt + e*(dz @ dz + dy ® dy + dz ® d2) (6.38)

leads to the natural frame,

? = e'dz and subsequently (6.39)

er = e Pfrey — (Pay’ — e Pye_ (6.40)

¥ =dt, el =eldr e? =eldy, e

for POi = %([ j:”yo) and constant spinors, €. Note however that unlike A < 0, this time &,v%¢;
is only a conformal Killing vector. Let

g = gas +nh (6.41)

for n infinitesimal. Assume Ty, is O(n). Then, the arguments in the A < 0 case go through to
imply ® = ¢, + nZ. However, this time, when Q(®) is converted from an integral over S into
an integral over ¥ using the Lichnerowicz identity of equation [6.6]

QD) =2 / (Vi(®)IV'® — (V@) 17/ V ;& + 4r T, D"
>
+0M/V0 + (v/V, ) ®)dV (6.42)

= 2/ (47rT0a§w“5k + el VL Z + (v Vi 2) ey + 0(772)> dv. (6.43)
>

Hence, unlike equation [5.124 it appears that even calculating the lineared limit requires some
knowledge about how & is extended inside >3; the result is not constructed only out of T;;, and
special vectors of the background like when A < 0. This issue can only be avoided if V;® itself
was O(n?), instead of O(n).

When 3. is non-compact - e.g. as in chapter {4]- an essential part of Witten’s method is a
spinor, e, which solves v/V;e = 0 on ¥. However, in the Dougan-Mason approach, a spinor,
U, solving v/V;¥ = 0 is a mere tool in proving Q(®) > 0, but serves no actual purpose in
defining the quasilocal mass itself. Perhaps this is unsurprising. After all, in chapter , Q(e)
could be evaluated on Y, o, solely on the basis that ¢ — ¢, without any reference to VViie=0
on Y. Alternatively, perhaps solutions of the Dirac equation should be more directly exploited
in defining a spinorial quasilocal energy.

It’s possible the linearised gravity issue and the positivity issue for quasilocal mass with
A > 0 can both be solved by working with just ¥ (the spinor solving 7!V, ¥ = 0 in ¥ with
appropriate boundary conditions on 0¥ = S) instead of ® (the spinor solving m*V,® = 0
on S). Instead of a 4D space of solutions to m*V,® = 0 on S, one would have to find an
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appropriate boundary condition that fixes two out of four components of ¥ on S (with the
other two components being fixed by enforcing v/V;¥ = 0 on ¥). Then, there would a 2D
space of freedom. This boundary condition would have to be chosen such that the PDE problem
is well-posed and such that there exists an analogue of T# (which could then be normalised
as €8 since the matrix is now only 2 x 2). Then, perhaps one could proceed analogously to
Dougan-Mason and even define a quasilocal energy-momentum vector.

It would be very interesting in future to pursue this and the other lines of research suggested
in this chapter. For now, the quest to find a truly satisfactory definition of quasilocal mass

remains unfulfilled.
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Appendix A

Conventions

And may I say - not in a shy way
Oh no, oh no, not me
I did it my way
- From My way, as popularised by Frank Sinatra

My conventions are based largely off [17]; the main points are listed below.

The metric signature is (—1,+1, --- ,+1).

The following symbols are frequently used.

M: The full spacetime

n: The dimension of M

g: The Lorentzian metric on M

¥ (n — 1)D, spacelike hypersurface

S: (n — 2)D, spacelike surface

Z: Conformal infinity

Y A spacelike hypersurface with constant ¢ coordinate in an open neighbourhood of 7
Yoo =24 NT

A: A negative cosmological constant, often normalised to —3(n — 1)(n — 2)

]{5: A

- 2(n-1)(n-2)
fay: The O(e*e™") tensor in a Fefferman-Graham expansion
Cg°: The space of smooth Dirac spinors on 3 subject to the conditions in definition [3.5]
H: The completion of C'>° under the inner product in lemma [3.6| or lemma [3.7]
W = Uiy for a Dirac spinor, ¥
I: The identity matrix or operator

D,: The Levi-Civita connection of g
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V¥ = D,V + iky, ¥ + A,V for a Dirac spinor, ¥, and a spinor endomorphism-valued
one-form, A,

VoV = D,V — ikWry, + PP AlH° = (V, )10

®: Dirac operator from H — L? defined by ¥ + /V ;¥
{04, ta}: A GHP spinor dyad

0 = m®D, in the context of the NP formalism

d = m®D, in the context of the NP formalism

D =1°D, in the context of the NP formalism

A =n®D, in the context of the NP formalism

Many different types of indices are used, as given below. Unless otherwise stated, they carry
the following meaning.

a,b,c,--- are vielbein indices running 0,1,--- ,n — 1. However, in most equations it will
be apparent that these could equally well denote abstract indices.

W, v, p, - are coordinate indices running 0,1,--- ,n — 1.
I,J K,--- are vielbein indices running 1,2,--- ,n — 1.
Depending on context, «, 3,7, - - - are either two-component spinor indices for the (1/2,0)

representation (left-handed Weyl spinors) running 1, 2 or coordinate indices running
2,3, ,n—1.

&, 3,7, - -+ are two-component spinor indices for the (0,1/2) representation (right-handed
Weyl spinors) and run 1, 2.

Depending on context, A, B,C.--- are either vielbein indices running 2,3,--- ,n — 1 or
indices for the linearly independent solutions to m*V,® = 0.

m,n,p,q, - are coordinate indices running 0,2,3,--- ,n — 1.

M,N,P,Q,--- are vielbein indices running 0,2,3,--- ,n — 1. However, in section
only, they run 0,1,2,3,4 and index the embedding Cartesian coordinates when AdS is
viewed as a surface in R32.

The Riemann tensor is defined such that [D,, Dy|V¢ = R¢, V<.

Complex conjugation of an object - unless it is a Dirac spinor - will be denoted by a bar
over the object, e.g. Z.

Levi-Civita symbols are normalised by 1o = —1, ¢! =1, g5 = —1, ¢

i2 _ _
=1, €gi3 = —1

and %% = 1. Then, e*e,3 = 0°; and likewise for the dotted indices.

Two-component spinors are raised and lowered from the left, i.e. 1, = g,510° and ¢¥® = e*Fq);.

The extended Pauli matrices are

(Ua)ad = ([,0'1,0'2,0'3) and (Al)

(64)* = gaﬁedg(aa)ﬁg = (I, -0y, —09, —03), (A.2)
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with o 93 being the standard Pauli matrices.

The conversion between vierbein indices and two-component spinor indices is by Vag = (04)aaV®
and V, = —%(&G)O‘O‘Vm.

In 4D, Dirac spinors are decomposed into two-component spinors by ¥ = (¢, ¥*)7.
The gamma matrices are chosen so that 444" 4+ 4y* = —2¢%1, (4°)T = 4% and (7)) = —~L.

In 4D, the gamma matrices are in the Weyl representation, i.e.

= Loy 70 (A3)

o
The Dirac conjuage is defined to be ¥ = W40, In 4D that becomes W = (—x®, —1),).
The antisymmetric product, 41 ...~ is denoted by "

Antisymmetric combinations of the Pauli matrices are sometimes written in terms of

0 o1 09 03
(0a)a” = = ((02)aa)% — (00)as(00)°) = 5 LT A

|—03 10y —ioy 0

[0 —0y —0y —o03
and (50)%; = (522 (00)as — (G0)* (G)o) == |70 01 Ty

4 B af 2 |og —iog 0 ioy
|03 oy —ioy 0
The charge conjugation matrix is
C— {5“5 Q} — o= Faﬂ 0 ] . (A.6)
0 &% 0 €45
The NP coefficients are defined as follows.

k=-—m"Dl, (A.7)
T =-—m"Al, (A.8)
o =-—m"l, (A.9)
p=—m*l, (A.10)
m=m"Dn, (A.11)
v =m"An, (A.12)
= mon, (A.13)
A = m%n, (A.14)
2e = m*"Dm, —n"Dl, (A.15)
2y = m*Am, — n*Al, (A.16)
26 = m*m, — n*l, (A.17)
20 = m*dm, — n6l, (A.18)
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The spin-weighted spherical harmonics used in section are

N i o\
(1/2Y1/21/2) = \/ﬂsm <§> &2 (12Yija-1/2) = —mCOS (5) e 92,
i 0\ . Pe\
(21/2Y1/21/2) = mcos (5) @2 and (_12Yij2-1/0) = msm (5) e 1912, (A.19)

In some parts of chapter 4| it will be necessary to consider both Dirac spinors on an (n — 2)-
dimensional surface and Dirac spinors on the full spacetime. In these cases, the spacetime
spinor space is viewed as a direct sum of the (n — 2)-dimensional surface’s spinor space with
itself. Furthermore, the gamma matrices for the spacetime are then chosen as

I 0 0 —I 0 A4
0 1 A Y
A0 = [0 [] = [ 01 and 7 = [&A O} 7 (A.20)

where {94} are the gamma matrices (in any representation) of the (n — 2)-dimensional surface.
In this context, hats will be placed on all quantities intrinsic to the surface.

A.1 Comparison to Penrose-Rindler conventions

The monogrpahs of Penrose and Rindler [100, 101] (PR) are popular references for two-
component spinors. However, their conventions differ significantly at times from mine; the
key differences are listed below.

e [ use a mostly plus metric while PR use a mostly minus metric.

e [ use lowercase letters from the start of the Greek alphabet for two-component spinor
indices while PR use uppercase Latin letters.

e For two-component spinors, my undotted indices correspond to their primed indices and
my dotted indices correspond to their unprimed indices.

e [ take two-component spinor indices to run over the values 1 and 2, whereas PR take
them to run over 0 and 1.

e My spinor index conversion is Vs = (04)aaV'*, while PR define V4 = \/Li(aa) AV

e The /2 difference when converting to spinor indices means (1“0, = 104 = V/2 here while
I
PR have t* 04 = 1404 = 1.

e For any spinor, ¢, the ¥, and 1, in equation would be \%101/ and —\/LEZ/}O/ respectively
in their notation. Likewise, 1/, and 1), are \%wl and —\%wo respectively.

e Dirac spinors are ¥ = (1), X%)? for me while PR would write (Y*, ¥4/)7, i.e. the left
and right handed components are written in the opposite order.

e I raise and lower indices from the left, i.e. ¥ = *¥p5 and 1), = 45¢”, while PR raise
from the left, but lower from the right, i.e. 14 = ¢4By5 but 14 = 1Pep4. This difference
means €'? =1 = £j5 = —1 for me. Furthermore, it means e*7e,5 = §%; for me while
they have e1%cp = —65.
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Appendix B

Frequently used spinor identities

Part of the art of bowling spin is to make the batsman think something special is happening

when it isn’t.
- Shane Warne

In this appendix I seek to de-mystify the practical application of spin by collecting some

identities I use liberally throughout this thesis.
I deploy the following gamma matrix identities regularly.

,ya/yb + ,yb,ya — _29(1121
Ve, = —(n = k= Dyt
ab,., _ ab 251) a 25 b
Y Ve = Ve V20
7ab70 — ,yabc o 5bc,ya + 5@6717
,ya,ybc — ,Yabc o 6ba70 T §ca7b
abc abc ab ¢c a c
Y b Yde = 7Y bde - 6’7[ [35 ]d} + 6’7[ 5b[e5 ]d]
V" Yea = 7 + 07" 7e — 0“4V e — 8"y Ya + 8"y e + 64,81 — 69401
,ya,ybcd — ,yabcd o 5ba,ycd + 5Ca7bd o 5da,ybc

The following two component spinor identities are indispensable.

Vo, . = —2VeW,

<¢a) = ¢d
YaX® = =" Xa
Yot =0
(Ua)ad(&b)dﬁ + (0b>ad(5a)dﬁ = —29ap0,
(60) () ag + (56)°(0a)op = —2960°
(O-a)ad(a'b)da = _2gab
(O-a>ad<5-a)6ﬂ = _2550‘56&
(O-a)ag'(&b)ﬁ.ﬁ(gc)ﬁéz = gca(ab)ad - gbc(ga)ad - gab(a )ad + igabcd(o-d)owc
(5)*(95) 35(6)™ = 9ea(35)*" = gbe(6a)*" — gun(5e)** — icapea(d7)*
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Finally, the following NP coefficients are needed in terms of GHP variables.

\/ﬁ,u = V2m%n, = 1401,
V2p = —v/2m%l, = 556,

Voo = % (M5m, — n?dl,) = 50

V28 = % (M6mg — n®8l,) = %604

V20 = —V2m%l, = 6%do,
\/5)\ = \/ﬁmagna = Fi&d
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